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PREFACE. 



The Treatise on Algebra, by Bourdon, is a work of sin- 
gular excellence and merit. In France, it is one of the 
leading text books, and shortly after its publication, had 
passed through several editions. It has been translated, in 
part, by Professor De Morgan, of the London University, 
and it is now used in the University of Cambridge. 

A translation was made by Lieutenant Ross, and published 
in 1831, since which time it has been adopted as a text book 
in the Military Academy, the University of the City of New- 
York, Union College, Princeton College, Geneva College, 
and in Kenyon College, Ohio. 

The original work is a full and complete treatise on the 

subject of Algebra, and contains six hundred and seventy 

pages octavo. The time which is given to the study of 

Algebra, even in those seminaries where the course of 

^ mathematics is the fullest, is too short to accomplish so 

^ voluminous a work, and hence it has been found necessary 

^ either to modify it, or abandcm it altogether. 
< - 
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The work which is here presented to the public, is an 
abridgment of Bourdon, from the translation of Lt. Ross; 
with such modifications, as experience in teaching it, and a 
very careful comparison with other standard works, have 
suggested. 

It has been the intention to unite in this work, the scien- 
tific discussions of the French, with the practical methods 
of the EngUsh school ; that theory and practice, science and 
art, may mutually aid and illustrate each other. Many of 
the examples have been selected from the Algebra of 
Bonnycastle. 

It has been thought best, in the present edition, to transfer 
the general discussion of the Common Divisor to Chapter 
VII, and to arrange the subject of Proportions and Progres- 
sions directly after Equations of the second degree. It is 
hoped that these alterations may be regarded as improve- 
ments. 

H«nM» Septemte 1, 1898. 



CONTENTS. 



CHAPTER I. 
Preliminary Definition and Remarks. 

Algebra — ^DefinitiiHifl — ^Exidaaation of the Algebraic Sigiu^ 

SimUar Terms — Redaction of Shnilar Terms, 

Problems — ^Theorem**— Definition of— QuestioD, 

Addition— Rule, 

Siibtraction — Rule — ^Remark, 

Multiplication — Rule for Monomials, 

Rule for Polynomials and Signs, 

Remarks — ^Theoremi^Proyed, 

Division of Monomials — Rule, 

Signification of the Symbol a>, 

Dmsum of Polynomials— Rule, 

When m is entire, a"*->&" is divisible by a-p&i 

Remarks, • • . • • 



1-28 
81— S8 



86-^40 
4M)-42 



45—48 
4a-«8 



54-W 
68-60 



ALGEBRAIC FRACTIONS. 

Definition— Entire Quantity — Mixed Qaantity. 

Reduction of Fractions, . , , 

Greatest Common Divisor— Theory (^ 

To Reduce a Mixed Quantity to a Fraction, 

To Redttce a Fraction to an £ntire or Mixed Quantityt 

To Reduce Fractions to a Common Denominator, 

To Add IHctions, c • • • 

To Subtract Fractions, 

To Multiply Fractions, 

To Divide Fractions, . • • • 



86—71 
71 
72 
73 
74 
75 

77 



VI 



CONTENTS. 



CHAPTER 11. 
Equations of the First Degree. 

Definition of an Equaticxi — ^Different Kinds — ^Properties of 

Eqiisdons, .... 

Equations involving bat One Unknown Quantity, 
Transformation of Equations — ^First and Second, 
Resolution of Equations of the First Degree— Rule, 
Questions involving Equations of the First Degree, 
Equations of the First Degree involving Two Unknown 

Quantities, ...... 

Elimination — ^By Addition — ^By Subtraction — ^By Comparison, 
Resolution of Questions involving Two or more Unknown 

Quantities, . . 

Theory of Negative Quantities — ^Explanation of the Terms 

Nothing and Infinity, ..... 
Inequalities, ........ 



AtnCLBfl. 

86-87 
87—92 

94-^ 

95—96 

96— loa 

103-104 

104-114 
114—116 



CHAPTER IIL 



» Extraction of the Square Root of Numbers, . . . 116 — ^119 

Extraction of the Square Root of Fractions, . . . 119 — 124 
Extraction of the Square Root of Algebraic Quantities — 

Of Monomials, . . . . . . 124 127 

Of Polynomials, 127—190 

Calculus of Radicals of the Second Degree, . . ', 180 132 

Addition and Subtraction — Of Radicals, . . 182 183 

Multiplication, Division and Transformation, . . . 183 137 

Equations of the Second Degree, .... 137 — 139 

Involving Two Terms, ..... 139 — ^140 

Complete Equations of the Second Degree, . . . 140 — ^141 

Discussion of Equations of the Second Degree, . . 141 — ^150 

Problem of the Lights, . . . . . 160—151 
Equation of tbe Second Degree with Two Unknown Quantities,151 — ^155 

Extraction of the Square Root of the Binomial ad: ^^ . 155 — ^159 



CONTENTS. 



vu 



CHAPTER IV. 

ft 

Of Proportions and Progressions. 

How Quantities may be compared together, 

Arithmetical Proportion Defined, 

Geometrical Proportion Defined, 

Arithmetical Progression — Increasing and Decreasing 

Value of Last Term — How to find it, 

How to find Last Term in a Decreasing Series, 

Sum of two Terms Equidistant from Extremes, 

To find Sum of all the Terms, . ' . 

General Formulas, 

To find the First Term, . . . . . 
To find the Common Difiference, 
To Find any Number of Means between two Numbers, 
The whole makes a continued Series, 



160 



▲BTICLS8. 

159 
159 
159 
-161 
162 
163 
164 
164 
165 
165 
165 
166 
167 



Geometrical Progression. 



Ratio Defined, 

Proportion Defined, 

Antecedents and Consequents Defined, • . • 

Mean Proportional Defined, 

Proportion by Inversion— or Inversely, . • 
Proportion by Alternation, . • • • • 

Proportion by Composition, .... 

Proportion by Division, 

Equi-multiples are Proportional, .... 
Reciprocal Proportion Defined, .... 

Product of Extremes Equal tp the Product of the Means, 
To make a Proportion from Four Quantities, 
Square of Middle Term equal to Product of Extremes, 
Four Proportionals are in Propprtion by Alternation, . 



168 
169 
170 
171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181, 



nu 



CONTENTS* 



Proportion by Equality of Ratios, .... 
Four Proportionals are Proportional Inversely, . 
Four Proportionals are in Proportion by Composition 

or Division, 

£qui-multiples have the same Ratio as the Quantities, 
Proportion by Augmenting Antecedent and Consequent, 
Proportion by Multiplying Ratios, 
The Powers of Proportionals are in Proportion, 
The Products of Proportionals are in Proportion, 
Geometrical Progression Defined, 

Value of the Last Term, 

To find the Sum of the Series, 
To find the Sum of the Terms of a Decreasing Progression 
When the Sum becomes ^, . . . . 
Progression having an Infinite number of Terms, 
Consideration of the General Problems, , 



ABTICLU. 

182 



183 

184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 



CHAPTER V. 

Formation of Powers^ and Extraction of Roots 

degree whatever. 

Formation of Powers, .... 
Theory of Permutations and Combinations, 
Binomial Theorem, . . , 

Consequences of Binomial Theorem, 
Extraction of Roots of Numbers, 

Cube Root, 

To Extract the n^ Root of a Whole Number, 

Extraction of Roots by Approximation, . 

Cube Root of Dedmal Fractions, 

Any Root of a Decimal Fraction, 

Formation of Powers and Extraction of Roots, 

Of Monomials — Of Pol3momials, 

Calculus of Radicals — ^Transformation of Radicab. 



of any 

197—199 

199—202 

202—206 

206—209 

209 

209—213 

213—215 

215—218 

218 

219 

220 

221—224 

224— 22T 



CONTENTf. , a 

ABTICLXS. 

Addition and Subtraction of Radicals, . . ^ 227 

Multiplication and Division, . . • • 228 

Formation of Powers and Extraction of Roots, . 229 

Different Roots of Unity, 230— 23^ 

Modifications of the Rules for Radicals, . • . 232 

Theory of Exponents, . . . • . . 233 
Multiplication of Quantities with any Exponent— 

Division 234—235 

Extraction of Roots, 237 — ^239 

Binomial Theorem for any Exponent — Applications, 239 — 240 

Degree of Approximation, 241 

Method of Indeterminate Coefficients — Recurring 

Series, . , 243—248 

CHAPTER VI. 

Cf Continued Fractions and Logarithms. 

Continued Fractions, 248 — 254 

Exponential Quantities, 255 

Theory of Logarithms, 256—258 

Multiplication and Division,' 258 — ^260 

Formation of Powers and Extraction .of Roots, 260 — 262 

General Properties, . . . . . . 262^ — 266 

Logarithmic and Exponential Series — ^Modulus — 

Transformation of Series, .... 266—273 

CHAPTER Vn. 

General Theory of Equations. 

General Properties of Equations, .... 273 — ^285 

Remarks on the Greatest Common Divisor, . . 285 — ^294 

Transformation of Equations, . . . . . 294 — ^296 

Remarks on Transformations — ^Derived Pol3nQiomials, 296 — 300 

Elimination, • . . ' . 301 — 305 

Equal Roots, ....... 305 — 309 



CONTENTS. 



CHAPTER VIII. 
Resolution of Numerical Equations. 

General Principles — First Principle— Second 

Principle, . 
Limits of the Roots of Equations, . 
Ordinary Limit of Positive Roots, 
Newton's Method for Smallest Limits, 
Consequences Deduced, 

Descartes' Rule, 

Commensurable Roots of Numerical Equations, 
Of Real and Incommensurable Roots, 
Newton's Methods of Approximation, 



▲STICLKl. 

309—312 
312—315 
315—316 
316—319 
319—324 
324—327 
327—229 
329—331 
331—332 



ALGEBRA. 



CHAPTER I. 

I 

Preliminary Definitions and Remarks. 

!• Quantity is a general term embraciDg every thing which 
admits of increase or diminution. 

2. Mathematics is the science of quantity. 

3. Algebba is that branch of mathematics in which the quanti- 
ties considered are represented by letters, and the operations to be 
performed upon them are indicated by signs. 

4. The sign +, is called plus; and indicates the addition of two 
or more quantities. Thus, 9+5 is read, 9 plus 5, or 9 augmented 
by 5. 

In like manner, a+b is read, a plus h ; and denotes that the quan- 
tity represented by a is to be added to the quantity represented 
by 6. 

5. The sign — , is called minus ; and indicates that one quantity 
is to be subtracted from another. Thus, 9— 5 is read, 9 minus 5, 
or 9 diminished by 5. 

In like manner, a— &, is read, a minus bf or a diminished by b. 

6. The sign X» is called the sign of multiplication; and when 
placed between two quantities, it denotes that they are to be multi- 
plied together. The multiplication of two quantities is also fre- 
quently indicated by simply placing a point between them. Thus, 
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36x25, or 36.25, is read, 36 multiplied by 25, or the product of 
86 by 25. 

7. The multiplication of quantities, which are represented by let- 
ters, is indicated by simply writing them one after the other, without 
interposing any mgn, 

Thus,a6 signifies the same thing as axh or as a^h; and ahc 
the same as aX^XCfOr as a.b.c. It is plain that the notation 
aby or abCf which is more simple than ax^t or axhxc^ cannot be 
employed when the quantities are represented by figures. For 
example, if it were required to express the product of 5 by 6, and 
we were to write 5 6, the notation would confound the product with 
the number 56. 

8. In the product of several letters, as ahc^ the single letters, a, b 
and c, are called factors of the product. iThus, in the product ahf 
there are two factors, a and h; in the product acdy there are three, 
a, c and d 

9. There are three signs used to denote division. Thus, 

a-T-b denotes that a is to be divided by h, 

— denotes that a is to be divided by &, 
a\h denotes that a is to be divided by h* 

10. The sign =, is called the sign of equality, and is read, is 
eqwd to. When placed between two quantities, it denotes that they 
are equal to each other. Thus, 9—5=4 : that is, 9 minus 5 is 
equal to 4 : Also, a+&=c, denotes that the sum of the quantities 
a and h is equal to c. 

11. The sign >, is called the sign of inequality ^ and is used to 
express that one quantity is greater or less than another. 

Thus, a>& is read, a greater than h ; and a<& is read, a legs 
than h ; that is, the opening of the sign is turned towards the greater 
quantity. \ 

12. If a quantity is added to itself several times, as a+a+a+a 
+a, we generally write it but once, and then place a number before 
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It to express how many times it is taken. Thus, 

a+a+a+a+a=sba» 

The numher 5 is called the co-egScient of a, and doootes that a is 
Uikea 5 times. 

Hence, a co-eficient is a number prefixed to a quantity, denoting 
the number of times which the quantity is taken ; and it also indi- / 
cates the number of times pltu one, that the quantity is added to 
itself. When no co-efficient is written, the co-efiicient 1 is always V 
understood. 

13. If a quantity be multiplied continually by itself, as ax^iX^ 
X«Xfl» we generally express the product by writing the letter 
once, and placing a number to the right of, and a little above it : thus, 

«XaXflXaX«=a' 

* 

The number 5 is called the exponent of a, and denotes the number 
of times which a enters into the product as a factor. 

Hence, the exponent of a quantity shows how many times the 
quantity is a factor ; and it also indicates the number of times, plus 
onef that the quantity is to be multiplied by itself. When no expo- y 
nent is written, the exponent 1 is always understood. 

14. The product resulting from the multiplication of a quantity 
by itself any number of times, is called the power of that quantity : 
and the exponent, which always exce eds by on e the number of mul- ^ 
tiplications to be made, denotes the degree of the power. Thus, a^ 

Is the fifth power of a. The exponent 5 denotes the degree of the 
power ; and the power itself is formed by multiplying a four times 
by itself. 

15. In order to show the importance of the exponent in cdgebra, 
suppose that we wish to express that a number a is to be multiplied 
three times by itself, that this product is to be multiplied three times 
by 5, and that this new product is to be multiplied twice by c, we 
would write sinfiply rt* y c". 

I( then, we wish to expess that this last result is to be added to 

itself six dmesy or is to be multiplied by 7, we should write, 7tfVd. 

2 
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This gives an idea of the brevity of 'algebraic language. 

16. The root of a quantity, is a quantity which being muUiplied 
by itself a certain number of times will produce the given quantity. 

The sign ^ ^ is called the radical sign, and wheai prefixed to 
a quantity, indicates that its root ia to be extracted. Thus, 

Va or simply ^ a denotes the square root of a. 

V a denotes the cube root of a* 

V a, denotes the fourth root of a. 

The number placed over the radical sign is called the vndex of the 
root. Thus, 2 is the index of the square root, 3 of the cube root, 
4 of the fourth root, &c. 

17. Every quantity written in algebraic language, that is, with 
the aid of letters and signs, is called an cHgtbravo quantity^ or the 
algebraic expression of a quantity. Thus, 

c is the algebraic expression of three times jthe 
\ number a ; 

( is the algebraic expression of five times the 
( square of a ; 
> C is the algebraic expression of seven times the 
\ product of the cube of a by the square of b ; 
c is the algebraic expression of the difference be- 
( tween three times a and five times b ; 
^ is the algebraic expression of twice the square 
2a^— da5+45'< of a, dlmini^ed by three times the product of a 

\ by bj augmented by four times the square of b* 

18. When an algebraic quantity is not connected with any other 
by the sign of addition or subtraction, it is called a monomidlf or a 
quantity composed of a single term, or simply, a term. 

Thus, 3a, 50*, 'JcPI^, are monomials, or single terms, 

19. An algebraic expression composed of two or more pari% 
sepsp-e^ted by the sign + of — > is called a polymmial, or quantity 
involving two or more terms^ 
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For example, 3a— 5d and 2f^*^Bch-^^4^ are polynomiahi. • 

20. A polynomial composed of two terms, is called a Unomidl; 
and a polynomial of three term^is called a trinomial, 

21. The numerical value of an algebraic expression, is the numjber 
which would be obtained by giving particular values to the letters 
which enter it, and performing the arithmetical operations indicated. 
This numerical value evidently depends upon the particular values 
attributed to the letters, and will generally vary with them. 

* For example, the numerical value of 2a^=54 when we make 
«=3 ; for, the cube of Ssr-ST, and 2x27=:54. 

The numerical value of the same expresnbn is 250 wh^ we 
make «=5 ; for, 5=*==125,and 2x 126=r250. 

22. We have said, that the numerical value of an algebrcdc ex- 
pression generally varies with the values of the letters which enter 
it: it does not^ however, always 6o so. Thus, in the expression 
a^hf so long as a and b increase by the same number, the valiie 
of the expressioa will not be changed. . 

For example, make a=7 and i=4 : there results a— 3=3. 

4 

' Now make 0=7+5=12, and ^=44-5=9, and there result^ 

a— >= 12— 9=3, as before. 

■ ' . 

23. The numerical value of a polynomial is not afiected by 
changing the order of its. terms, provided the signs of all tl)e terror 
be preserved. For example^ the polynomial 4a'— 3a'i^+5ac'= 
6ac^— 3a'i+4a'=— 3a^i+5a(f*+4a^ This is evident, from the 
nature of arithmetical addition and subtraction. 

24. Of the different terms which compose a polynomial, some 
are preceded by the sign +, and the others by the sign — . The 
first are called additive terms, the others, subtraddve terms. ; 

The first term of a polynomial is commonly not preceded by any 
sign, but then, it is understood to be affected with the sign +. 

25. Each of the literal factors which compose a tenn is called a 
dimension of this term ; and the degree of a term is the number of 



J6 ALGBB1LU 

these. Actoni or dimensions. Thus, 

3a is a term of one dimensioiiy or of the first degree. 

bob is a term of two dimensions, or of the second degree. 

li^hi^^laaabcc is of six dimensions, or of the sixth degree* 
In genera], the degretj or the number of dimensions of a temij ia 
estimated by taking the sum of the exponents of the letters which enter 
this term. For example, the term 6c^bc€P is of the seventh degree^ 
since the sum of th^ exponents, 2+l+l-{-3=:7* 

'26* A polynomial is said to he homogeneous^ when all its terms 
are of the same degree* The polynomial 

9a^2b+c is of the first degree and homogeneous. 
— 4a3+^ is of the second degree and honoogeneous. 
Mc^4(?+2^d is of the third degree and homogeneous. 
So'— 4a3+c is not homogeneous. 

27* A vinculum or har ' , or a parenthesis ( ), is used to 

express that all the terms of a polynomial are to be considered to- / 

gether. Thus, a+b+cxhf or (a+hxc)X^ denotes that the 

trinomial a+b-{-c is to be multiplied by h ; also a-^b-^exc+d+f 
or {(i+b+c)x{c+d+f) denotes that the trinomial a+b+c is to 
be multiplied by the trinomial c+d+f. 

When the parenthesis is used, the sign of multiplication is usually 
Omitted* Thus {a+b+c)xb is the same as {a+b+c) b» 

The bar is also sometimes placed vertically* Thus, 






X 



IS the same as {a+b+c) x or a+b+cXx 



28* The terms of a polynomial which are composed of the same 
letters, the same letters in each being affected with like exponents, 
are called similar terms. 

Thus, in the polynomial 7aJ+3a5— 4a'i^+5a'i^, the terms 'iab 
and 3<i6, are similar; and so also are the terms ^4a?^ and Mf^^ 
tbe letters and exponents in each being the same* But m the bino« 
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mial S€?h+7dl^f the terms are not similar ; for, although they are 
composed of the same letters, yet the same lettens are not affected 
with like exponents. 

29« When a polynomial contains several similar terms it ntoy 
often be reduced to a simpler form* 

Take the polynomial Ae^h—^c+lc^c-^^afh^ 
It may be written (Art. 23), 4a?i— 2fl?i+7a'c— 3<]?c* 
But U^h'-^c^h reduces to Srf'J, and 7(^cS(^c to 40*1^ 
Hence, 4^bSc^c+'I(^C'-2(^b=2(^b+4kfc. 
When ^e have a polynomial with similar terms, of the form 
+ 2aW - 4(r**(?»+6<i'ftc2- 8cr»5c"+ 1 la»ic", 
Find the sum of the additive and subtractive terms separately, 4md 
take their difference : thus. 

Additive terms,, SukracHve terms^ 

H- eo^ie" — ^b(^ 

+ll(fbi? Sum -.12^4? 



• Sum +19cv^bi^ 
Hence, the given polynomial reduces to 

It may happen that the sum of the subtractive terms exceeds the 
sum of the additive terms. In that case, subtract the positive co^ 
efficient from the negative, and prefix the minus sign to the 
remainder. 

Thus, in the polynomial, 3a?A-f-2a?5— 5(^3— 3a?J, in which the 
sum of the additive terms is 5a"3, and the sum of the subtractive 
terms — 8a^&, we say that the polynomial reduces to — 3a*\ 

For, since — 8a?J is equal to — 5a?i— So'J, we shall have, 

5fl?3— 8a^3=5a»3— Sio^J— 30^3= — 3a=i^. 
Hence, for the reduction of the similar terms of a polynomial iva 
have the following 
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RULE. 

L Fcnn a single addittce term of aU the terms preceded by the sign 
pku : this is done by adding together the coefficients of those termSf 
and annexing to their smn the Uteralpart, 

Urn Famif in the same manner^ a single subtractive term, 
III«. Subtract the less sum from the greater^ and jprefx to the 
result the sign of the greater. 

Rexabk. — ^It should be observed that the reduction affects only J 
the co-efficients, and not the exponents. 



! !• Reduce the pol3momiai ^s^h—^cfh^Mh+llcPh to its sim- 
plest fomu Ans. — 2a?3. 

2. Reduce the polynomial 7ab(^'-ah<^'-7ah(?'-Sab<?+6alM^ to 
its simplest form. Ans. ^Zah<?. 

8. Reduce the polynomial Qc^— 8flc*+15ci'+8ca+0ac»— 24cJ?* 
to its simplest form. Ans. ai?-\-%ca. 

The reduction of similar terms is an operation peculiar to algebra* 
Such reductions are constantly made in Algebraic Addition^ Sub" 
traction^ MuMpUcationj and Division. 

^ 30* It has been remarked in Definition 3, that the quantities con. 
sidered in algebra are represented by letters, and the operations to 
be performed upon them, are indicated by signs. The letters and 
signs are used to abridge and generalize the reasoning required in the 
resolution of questions, 

.. 31« There are two kinds of questions, viz. theorems anlraroblems. 
If it is required to demonstrate the existence of certam properties 
relatipg to quantities, the question is called a theorem ; but if it is 
proposed to determine* certain quantities fi'om the knowledge of 
othejs» which have with the first known relations, the question is 
called a problem^ 

The given or known quantities are generally represented by the %/ 
first letters of the alphabet, a, b, cy d^ ^. and the unknown or re- 
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quired quantities by the last letters, x, y^ z, &c« 

82. The following (question will tend to show the utility of the alge- 
braic analysis, and to explain the manner in which it abridges and 
generalizes the reasoning required in the resolution of questions. 

Question. 

The sum of two numbers is 67, and their difference 19 ; tohat are 
ike two numbers 7 ^ 

Solution, 

We will begin by establishing, with the aid of the conventional 
signs, a connexion between the given and unknown numbers of the 
question. If the least of the two required numbers was known, wo 
would have the greater by adding 19 to it. This being the case, 
denote the least number by x : the greater may then be designated 
by «+19 : hence their sUm is a?+a?+19, or 2a;+19. 

But from the enunciation, this sum is to be equal to 67. There- 
fore we have the equality or equation 

2a?+ 19=67. 

Now, if 2a? augmented by 19, gives 67, 2a? alone is equal to 67 
minus 19, or 2a:=67— 19, or performmg the subtraction, 2a:=48. 

Hence x is equal to the half of 48, that is, 

a:=:4J=24. 

The least number being 24, the greater is 

a?+19=24+19=48. 

And indeed,we have 43+24=67, and 43—24=19. 

Tdble of the Algebraic Operations, /y 

Y 

Let X be the least number. 

a?+19 will be the greater. 
Hence, 2a? +19=67, and 2a;=67— 19 ; tjierefore ate y =b24 and 
consequently a?+19=24+19=43. 
And indeed, 43+24=67, 48-24=19. 

Anot/ier Solution. 
Let X represent the greater number, 
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ff— 19 will represent the lease. 
Hence, 22;— 19=^67, whence S}aj=67+19; 
therefore, a?=yr=43 

and consequently, «— 19=43— 19=24. 

From this we see how we might, with the aid of algebraic signs, 
write down in a very small space, the whole course of reasoning 
which it would be necessary to follow in the resolution of a prol^ 
lem, and which, if written in common language, would often require 
several pages. 

Creneral SoliUion of this Problem. 

The sum of two numbers is a, their difference is h What arp 
the two numbers ? 

Let X be the least number, 

x+b will represent the greater. 
Hence,2«+^=fl, whence 2a?=a— ^, 

therefore, a?= = 

2 2 2 



« b . , a . b I 



and consequently, a;+ft= J-J= — \ 

As the form of these two results is independent of any particular 
value attributed to the letters a and d, it follows that, knowing the 
sum and difference ofttoo numberSf we obtain the greater by add* 
ing the half difference to the halfsunif and the less^ by subtracting the 
iialf difference from half the sum. 

Thus, when the given sum is 237, and the difl^rence 99, 

237 . 99, 237+99 336 ,^^ 

the greater is — or ■ = =108; 

^ 2 2 2 2 

. . , ^ 237 99, 138 ^^ 

and the least •— — or =69, 

2 2 2 # 

And indeed, 168+09=237, and 108—69=99. 

From the preceding question we perceive the utility of repre- 
senting tlie given quantities of a problem by letters* As ihe 



DEFINITIOliS AND BBHARKS. '^^ 

arithmetical operations can only be indicated upon these letters, 
the result obtained, points out the operations which are to be per- 
formed upon the known quantities, in order to obtain the values of 
those required by the question. 

The expressions 1 — - and obtained in this prob- 

lem, are called formulasj because they may be regarded as com- 
prehending the solutions of all questions of the same nature, the 
enunciations of which differ only in the numerical values of the 
given quantities. Hence, a formula is the algebraic enunciation of 
a general nde. 

From the preceding explanations, we see that Algebra may be 
regarded as a kind of language, composed of a series of signs, by 
the aid of which we can follow with more facility the train of ideas 
in the course of reasoning, which we are obliged to pursue, either to 
fdemonstrate the existence of a property,or to obtain the solution of 
a problem. 

ADDITION. 

33. Addition, in Algebra, consists in findmg the simplest equlva* 
lent expression for several algebraic quantities, connepted together 
by the sign plus or minus. Such equivalent expression is called 
their «um. 

{da 
ob 
2c 



The result of the addition is ... , 3a 4. 53+ 2c 



an expression which cannot be reduced to a more simple form* 

2c^l^ 
The result, after reducing (Art. 29), is . . 13^^ 
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r 3a»-4oJ 

Let it be required to find the sum J o«s^3Vi&4.^ 

of the expressions. 1 2fli-6tf' 

Their sum, after reducing (Art. 29), is . • 5a^-^5a&-^4y 

35. As a course of reasoning similar to the above would apply to 
all polynomials, we deduce for the addition of algebraic quantities 
the following general 

^ RULK 

I. Write dawn the quantities to he added so that the simiUir iemur 
shall faU under each other ^ and give to each term its proper sign. 

II. Reduce the similar terms^ and annex to Uie results^ those temrn^ 
which cannot he reducedjgimng to each term its respective sign* 






EXAMPLES. • 

♦ 

1. Add together the polynomials^ 8a^--23^— 4a^, bc^^ff+2ahf 
and 3a3— 3c»-2i^. 

* 

The term So" being similar to 5a^, wo f 3^—403—24* 
write 8fl? for the result of the reduction I 6a*-|-9«i ~ i^> 
of these two terms, at the same time | +3aJ— 2}*— Sis' 



ime j 
rm. (^ 



slightly croscing them, as in the first term. ^ 80^+ a3— 5^— 3(^ 

Passmg then to the term — 4a5, which is similar to +2ah and 
+3a5,the three reduce to +a5, which is placed after 8a", and the 
terms crossed like the first term. Passing then to the terms involving 
^, we find their sum to be— 5J^, after which we write — Sc*. 

The marks are drawn across the tenas^ that none of them n^ay 
be overlooked and omitted. 

y.^ (2). (3). 

7x+^ah+ 2e I6a^b^+ hc-'-Zabc 

— 3aj— Soft— 5c — 4aH^—9hc+6ahc 

5jc— 9a&— 9c — 9a^^+ hc + ah c 

Sum, 9:r— 9aft— 12c '3a^^^7he+5ahe. 
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(4). (5). 

a+ ah— cd+ f %ah+ cd+d 

.3a+5a4— 6cJ— / dqb+ 5cd+y 

—5aSab+ecd—7f — 4(i6+ 6crf+a? 

— q+ ah+ cd+4f — 5g5— 12ci— y 

' -- 2g-f q^+0 —3/ ^ — 0+0 +ci+d 

6. Add together 3a+i, 3a+3&, — 9a— 7^, 6a+9^ and 
8a+3b+Bc. Ans, Ud+9b+8c. 

7. Add together 3ax+3ac+fy —9ax+7a+df +6aX'\»3ae+3fy 

8ax+ i3ac+ 9/, and — 14/+ 3aa:. 

Ans. llax+19ac--f+7a+d. 

8. Add together the polynomials, 3a^c+5a6, 7a^c— So^+Soc^ 
So^c— 6ad+9ac and — Ba^c+oJ— 12(ic. jliw. 7a2tf— 3a6. 

9. Add the polynomials 19a^aPb--i2(^ch,5a^x^b+l5<;ficb--l0ax, 
— 2aVft— 13a^cft, and — 18oV&— 12a3cft+9aa:. 

-Afw. 4a^aj^i— 22a'c&— 0*. 

10. Add together 3a+&+c, 5a+2ft+3ac, a+c+oc, and 
— 3a— 9ac^8J. -An*. 6a— 5&+2c— 6flc. 

11. Add together 5a«5+6ca;+9*c3, 7ca?— Sa^ft, and — 15cap 
—9bc^+2aH, Ans, — a«A— 2cx. 

12. Add together 8aa?+5a&+3a2&2c3, — 18aar+6a2+10a^, and 
lOor— 15a&— 6a2&2c2. Ans. — Sa^^c^+Go*. 

13. Add together 3a2+5a2^c2— Oa^a:, 7a«— 8a242c3— lOa'ar, 
10a&+16a»&2c2+19aSa?. Ans, 10a«+13a3^c»+10£*. 

14. Add together 7a2&—3a6(?—85»c—9e3+C(P, 8aftc— 5a»6+3c5 
— 463c+c(i8, and 4a3ft— Sc^^g^c— 3dP. 

Ans, 6a8&+6a5c— 3&2c— 14c3+2«P— 3(P. 
^ 15. Add together — 18o3&+2aa*+6a2^2_8a&*+7a36-5a«&3 
— 5a3i+6ai*+lla2i2. Ans. ^lea^b+Ut^V^. • 

16. What is the sum of 3a^^C'^l6a^X''9ax^d, +6a^b^e 
— 6aar3(f+17a*a?, +ieax^d''a^x—S€^b^c. Ans. i?l^c+ax^d. 

KoTE. — ^It is.focuid most conTenient in algebra to arrange theJetteta 6f eadr 
leim in alphabetical order, from the left to the right. *^ 
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SUBTRACTION. 

36. Subtraction, in algebra, consists in finding the simplest ex- 
pression for the difference between two algebraic quantities. 

The result obtained by subtracting 4b from 5a is expressed by 
5a— 4b, ^ 

In like manner, the difference between 7a^ and 4a^& is ex-, 

> 

pressed by 7a^b—4a^=z3a^. 

Let it be required to subtract from - • - 4a 
the binomial - 26— 3c 

In the first place, the result may be written thus, 4fl— (2&— 3c) 
by placing the quantity to be subtracted within the parenthesis,^ 
and writing it afler the other quantity with the sign — . But the 
question frequently requires the difference to be expressed by a 
single polynomial ; and it is in this that algebraic subtraction 
principally consists. 

To accomplish this object, we will observe, that if a, &, c, were, 
given numerically, the subtraction indicated by 26— 3c, could be 
performed, and we might then subtract the difference from 4a^ 
But as this subtraction cannot be effected in the actual condition of 
the quantities, 2b is first subtracted from 4a, which gives 4a— 26* 
Now in subtracting the number of units contained in 26, the num- 
ber taken away is too great by the number of units contained in 
3c, and die result is therefore too small by 3c; the remainder 
4a— 25 must therefore be corrected by adding 3c to it Hence^ 
there results from the proposed subtraction 4a— 254* 3c. 

37. Hence, for the subtraction of algebraic quantities, we have 
the following general 

RULE. 

I. Write the quantity to be subtracted under that from whiek it is 
id be takenf placing the similar terms^ if there are any, under each 
other. 
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IL Change the signs of all the terms of the pofynondai to i« mI- 
traded, or conceive them to be changed, and then reduce the pelfmh 
mial result to its simplest form. 

- - 6ac—5ab+c^ 



From 
Take 
Remainder 



« S o 



From 
Take 
Remainder 

From - - 
Take - - 

Remainder - 



3ac->8g6+cg+7c. 

(2). 

16a2— 5bc+7ac 

14flg+ 5bc+8ae 

2gg>-10dc— ae 

(4). 
5a3— 4a26+ 3l^c 

— 2a3+3a2ft-. S^e 
7€^^7a^+Ulf^c 



as 



(1). 

— 3iic— 3ii}+7c 



3gc— 8fl&4-g»+7e 

(3). 

Idabc—lGax-^ deuBjf 
I7abc+ 7gg— 15«ry 

2a^— 23<ia?4- 10<ay 



(6). 

^ 5iA—4cd+3€fi+^ 
— ab+3cd+0—5i^. 



6. From Za^X'-l3abc+7a^, take Oo^x— 13a5c 

-— Ans. — 6a^a?+7a*. 

7. From SlaS^^c— ISo^-Ua^y, take 4la^il^c—27abc'-li<^. 

Ans. I0(^h^e+9abe. 

8. From 27abc^9ab+6c^, take 9aJc+3c— 9aa?. 

-Aiw. ISfl&c— 9flft+6c2— 3c+9aa:. 

9. From Sa&c— 12^3a+5ca— 7ay, take 7ca;—a:y—l 36^(1. 

-Ajw. 8a^+i^^a — 2^— 6acy. 

10. 8a2c-.14aJy+7a2^, take da^c-^Uaby+na^h^. 

Ans. — a*c— 8<|2^. 

38. By the rule for subtraction, pol3momials may be snbjeotedl 
to certain transformations. 



For example 
becomes 
In like maimer 
becomes 
or, again, 



6a^'^3ab+2b^'^2be, 

6a^^{3ab--2ll^+2be). 

7a8— 8<|2i^—4iac+6i», 

7a8-(8a»5+4*3c-6^) ; 

7fl8-8aai^-(452c-6*3). 
3 
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Also, .... S€^^6a^b^+5am, 
becomes . . . So*— (6a2^— So^^^). 

Also, .... 9aV— 8a*+ft2— c, 
may be written • . QaV— (8ii*— J2_|_c), 
or, it may be writtwi . 9a^c^+b^''(8a^+c), 

These transformations consist in decomposing a polynomial 
into two parts, separated from each other by the sign — . They 
are very useful in algebra. 

39. Remark. — From what has been shown in addition and sub- 
tiraction, we deduce the following principles. 

Ist. In algebra, the words add and sum do not always, as in 
arithmetic, convey the idea of augmentation ; for a — b, \^ch re- 
sults from the addition of — b to a, is properly speaking, the arith* 
metical difference between the number of units expressed by a, 
and the number of units expressed by b. Consequently, this re-, 
suit is numerically less than a. 

To distinguish this sum from an arithmetical sum, it is called 
Uie algebraic sum. 

Thus, the pol3momial 2a^— 3a^5+3&^c is an algebraic sum, 
so long as it is considered as the result of the union of the mo- 
nomials 2a^, — 3a^,+3b^c, with their respective signs; and, in 
its proper acceptation, it is the arithmetical difference between the 
sum of the units contained in the additive terms, and the sum of 
the units contained in the subtractive terms. 

It follows from this, that an algebraic sum may, in the numerical 
applications, be reduced to a negative number, or a number affected 
t^ith the sign •». 

2d. The words subtraction and difference do not always convey 
tjje idea of diminution, for the difference between +a and —ft 
being a+&, is numerically greater than a. This result is an alge' 
braie difference^ and can be put under the fonn of a— (— &)=:a+6* 



MULTIPLICATION. ^St 

MULTIPLICATION. 

40. Algebraic multiplication has the same object as arithmetic 
cal, viz., to repeat the multiplicand as many times as there are 
units in the multiplier. 

It is generally proved, in arithmetical treatises, that the product 
of two or more numbers is the same, in whatever order the multi- 
plication is performed ; we will, therefore, consider this principle 
demonstrated. 

This being admitted, we will first consider the case in which 
it is required to multiply one monomial by another. 

The expression for the product of . ' 7aH'^ by 4a^b 
may at once be written thus . . 7a^^x4a^ss28<^h^. 

But this may be simplified by observing that, from the preced- 
ing principles tind the signification of algebraic symbols, it can be 
written . . . Ix^aaaaabbb. 

Now, as the co*efficients are particular numbers, nothing pre- 
vents our forming a single number from them by multiplying them 
together, which gives 28 for the co-efiicient of the product. As to 
the letters, the product aaaaa, is equivalent to a^, and the product 
hhb, to 53 ; therefore, the final result is . . . 2Ba^l^, 

Again, let us multiply .... \2a%^c'^ by SaWd^. 
The product is 12 X Saaaaabbbhbbccdd=:96€^b^c^€P. 

41. Hence, for the multiplication of monomials we have the 

following 

RULE. 

I. Multiply the co-efficients together. 

II. Write after this product aU the Ukers which are common to the 
multiplicand and multiplier^ affecting each letter with an exponent 
equal to the sum of the two exponents with which this letter is affected 
in the two factors, 

III. If a letter enters into but one nf the factors, write it in the 

product with the exponent with which it is affected in the factor. 
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The reason for the rule relative to the co-efficients is evident. 
But in order to understand the rule for the exponents, it should be 
obserred that, in general, a quantity a is found as many times a 
liietor in the product, as it is in both the multiplicand and multi-^ 
plier. Now the exponents of the letters denote the number of 
times they enter as factors (Art. 13.) ; hence the sum of the two 
eiq^ents of the same letter denotes the number of times it is a 
bJoUx in the required product. 

Fr<mi the above rule, it follows that, 

(1) . . . Ba^hc^ x7ahtP=:5S<^il^<^tP. 

(2) . . . 2l(^^dcXSahc^^l68€^b^t^. 

(3) . . . 4abcX7df -28ahcdf. 

(4) (5) (6) (7) 

IMbdliply . 3a^b . . 12a^ap . . 6xyz . . o^ 
by . . 2ba^ . . I2sc^ . • ay^z . . 2xy^ 

6fl*6* 144o2aj3y daxy^z'^ 2a^a^y^, 

^ma^^^m^imm ^^^^^^^^^^^^M^M^r^ ^m^^^^^mmtli^m^ma^ mm^m,^^m^mm,^m^a^^ 

8. Multiply ScfiPe by 7(fib^cd. Ans. 56ai3^Vi. 

9. Multiply 5aW by 12crf«. Ans, eOabctP. 

10. Multiply 7Ad^<^ by ahde. Ans. 7a^h^d^<^. 

42. We will now proceed to the multiplication of polynomials. 
Take the two polynomials a+h+c, and d+/j composed entirely 
of additive terms ; the product may be presented under the form 
{a+h+e) X (d+f). It is now required to take the multiplicand as 
many times as there are units in d and/. 

Multiplicand . . . . . a+h+e 

Multiplier d+f 

taken d times, • • . . ad+hd+cd 
taken/times . ♦ * +«f+hf+cf 

entire product . . ad+ hd+ ed+ af+ hf+ cf. 

Therefore, in order to multiply together two polynomials com* 
posed entirely of additive terms, multiply successively each term of 
the multiplicand by each term of the mudtipUer, and add together all 
the proiuets. 
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If the terms are affected ivith co-efficients and exponents, ob- 
serve the rule given for the multiplication of monomials (Art. 41); 



For example, multiply 

by . . . 

The product, after reducing, 
becomes 

(2). 

«2+y2 

X +y 


. 3a^+4ah+^ 
. 2a +5b 

6a^+ 8a2*+2a62 

+ l5aH+20ah^+5li^ 
. 6flr3+23a26+22a62+5^. 

(3). 
x^+x^+7ax 
ax+5ax 


3c^ +ajy2+ar'y+y3 


<«t«+a«3y6+7fl3aa 

^^+5oa« +5ai;ay«+35fl»aa 
6a3ifi+ 6ax^y^+42a^(it^. 



4. Multiply ay^+2ax+(P by x+a. 

Ans. a?4-3aaf2+3a2a;4-a». 
6. Multiply ir2+y2 by'oc+y. 

Ans. x^+ocp^+oc^y+ji^. 
6. Multiply 3«62-j.65fl2c» by 3alf^+3a^c\ 

Ans. 9fl26*+27a362c2+18a*c«. 

43. In order to explain the most general case, we will suppose 
the multiplicand and multiplier each to contain additive and sub- 
tractive terms. They may then be written under the form a— 6 
and c— <f ; a denoting the sum of the additive terms and h the 
sum of the subtractive terms of the multiplicand, c and d express- 
ing similar values of the multiplier. We will now show how the 
multiplication expressed by {a—b)x{c-^d) can be effected. 

The required product is equal to o— 6 a — b 

taken as many times as there are units c — d' 

in c ^d. If then we multiply by c which ac^be 

gives ac — ftc, we have got too much by — ad+bd 

a^b taken d times; that is, we have ac-^bc -^ad+bd. 
ad^ib too much. Changing the signs and subtracting this from 
the first product (Art. 37.)j we have 

(a— i) X («— ^=«J— .^— tfrf+ W : 

3* 
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If we suppose a and e each equal to 0, the product will rednce 

ta+bd. 

44. By consideriDg the product of a— & by c— <f, we may de- 
duce the following rule for the signs, in the multiplication of two 
polynomials. 

When two terms of the multiplicand and muUiplier are affected 
vfith the same sign, the corresponding product is affected with the 
sign +9 (^^ when they are affected with contrary signs, the product 
is affected with the sign — . 

Again, we say in algebraic language, that + multiplied by +» 
or — multiplied by — , gives + ; — multiplied by +> or + mul- 
tiplied by — , gives — . But this last enunciation, which does not 
in itself offer any reasonable direction, should only be considered 
as an abbrevisltion of the preceding. 

This is not the only case in which algebraists, for the sake of 
brevity, employ incorrect expressions, but which have the advan- 
tage of fixing the rules in the memory. 

Hence, for the multiplication of polynomials we have the fol- 
lowing 

RULE. 

Multiply dU the terms of the multiplicand by each term of the mui» 
tiplier, observing that like signs give plus in the product, and unUke 
signs minus. Then reduce the polynomial resuU to its simplest form* 

EXAMPLES. . 

1. Multiply 4fl3— 5fl26— 8a52_|_253 

by 2a^'-3ab ^4b^ 

'8a«— 10o**—16a36a+4a3*3 
— 12a*5 +U(^b^+24a^b^^6ab^ 
— 16o352+20a2^3_|.32a^ — 86» 



8a«— 22a*5—17a3*2^48a263+26<i5*— 8^. 



After having arranged the polynomials one under the other, 
multiply each term of the first, by the term 2a^ of the second ; 
this gives the pol3momial Sc^'^l0a:^b^l6a^^+4a^b^, the signs of 
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which are the same as those of the multiplicaiid. Passing then to 
the term —Sab of the multiplier, multiply each term of the multi- 
plicaad by it, and as it is affected with the sign — , affect each 
product with a sign contrary to that of the corresponding term in 
the multiplicand; this gives '^l2M+l5a^i^+24a^l^'-6ab*' for 
a product, which is written under the first. 

The same operation is also performed with the term 4^, which 
is also subtractive; this gives, '^l6c^b^+20a^b^+32ab*^Sh^. 
The product is then reduced, and we finally obtain, for the most 
simple expression of the product, 

8a«— 22o*ft— 17a3i2+48fl2ft3+26ad*— 8*». 

2. Multiply 4a:2— 2y by 2y. Ans. Sx^y-^Ay^. 

3. Multiply 2x+4y by 2aj— 4y. Ans. 4a^— 16y^. 

4. Multiply a^+cfiy+xy^+y^ by a;— y. , Ans. a?*— y*. 

5. Multiply x^+xy+y^ by x^^xy+y^, Ans. rc*+a;^*+y*. 

6. Multiply 2a2— 3aa?+4jc2 by 5a^^6ax'^2x^. 

Ans. 10a*— 27a3a?+34a2a?»— 18«a:3_8a?*. 

7. Multiply 3a:2— 2apy+5 by «2+2afy— 3. 

Ans. 3a:*+4a:3y— 4a:2— 4a2y2+16a;y_15. 

8. Multiply 3a:3+2a?V+3y2 by 2j?3— 3a;V+ V- 

ieot^—5x^y^^ex*y*+6x^y^+ 
^' i 15x3y3--9ar»y*+10xy+15/. 

9. Multiply 8aa?— 6a*— c by 2aa?+a5+c. 

Ans. 16aV— 4a2ia;— 6a2i2+6acd?— 7a*c— c^. 

10. Multiply 3a2—5i2+3c2 by a^- *2. 

Ans. 3a*— 8a262+3aV+5^— 3*2^2. 

11. 3a2— 5M+c/ 

— 5a2+4ftrf— 8g/. ._____^ 

Prod. red. — 15a*+37a2M— 29a2c/— 20&2^+44*c(y— 8cy>. 

12. 4a362_5a2j2c+ 8a25c2— 3a2c3— 7a^3 

2a&2 ^4abc — 2ftc2 +c^. 

^ 8a*5* — 10a35*c+28a3*V— 34a3i2c3 
Prod. red. \ — 4a253c3— I6a4*3c+12a35c* +7a^b^c*' 
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45. We wiii make some important remarks upon algebraic mul- 
tiplication. 

1st. If the polynomials proposed to be multiplied by each other 
are homogeneous, the product of the two polynomials will <dso he 
homogeneous. Moreover, the degree of each term of the product 
will be equal to the sum of the degrees of any two terms of the 
multiplier and multiplicand. Thus, in example 12, all the terms 
of the multiplicand being of the second degree, as well as those 
of the multiplier, each term of the product will be of the fourth 
degree. This remark serves to discover any errors in the addi- 
tions of the exponents. 

2d. When, in the multiplication of two pel3momials, no two of 
the several products are similar, the total number of terms in the 
entire product will be equal to the product of the number of terms 
in the multiplicand, multiplied by the number of terms in the mul- 
tiplier. This is evident from the rule (Art. 44). Thus, when 
there are five terms in the multiplicand, and four in the multiplier, 
there are 5 X 4, or 20, in the product. When some of the terms 
are similar, the total number of terms in the product, when re- 
duced, may be much less. 

3d. Among the different terms of the product, there are always 
some which cannot be reduced with any others. These are, 
1st. The term produced by the multiplication of that term of 
the multiplicand, containing the highest exponent of a certain let- 
ter, by the term of the multiplier, affected with the highest expo- 
nent of the same letter. 2d. The term produced by the multipli- 
cation of the terms affected with the lowest exponents of the same 
letter. For, these two partial products will contain this letter, 
affected with a higher and lower exponent than either of the other 
partial products, and consequently they cannot be similar to any 
of them. This remark, the truth of which is deduced frcmi the 
rule of the exponents, will be very useful in division 
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46. We shall finish the subject of algebraic multiplication by 
making known a few results of frequent use in algebra. ^ 

1st Let it be required to form the square or second power of 
die binomial, {a+h). We have, from known principles^ 

That is, the square oftlie sum of two quantities is equal to the square 
of the firsts plus twice the product of the first hy the second, plus the 
square of the second. 

Thus, to form the square of 5a^+Sa^, we have, from what has 
just been said, 

(5a2+8a2J)2=a25a*+80a*i+64o*R 

2d. To form the square of a difference, a— 6, we have 

(a-.i)2=(a-.d) (a-*)=:a2«.2ai+i^2. 

That is, the square of the difference between two quantities is equal 

to the square of the first, minus twice the product of the first hy the 

second, plus the square of the second. 

Thus, (7c262_i2a&3)3-,49^^4_i68a3^+ Uia^b^ 
3d. Let it be required to multiply a+b by a— 5. 
We have («+^) X (a— i)=a2— 62 . 

Hence, the sum of two quantities multiplied by their difference^ is 

equal to the difference of their squares. 

Thus, (8a3+7a&2) (Ba^^7ab^)ss6ia^^49a^^. 

47. By considering the three last results, it will be perceived 
that their composition, or the manner in which they are formed 
from the multiplicand and multiplier, is entirely independent of 
any particular values that may be attributed to the letters a and 6 
which enter the two factors. 

The manner in which an algebraic product is formed from its 
two factors, is called the law of this product ; and this law re* 
mains always the same, whatever values may be attributed to the 
letters which enter into the two factors. 
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48. Lastly, a pol3moinial being given, it may aometimes be de** 
composed into factors merely by inspection. 

Take, for example, the pol3nDomial ah'^c+dab^+ae. 
It is plain that a is a factor of all the terms. Hence, we may 
write ai^c+ 5aif^+ac=za{b^c + bb^+c). 

Take the polynomial 25a*— 30a3^+15a2&2, it is evident that 6 
and a^ are factors of each of the terms. We may, therefore, put 
the polynomial under the form 5a^{5a^ — 6ab+3lf^). 

1. Find the factors of 3a2J+9a2c+18(i2ay. 

Ajis. 3a^(b+3c-\-6xjf). 

2. Find the factors of Sa^ca?— 18aca?2+2a<:»y— 30a«c»«. 

Ans, 2oc(4aa?— 9a;2+c*y— ISfl^c'a?). 

3. Find the factors of 24a^^cX'-30a^b^c^y+36a^h^cd+6abc. 

Ans, 6a^4a*a?—5a'**c«y+6aWJ+l). 

4. Find the factors of a^+2<df+P, Ans. {a+b)X{a+b). 

5. Find the factors of a^-^b^. Ans. (a+ft)x(a— i^). 

6. Find the factors of a^'^2ab+bK Atis. (a— 5) X («—*). 

DIVISION. 

49. Algebraic division has the same object as arithmetical, viz., 
having given a product, and one of its factors, to find the other 
factor. 

We will first consider the case of two monomials. 

72a* 

The division of 72a* by 8a^ is indicated thus : ^-^i 

and it is required to find a third monomial, which, multij^ed by 
8a^, will produce 72a*. The co-efficient of a in the quotient 
must be such a number as being multiplied by 8 shall give 72, the 
co-efficient of <i in the dividend ; and the exponent of a in the 
quotient added to 3, must give 5, the exponent of a in the divi- 
dend. Hence, we find the co-efficient by dividing 72 by 8, and 
the exponent by subtracting 3 from 5, 
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wbicli gives — -^=9a2. 

Also, • . . . ^ ^ =5g3"^y^~^c=5flg&g; 
for, 7abx5aHc^Z5iPbl^c. 

• • • • 

50. Hence, for the division of monomials, we have the following 

RULE. 

I. Divide the c<hefficient of the dividend by the coefficient of the 
divisor. 

II. Write in the quotient, after the coefficient, all the letters com" 
man to the dividend and divisor, and affect each with an exponent 
equal to the excess of its exponent in the dividend over that in the 
divisor. 

III. Annex to these, those letters of the dividend, with their re* 
spective exponents, which are not found in the divisor. 

From these rales we find, 

4Sa^^c^d , „ ^ l50a^Pcd^ ^ ,„ , 

1. Divide 16a:* by 8x. Ans. 2x. 

2. Divide ISa^ary^ by Say. Ans. 5axy^. 

3. Divide S4ab^x by 1262. j^^s. lahx. 

4. Divide 960*62^3 by l^a^lp. Ans. Sd^bcK 

6. Divide 144a»iVds by 860*56^6 j, ^^. Aa^h^cd^. 
C. Divide 256«3i^cV by l^a^ca^. Ans. l^dbcx. 

7. Divide aOOa^ft^c^ac* by SOcM^c^x. Ans. lOabcx. 

51. It follows from the preceding rule that the division of mo- 
llpmials will be impossible, 

1st. When the co-efficients are not divisible by each other. 

2d. When the exponent of the same letter is greater in the 
divisor than in the dividend. 

3d. When the divisor contains one or more letters which are 
not foond in the dividend. 

When either of these three cases occur*, the quotient renudqii , 
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under the form of a monomial fraction, that is, a monomial ex- 
pression, necessarily containing the algebraic sign of diyisuHi, 
but which may frequently be reduced. 

Take, for example, \2a^h^cd to be divided by Ba^hc^. 

Here an entire monomial cannot be obtained for a quotient; 
that is to say, a monomial which does not contain the sign of di- 
vision ; for 12 is not divisible by 8, and moreover, the exponent 

of c is less in the dividend than in the divisor ; therefore, the quo- 

\2€^h^cd 
tient is presented under the form ; but this expression 

can be reduced, by observing that the factors 4, a^, h and c are 

common to the two terms of the fraction. We then have, 

3o2W 

-— — for the result. 
2c 

In general, to reduce a monomial fraction it is necessary 

1st. To suppress the greatest factor common to the two co-eff^ 
dents. 

2d. Subtract the less of the two exponents of the same letter^ from 
tKe greater f and write the letter affected with this difference^ in that 
term of the fraction corresponding with the greatest exponent, 

3d. Write those letters which are not common^ with their respec- 
tive exponents^ in the term of the fraction which contains them. 

From this new rule, we find, 

48(^b^cd^ 4ad^ , ^7aPc^d 37^c 

and 



also. 



36a^b^c^de 3bce da^e^d^'' 6a^d* 

la% 1 



14a3i2 lab' 

In the last example, as all the factors of the dividend are fomid 
in the divisor, the numerator is reduced to unity ; for, in fact, both 
terms of the fraction are divided by the numerator. 

52. It often happens, that the exponents of certain letters, ars 
the same in the dividend and divisor. 
For example, divide 240?^^, by Sa^^^ ; as the letter h is affected 
the same eiqponwt, it should not be contained in the qoo- 
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tietit, and wo have --— Y-=3a. But it is to be remarked, that 

this result, 3a, can be put under a form which will preserve the 
trace of the letter b, this letter having disappeared in consequence 
of the reduction. 

For, if we apply the rule for the exponents (Art. 50.), to the 

expression -r^, it becomes -^7;=^^"^=^° : this new symbol 5®, in- 

dicates that the letter enters times, as a factor in the quotient 
(Art. 13.) ; or, which is the same thing, that it does not enter it; 
but it indicates, at the same time, that it was in the dividend and 
divisor, and that it has disappeared in consequence of the opera- 
tion. This symbol has the advantage of preserving the trace of 
a quantity which constitutes a part of the question, that it his 
been our object to resolve, without changing the value of the re- 

b^ 
suit ; for since h^ is equivalent to r^, which is, moreover, equivar 

lent to 1, it follows that 3a&^=3aX l=3a. In like manner, 



Sa^bc^ 



=5a<>52cO=5R 



53. As it is important to have clear ideas of the origin and sig- 
nification of the symbols employed in algebra, we shall show that 
in general every quantity a affected with the exponent 0, is equiva« 
lent to 1 : that is, that a^=l. 

For this expression arises, as has just been said, from the fact 
that a is affected with the same exponent in the divisor and divi- 
dend. 
^To make the case general, let m denote the entire number 



a* 



which is the exponent of a. We shall then have, —=<ifi. But 



a* 



the quotient of any quantity divided by itself, is 1. Hence, -i^sl ; 

therefore, we also have a®=l. 

4 
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We observe again, that the symbol €fi is only employed con- 
ventionally, to preserve in the calculation the trace of a letter 
whibh entered in the enunciation of a question, but which may 
disappear in consequence of a division ; and it is often necessary 
to preserve this trace. 

Division of Polynomials. 

54. The object of division, is to find a. third polynomial called 
the quotient, which, multiplied by the divisor, shall produce the 
dividend. Hence, the dividend is the assemblage, after reduc- 
tion, of the partial products of each term of the divisor by each 
term of the quotient, and consequently the signs of the terms in 
the quotient must be such as to give proper signs to the partial 
products. 

Since, in multiplication, the product of two terms having the 
same sign is affected with the sign +, and the product of two 
terms having contrary signs is affected with the sign — , we may. 
conclude, 

1st. That when the term of the dividend has the sign +, and 
that of the divisor the sign of +} the term of the quotient must 
have the sign +• 

2d. When the term of the dividend has the sign -f > and that of 
the divisor the sign — , the term of the quotient must have the y 
sign — , because it is only the sign — , which, combined with the 
sign — , can produce the sign + of the dividend. 

3d. When the term of the dividend has the sign — , and that of 
the divisor the sign + > the quotient must have the sign — . 

That is, when the two terms of the dividend and divisor have 
the same sign, the quotient will be affected with the sign +» and 
when they are affected with contrary signs, the quotient will be 
affected with the sign — ; again, for the sake of brevity, we say 

that 

+ divided by +, and — divided by — , give + ; 

— divided by +, and + divided by — , give — . 
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1, Divide 0^—200? -f-a^ by a— «. 

It is found most convenient, Dividend. Divisor. 

in division in algebra, to place a^-«2aa;-|-^ I a — se 

the divisor on the right of the *" q^ — <ix a— a: 

dividend and the quotient di- — ax+a^ Q^otiefU. 
reclly under the divisor. — ax+af^. 

We first divide the term a^ of the dividend by the term a of the 
divisor, the partial quotient is a which we place under the divisor. 
We then multiply the divisor by a and subtract the product a^-^ax 
from the dividend, and to the remainder bringdown a^. We then 
divide the first term of the remainder, — ax by a, the quotient is 
—a;. We then multiply the divisor by —a;, and, subtracting as 
before, we find nothing remains. Hence, a^^x is the exact quo* 
tient. 

In this example we have divided that term of the dividend which 
is affected with the highest exponent of one of the letters, by that 
term of the divisor affected with the highest exponent of the same 
letter. Now, we avoid the trouble of looking out the term, by taking 
care, in the first place, to write the terms of the dividend and divisor 
in such a manner that the exponents of the same letter shaU go em 
diminishing from left to right. This is what is called arranging the 
dividend and divisor with reference to a certain letter. By this 
preparation, the first term on the lefl of the dividend, and the first 
on the left of the divisor, are always the two which must be divided 
by each other in order to obtain a term of the quotient. 

55. Hence, for the division of polynomials we have the following 

RULE. 

I. Arrange the dividend and divisor with reference to a certain 
letter t and then divide the first term on the left of the dividend hy the 
first term on the left of the divisor, the result is the first term of the 
quotient ; multiply the divisor by this term^ and subtract the product 
from the dividend. 
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IL Then divide the first term of the remainder by the first tenn 
of the dioisor, which gives the second term of the quotient ; multiply 
the divisor by this second term, and subtract the product from the 
result of the first operation. Continue the same process, and if you 
obtain Ofor a remainder, the division is said to be exact. 

FIRST EXAMPLE. 

Let h be required to divide 5la^b^+l0a^'-4Scfib—l5¥+4:aP 
by 4aft-5oa+3R 

Dividend arranged. Divisor. 

—40a^b+57a^b^+ 4ab^--l5b^ Quotient. 
'- 40<^b+32a^^+24ab^ 

25a262_20o^-^16** 
--25a262^20a&3-^]5&* 

: ■ ■ ■ I ■■ 

Remark. — ^When the first term of the arranged dividend is not 
exactly divisible by that of the arranged divisor, the complete divi- 
sion is impossible ; that is to say, there is not a polynomial which, 
mnltij^ied by the divisor, will produce the dividend. And in gene- 
ral, we shall find that a division is impossible, when the first term. 
of one of the partial dividends is not divisible by the first term of 
the divisor. 

56. Though there is some analogy between arithmetical and 
algebraical division, with respect to the manner in which the ope- 
rations are disposed and performed, yet there is this essential dif- 
ference between them, that in arithmetical division the figures of 
the quotient are obtained by trial, while in algebraical division the 
quotient obtained by dividing the first term of the partial dividend 
by the first term of the divisor is always one of the terms of the 
quotient sought. 

From the third remark of Art. 45, it appears that the term of the 
dividend affected with the highest exponent of the leading letter, 
and the term affected with the lowest exponent of the same letter. 
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may each be derived without reduction, from the multiplication of 
a term of the divisor by a term of the quotient. Therefore .nothing 
prevents our commencing the operation at the right instead of .the 
left, since- it might be performed upon the terms affected with th^ 
lowest exponent of the letter, with reference to which the arrange^ 
ment has been made. 

Lastly, so independent are the partial operations required by th^ 
process, that after, having subtracted the product of the. divisor .by 
the first term found in the quotient, we could obtain another tenu 
of the quotient by dividing by each other the two terms of the. new 
dividend and divisor, affected with the highest exponent of a dif- 
ferent letter from the one first considered. If the same letter is 
preserved, it is because there is no reason for changing it, and be- 
cause the two polynomials are already arranged with reference to 
it; the .first terms on the left of the dividend and divisor being 
sufficient to obtain a term of the quotient ; whereas, if the letter 
is changed, it would be necessary to seek again for the highest 
exponent of this letter. 

SECOND EXAMPLE. 

Divide . . . 21a?3y2+25a^y»+68ay*-40y«— 66««-18a«y by 

— 40y^+68ay+25a;V+21a?^y^— 18ar*y~56gg|| 5y^—6gy— 8a!» 

— 40yS+48ay+64arV3 — 8y3+4a?y2— 3aay+7«» 

1st. rem. 20xy*S9oi^f+2la^y^ 

20xy^'-2ix^f—32x^f 

2d. rem. — 1 5a; V+ ^^x^f — 1 8a?<y 

— 15argy3-f I8a:3y8+24a?*y 

35a?y_42a4y_56a5« 

35ap3yg— 42a?*y— 56«g 
Final remainder 0. 

57. Remark. — In performing the division, it is not necessary .to 

bring down all the terms of the dividend to form the first xemain* 

4* 
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der, bat tbey may be brought down in succession, as in tlie 
eacample. 

As it is important that beginners should render themselves fami- 
liar with the algebraic operations, and acquire the habit of cal. 
culating promptly, we will treat this last example in a different 
manner, at the same time indicating the simplifications which 
should be introduced. These consist in subtracting each partial 
product from the dividend as soon as this product is formed. 

■-403^+68ay+25a?Y+21a?3y^-~18a?*y>-56a^ || 5ya--6ay~8j^ 
1st. rem. 20jy— 39x^+21 j3y2 ^Sf+ 4x7/^-^33^^+7 sc^ 

2d. rem, -- IQx^f +533^^—180^^1/ 

3d. rem. ~ 35ar3y»— 42ar*y~56a:S 

Final rem. 0. 

First, by dividing — 40y* by 5y', we obtain — 8y3 for the quo- 
tient. Multipl3ring 5^* by — 8y3, we have — 40y*, or by chang- 
ing the sign, +40y^, which destroys the first term of the dividend. 

In like manner, — 6iry x — 8y3 gives +48xy* and for the sub- 
traction — 48a:y*, which reduced with +68afy*, gives 20a;y* for 
a remainder. Again, — 8a?^X — 8y3 gives +, and changing sign, 
—64*2^3^ which reduced with 25x^^3^ gives — 39a;*y3. Hence 
the result of the first operation is 20xy^— SOx^y^ followed by 
those terms of the dividend which have not been reduced with 
the partial products already obtained. For the second part of the 
operation, it is only necessary to bring down the next term of the 
dividend, separating this new dividend from the primitive by a 
line, and operate upon this new dividend in the same manner as 
we operated upon the primitive, and so on. 

THIRD EXAMPLB. 

Pivide 95a-73<i2+56a*~25-59a3 by — 3a2+5-lla— 7a». 

56g*~59a3~73ag+95a--25 | |7g3-3ag— llg+g 
1st. rem. ~35q3+ 15gg+55g— 25 8a —6 

2d. rem. 0. 
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L^ GENERAL EXAMPLES. 

1. Divide ISor^ by 9x, Ans. 2x. 

2. Divide lOo^y^ by ^^gOy, Ans, — 2y. 

3. Divide — 9aaj^^ by 9st^. Am, ^ay. 

4. Divide -— Sac^ by —2x. Ans, +4a?. 
6. Divide 10a6+15ac by 5a. Ans. 2h+Zc. 

6. Divide ZOaoc^bAx by Got;. Ans, 5a— 9. 

7. Divide lOx^y— ISy^— 5y by 5y. Ans, 2a^— 3y— 1. 

8. Divide 12a+3fla?— 18a«2 by 3a. An*. 4+ap— Car^. 

9. Divide 6car*+9a2a?+aV by ax, Ans, 6x+9a+ax, 
. 10. Divide a^+2(ix+x^ by a+«. A«*. a+x, 

11. Divide a^— 3a2y4.3ay2— y3 by a— y. 

Ans, a^— 2ay+y^. 

12. Divide 24a^b--l2€^ch^'-6ab by — 6ai. 

j4n*. — 4a+2a2c6+l. 

13. Divide 6x*— 96 by 3a;— 6. Ans, 2a^+4x^+8x+l6, 

14. Divide .... ^— 5a*a?+10a3a;2— 10a V+ Soar*— ar> 
by a2— 2aa?+ar*. Ans. cfi—3a^x+3ax^—ac^. 

15. Divide 48ar3— TOaa^— 64a2a?+105a3 by 2a?— 3a. 

Ans, 24x2— 2aa:— 35a«. 

16. Divide f—Sy^x^+dy^x^—ofi by yS— 3y2a;+3yar^-a?3. 

Ans. y3+3y2a?+3ya2+ap3. 

17. Divide 64a**«-25a«i8 by 8a^P+5ab^. 

Ans, 8a^^—5ab^. 

18. Divide 6a3+23a26+22a524.563 by 3a2+4a6+*^. 

Ans, 2a+5&. 

19. Divide 6a3fi+6<ui^^+42a^!iP by aa?+5aar. 

Ans. x^-i-xy^+lax. 

20. Divide . ■^l5a^+37a^d'-29a^cf-'20b'^d^+44bcdf-Scy^ 
by 3a^—5bd+cf. Ans. — 5a2+4M— 8</." 

21. Divide ac*+a^y^+y* by ai^--xy+y^. Ans. af*+«y+y^.v 

22. Divide a?*— y* by x—y, Ans. a^+ofiy+xy^+y^. 

23. Divide 3(^--8a^b^+3a^c^+5b*^3b^c^ by a^-ja. 

Ans, 3a2-562+3c«. 
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24. Divide 6x^-5x^f—6x^t^+6xY+l^«^y^—^!^y*+l0xY 
+ 15y» by 80:3+2x2^24.3^2. ^^, 2x^^3x^f+5y^. 

59. Among the difierent examples of algebraic division, there is 
one remarkable for its applications. It is so often met with in the 
resolution of questions, that algebraists have made a kind of theorem 
of it. 

We have seen (Art. 46), that 

((i+6)(a-*)=a2-ja: 

a2— 62 

hence, 7— =a+6. 

a — b 

If we divide cfi—P by a— ft we have 

fl3-63 



a-b 



=a^+ab+!y^i 



also r-=a3+a26+«*H^ 

a — 

by performing the division. 

These are results that may be obtained by the ordinary process 
of division. Analogy would lead to the conclusion that whatever 
may be the exponents of the letters a and ft, the division could be 
performed exactly ; but analogy does not always lead to certainty. 
To be certain on this point, denote the exponent by m ; and pro- 
ceed to divide cS^^b^ by a— ft. 

o"» — i"» 



1st. rem cT^'^b^b'^ «*"*+ 

or ft(a"^*— ft"^*). 

Dividing cT by a the quotient is o*^, by the rule for the expo- 
nents. The product of a— ft by a"*~^ being subtracted from the 
dividend, the first remainder is a'*~~^ft— ft", which can be put under 
the form ft(<i'*~*— ft""^). Now, if cP^^lT^ is divisible by a— ft, 
then will o^—ft*" also be divisible by a— ft ; that is, if the differ- 
ence of the similar powers of two quantities of a certain degree, is 
exactly divisible by the difference of thdse quantities, the differenoe 
of the powers of a degree greater by unity, is also divisible by iL 



s 
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Bnt it has already been shown that o^—A^is divisible hy a—b: 
hence, o^— 6* is also divisible by a— 6. Now, if efi—b^ is divisi- 
ble by a^b, it mast follow that cfi^b^ is also divisible by a—b. 
In the same way it may be shown that the division is possible when 
the exponent is 7, 8, 9, &c. 

Hence, a*"--^"' is divisible by a— ft. 

The beginner should reflect upon the method of demonstrating 
this proposition, as it is frequently employed in algebra. 

60. We have givdn (Art. 51, and 55,) the principal circum- 
stances by which it may be discovered that the division of mono- 
mial or polynomial quantities is not exact ; that is, the case in 
which there does not exist a third entire algebraic quantity, which, 
multiplied by the second, will produce the first. 

We will add, as to polynomials, that it may often be dis covered 
by mere inspection that they cannot be divided by each other. 
When the polynomials contain two or more letters, before arrang- 
ing them with reference to a particular letter, observe the two 
terms of the dindend and divisor, which are affected with the high- 
est exponent of each of the letters. If for either of these letters, 
one of the terms with the highest exponent is not divisible by the 
other, we may conclude that the total division is impossible. This 
remark applies to each of the operations required in the process 
for finding the quotient. 

Take, for example, 12€^ ~-5a^ +7(^1^— I IP ^ to be divided by 
4a2-8a5+352. 

By considering only the letter a, the division would appear pos- 
sible ; but regarding the letter ft, the division is impossible, since 
— Ilft3 is not divisible by Sft^. 

One polynomial A, cannot be divided by another B containing 
' a letter which is not found in the dividend ; for, it is impossible 
that a third quantity, multiplied by B which contains a jcertain let- 
ter, should give a product independent of that letter. 

A monomial is never divisible by a polynomial, because every 
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pol3momial multiplied by either a monomial or a polynomial gives 
a product containing at least two terms which are not susceptible 
of reduction. 

61. Remark. — ^If the letter, with reference to which the divi- 
dend is arranged, is not found in the divisor, the divisor is said to 
be independent of that letter ; and in that case, the exact division 
is impossible, unless the divisor will divide separately the co-efficient 
of each term of the dividend. 

' For example, if the dividend were 3ia*+95a2+12i, arranged 
with reference to the letter a, and the divisor 35, the divisor would 
be independent of the letter a ; and it is evident that the exact divi- 
sion could not be performed unless the co-efficient of each term of 
the dividend were divisible by 36. The exponents of the leading 
letter in the quotient would be the same as in the dividend. 

1. Divide ISa^aj^— 36oV— 12aaj by 6ar. 

Ans, 3d^x— 60^x^-^20, 

2. Divide 25a^b'-30d^b+40ab by 6*. 

Ans. 5a*-- 6^2 +80. 

OF ALGEBRAIC FRACTIONS. 

62. Algebraic fractions should be considered in the same point 
of view as arithmetical fractions, such as f , ^^, that is, we must 
conceive that the unit has been divided into as many equal parts 
as there are units in the denominator, and that one of these parts is 
taken as many times as there are units in the numerator. Hence, 
addition, subtraction, multiplication, and division, are performed 
according to the rules established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those rules, 
and in their application we must follow the procedures indicated 
for the calculus of entire algebraic quantities. ' 

ft 

63. Every quantity which is not expressed under a fractional 
form is called an entire algebraic quantity. 
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64. An algebraic expression, composed partly of an entire qtian- 
tity and partly of a fraction, is called a mixed quantity. 

65. When a division of monomial or polynomial quantities can- 
not be performed exactly, it is indicated by means of the known 
sign, and in this case, the quotient is presented under the form 
of a fractibn, which we have already learned how to simplify, 
(Art. 51). With respect to polynomial fractions, the following are 
cases which are easily reduced. 

Take, for example, the expression -^ — , , ^ « 

This fraction can take the form ^, ' \J' ' (Art. 46). 

(a—by 

Suppressing the factor a—b, which is common to the two terms, 

a+b 



we obtain 



a — b' 



Again, take the expression ^-3 — ^-37 • 

^. ^3 , , 5a(a2-2a&+62) 

This expression can be decomposed thus : — ^. ^,. — ^ ; 

5a{ a-b)^ 
^ Sa\a-by 

Suppressing the common factor, a{a—b), the result is 

8a 

The particular cases examined above, are those in which the 
two terms of the fraction can be decomposed into the product of 
the sum by the difference of two quantities, and into the square of 
the sum or difference of two quantities. Practice teaches the man- 
ner of performing these decompositions, when they are possible. 

But the two terms of the fraction may be more complicated poly- 
nomials, and then, their decomposition into factors not being so 
easy, we have recourse to the process for finding t^ greatest com^ 
man'dmsar. 



48 ALGEBRA. 

CASE I. 

Of the Greatest Common Dioisar. 

66. The greatest common divisor of two polynomials, is the 
greatest polynomial, with reference to the exponents and co-effi- 
cients, that will exactly divide the proposed polynomials. 

67. Two polynomials which have not a common factor are said 
to be prime with respect to each other. 

68. The subject of the greatest common divisor is fully dis- 
cussed under the general theory of equations. We shall here 
state two principles, which are there proved. 

1st. TIte greatest common divisor of ttoo polynomials contains as 
factors all the particular divisors of the polynomials, and does not 
contain any other factors, 

2d. The greatest common divisor of ttoo polynomials is the same 
as that which exists between the least polynomial and their remainder 
after division. 

From these two principles we have the following 

RULE. 

I. Take the first polynomial and suppress all the monomial factors 
common to each of its terms. Do the same with the second polynO" 
ndal, and if the factors so suppressed have a common divisor, set it 
aside as forming apart of the common divisor sought. 

II. Having done this, prepare the dividend in such a manner that 
its first term shall be divisible by the first term of the divisor ; then 
perform the division, and suppress in the remainder all the factors 
that are common to the co-effidents of the different powers of the 
principal letter. Then take this remainder as a divisor, and the 
second polynomial as a dividend, and continue the operation with 
these polynomials, in the same manner as with the preceding. 

III. Continue this series of operations untU a remainder is a&- 
iained which wiU exactly divide the preceding divisor: this last divisor 
win be the greatest common dioisor ; but if a remainder is obtainei 
which is independent of the principal letter, and which will not 
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the etMjffieients of each of ike proposed polyfumuds^ it shmM that the 
proposed polynomials are prime with respect to each other, or that they 
have not a common factor, 

EXAXPLES. 

69. 1. Find the greatest common divisor of the polynomials 
(^^aH+dab^—Sb^, and a^-^oab+Ab^. 

First Operattan. 

(^^aH+SaP—SP 



4aH — ab^—3b^ 



a2^5ab+4h^ 
a +4b' 



1st rem. . - - . I9ab^-^l9b^ 
or l9P{a^b). 

Second Operation, 



a^^5ab+4h^ 



—40^+462 






0. 

Hence, a~-h is the greatest common divisor. 

We begin by dividing the polynomial of the highest degree by 
that of the lowest degree ; the quotient is, as we see in the above 
table, a+4b, and the remainder is I9ab^—I9b^. 

But l9aP—i9b^ can be put under the form I9b^{a--b). Now 
the factor 191^, will divide this remainder without dividing 

hence, the factor must be suppressed, and the question is reduced 
to finding the greatest common divisor between 

a^^5ab+4b'^ and a— 6. 

Dividing the first of these two|>olynomial8 by the seeond, there 
is an exact quotient, a^Ab ; h^ace a^b is the greatest oommon 
divisor of the two proposed polyncftnial& To prove this, let each 
be divided by a—b. 



bo AIOBBRA. 

70. Ex. 2. Find the greatest common divisor of the polynomials 

3a»-5aW+2a^ and 2fl*— 3a2ft3+5*. 

We first suppress a, .which is a factor of each term of the first 
polynomiali we then have 

We now find that the first term of the dividend will not contain the 
first term of the divisor, we then multiply the dividend by 2, which 
merely introduces a factor not common to the divisor, and hence 
does not affect the conunon divisor sought. We then have 

2a*-3a262_|.^ 



6a*— 10a252+4i*| 
6a*— ^aW+U^ 



-52(a»-J2). 

We find, after division, the remainder — ai^+ft*, which we put 
mider the form ~-h\a^—lP). We then suppress —5^, and divide 



2a*-3a252+5*| 
2a*~2a262 



a2-5a 



2a2-62 



Hence, a^-^h^ is the greatest common divisor. 

3. Find the greatest common divisor of a:*— 1 and a^+^- 

Ans, 1+a^. 

4. Find the greatest common divisor of 4a3— 20^— 3a+l and 
3a*— 2a — 1. Ans, a— 1. 

5. Find the greatest common divisor of a*'— or* and efi—dhB 
— aafi+a^. Ans. a^—x\ 

6. Find the greatest conunon divisor of 36a®— I8a*— 27a*+9a' 
and 27a»i2_i8a4i2_9a352. jing, 9a3(a-l). 

7. Find the greatest common divisor of 
qnp^+Znp^q^^2npq^^2nq^ and 2mp*j*— 4iwp*— wp^^+Smpy*. 

Ans. P'-q* 



OF JSAOnONS. fit 

8. Find the. greatest common diriaor of the two polynomials 

15a»+10a*6+4a'i»+6a'3'-8a5* 
12aV+38aV+16ai*-10A'. 

CASE II. 
71. To reduce a mixed quantity to the form of a fraction* 

RULE, 

MuUipIy the entire part by the denominator of ihefractian : then 
connect this product wiih the terms of the numerator by the rtdee for 
additiony and under the result place the given denomiTiator. 

EltAMPLBS. 

!• Reduce x to the form of a fracticm. 

X 

X = = • Ans. 

XXX 

ax-\-ix? 
2« Reduce x r; — ^ to the form of a fraction. 

ax-^a^ 
Ams. 



2a • 



2a?— 7 

3. Reduce 5-| — to the form of a fraction 

ox . 



17x-7 



X — a— 1 
4« Reduce 1 ^ to the form of a fracticm. 



2a— «+! 
Ans. 



a 



07—3 

5. Reduce l+2« — r— to the form of a fraction. 

ox 



10aj»+4aj+3 

An$k -— — = '-k 

bx 
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CASE HI. 

72. To reduce a fraction to an entire or mixed quantity. 

RULE. 

Divide the numerator hy the defumdnaiorfor the entire part^ and 
place the remainder^ jf at^f over the denommaiarfor ihefractumal 
part. 

EXAMPLES, 

ax+a^ 
1. Reduce to a mixed quantity. 

ax+a* a* 
=a-4 — Ans. 

X X 

ox — 9^ 
3. Reauce to an entire or mixed quantity. 



Ans, a^x 



ab^fla* 
8. Reduce — 7 — to a mixed quantity. 



2a» 
Ans. a — T-- 



a' — a^ 
4. Reduce to an entire quantity. 



a-^x 

Ane. a+x 



5. Reduce - to an entire quantity. 



Ana* «*+ay+^. 

^ « , 10a?'--5a:+3 . ^ 

6. Reduce r- to a mixed quantity. 

8 

Ans. 2«— 1+^-. 

oa; 

CASE IV. 

78. To reduce fjNictions having different denominators to equira. 
lent fractions having a common denominator. 



y oFnuMcmttN& ^ m 

RULE. 

Mtd^ly each numerator into oK the denomntOars except its oiMf 
for the new numeratorsy and aU the denominators together for a com- 
mm denominator. 

EXAMPLES. 

a b ' 

1. Reduce -^ and — to equivalent fractions having a com- 
mon denominator. 

and • • bxc=ihe the common denommaton 

a a-\-h • 

2. Reduce -r and to fractionsif having' a common de- 

o c 

nommator. Ans. t- and 



be be 

^ 2b 

3. Reduce — , ^y and d^ to fractions having a common de* 

9cx 4db , 6aed 
nommator. . Ans. -^ — ^ -^ — and -s— -. 

DOC DOC oac 

3 2a; 2x 

4. Reduce — , — , and a-\ — , to fractions having a com- 

9a Sax , 12a*+24x 

mon denommator. Ans. -r^r— » -v^rs and rr; . 

12a 12a 12a 

1 a» a*+a^ 

5. Reduce -jr-, -r- and — ; — ^ to fractions having a com- 

mon daiominator. 

8a+&p 2a*+2a'a ? 6a'+6s^ 

^^' eS+te' 6a+6x ' "^ 6a+to * 

CASEY. 
74. To add fractional quantities together. 

6* 
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RULE. 

Reduce thefractumtf tf neceesasy, to a common denomiuuUor: then 
add the numerators together and place their sum ooer the common de^ 
nominator* 



a c e 

1. Find the sum of -r-» "r» and "?*. 

If d' f 

Here, . axdxf=adf\ 

cX^ Xf=chf \ the new numerators. 
eX^Xd=:ebdj 

And • • hxdxf='^ the commcm denominator. 

^"^^i^+w^w — w — 

3a^ 2ax 

2. To a jT- add ^H . 



2ahx-'dc3i^ 
Ans, a+b-i — 



be 

XXX X 

3. Add -^, -^ and -r- together. Ans, x+r^r- 

26 o 4 12 

re— 2 . 4« . lap— 14 



4. Add —^ and — together. ^ii*. 

a?— 2 2a:--3 
6. Add «H — r— to 3«H -z — • 

o *. 4 

10«-17 



Ans. 4r-f 



12 

5a:" x-\-a 

6. It is required to add 4a?, -qT"* *"^d -g— together. 

5«»+aa?+a« 

Afu. 4«H . 

^ 2ax 

2x 7x 2a;+I 

7. It is required to add — , — , and — - — together. 

40e+12 
Ans. 2x+- 



60 
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^. It is required U> add Ax^ — , and 2+— together. 

44a;+00 
Ans 4bH TT • 

40 

2x Bx 

9. It is required to add 2x+— and x — ^ together. 

o V 

2dar 
Ana. 3fl?H — rr-. 

40 
CASE VI. 

75. To subtract one fractional quantity from another. 

RULE. 

L Reduce the fractions to a common denominator, 

II. Subtract the numerator of the fraction to he subtracted from the 

nmmerator of the other fraction^ and place the difference over the com- 

mon denominator. 



X — a 2a — 4a? 

1. Find the difference of the fractions ^- and — 

2b 3c 

Here, («— a)x3c=3ca;— 3ac ) . 

/ i ,.,«,£ the numerators 
(2a— 4a;)x25=4a3— 85a? ) 

And, 2^X3^==^^ the common denominator. 

Sex — Sac 4ab^Sbx Scx^Sac—4ab+Bbx 

^^^' —eH 66r"= ^c • ^"^^ 

12d; Sx 

2. Required the difference of — = — and 



7 — 5 



30« 
"35"" 



8y 

3. Required the difference of Sjf and -r-. 



A ^9 



\ 



»6 



9m 2x 

4« Required the differenoe of -^ and — . 



Ans. 



68' 



x-i-a c 

5. Required the difference between -j— and -^^ 



. dx+ad-^he 

Ans. — 



bd 



Sx+a 2x+7 

6. Required the difference of — rr — and — - — 



24ar+ 8g~10&g--35ft 



SB 

7. Required the difference of S^+'T' ^^ ^• 



AOb 
x^a 



Aru. 2x-\- 



c 

cx+bx-^ah 



be 
CASE VII. 

76, To multiply fractional quantities together. 

BULE« 

If the quantities to be muUijjiied are mixed^ reduce tliem to a freW' 
tionalform ; then tnuUiply the numerators together for a numerator 

and the denominaiors together for a denominator* 

EXAMPLES. 

* 

bx c 

1. Multiply a-\ — by -j. 

bx a*+bx 

fl+— = 
a a 

__ a*+bx c a*c+bcx 

Henoe» X-j= 3 — . Ans. 

a d ad 



Sx 2a 
3. Required the prodoet of — and -r-. 



9ax 
Ans. 



fib ' 
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8. Required the product of — and r— . 

6 2a 

Ans. -^-, 
5a 

4. Find the continued product of — , , and . 

a c 2b 

Ans. Oao;. 

Art* 
6. It is required to find the product of h-^ — and — . 

a X 

. ah^hx 
Ans. . 



^^^ mm ^"^w mm 

6. Required the product of — r — and 



ar»-3» ^ a?+h* 



he h+c * 

Ans. 



7. Required the product of a?+.^21_^ ^^ 5Z1_, 

a a+h 

. oa?*— aa?+a?'— 1 
ax a^—x* 



8. Required the product of a-| by 



a—x "^ X +a:' * 
a*-aV 
Oic+oa;*— a;*— «■ 



CASE VIII. 

77. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities, if there are any, to a fractional form : 
men tnoert the terms of the dimsor and multiply the fractions together 

tilt tM 4ltm l^e4 mmmm *' O 



OX in the last case. 



EXAMPLES. 



I. Divide .... a—-- by — . 

^c g 



h ^Jtac^h 



56 ifjOBBBk. 

Hence, a--^j^-^Xj=—:^^. An,. 

7x 12 91a? 

2. Let — be divided by — . Ans, "^jj"* 

4x* 4ar 

8. Let —=— be divided by 5x. iln«. «g- 

«+l 



4. Let . ,. be divided by -:r. -aiw. 



— — oe aiviaea oy 


i»X. 


x+l 

. be divided by 


2a; 
3' 


r be divided by 

a?— 1 "^ 


X 

2' 



5. Let 7 be divided by -rr-. -^w- 



4a; 
2 



5a; 2a . 5to 



6. Let — be divided by -^^ Ans, - 

• .'. 

X — h '• 3ca: a? — d 

7. Let Q _, be divided by ^ , -. -diw. ^ , . 

8c^ *' 4(2 6<ra; 

a;*— 5* a'+Ar 

iliw. asH — . 



78. We will add but a single proposition more on the subject of 
fractions. It is this. 

If the same number he added to each oftJie terms of a ^proper fracdon^ 
the new fraction restdting from this addition toiU he greater tlum the 
first ; hut if it he added to the terms of an improper fractiony the re* 
suUing fraction toiU he less than the first, 

a 

Let the fraction be expressed by -7-9 and suppose a<3. 

Let m represent the number to be added to the terms : the 

fraction then becomes r— — . 

b+m 

In order to compare the two fractions, they must be reduced to the 

same denominator, which giv«i ^ ' , for the first, and ,. , 

c^+bm h*+bm 

for the second. 
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Now, the deoominators being the same, that fraction will be the 
greatest which has the greater numerator. But the two numera- 
tors, ab+aniy and aJf+hnif have a common part ab ; and the part bm. 
of the second is greater than the part am of the first, since ^>a« 
Hence the second fraction is greater than the first. 

If the given fraction is improper, or a > J, it is plain that the nu- 
merator of the second fraction will be less than that of the first, 
since bm would be less than am* 



CHAPTER 11. 



Of Equations of the JFirst Degree. 

79. An Eqtuttion is the expression of two equal quantities with 
the sign of equality placed between them. Thus, x=:a+b is an 
equation, in which x is equal to the sum of a and b, 

80. By the definition, every equation is composed of two parts, 
separated from each other by the sign =. The part on the left of 
the sign, is called ^efrst member y and the part on the right, is called 
the second member ; and each member may be composed of one or 
more terms. 

81. Every equation may be regarded as the enunciation, in alge- 
braic language, of a particular problem. Thus, the equation 
x-{-x=:30, is the algebraic enunciation of the following problem ; 

To find a number whichf being added to itself, shaU give a sum 
equal to 30. 

Were it required to solve this problem we should first express it 
in algebraic language, which would give the equation 

X+ XsrzSO. 

By adding *% to itself, we have • . • • • 2«=^d0« 
and by dividing by 2, we obtain • • • • ff=15. 
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Hence we see. that the solution of a problem by algebra^ consists 
of two distinct parts. 

1st, To express algehraicaUy the rdation between the known and 
unknown quantities, 

2d. To find a value for the unknown quantiiyf in terms of those 
which are knovm^ which suhstUuied in its place in the given equation 
tmU satisfy the equation ; tluU is, render the first member equal to the 
second. 

This latter part is called the solution of the equation. 

82. An equation is said to be verified, when such a value is sub- 
stituted for the unknown quantity as will prove the two members of 
the equation to be equal to each other.' 

83. Equations are divided into different classes. Those which 
contain only the first power of the unknown quantity, are called 
equations of the first degree. Thus, 

ax + b =^ cx+d is an equation of the 1st. degree. 
2s^^dx=z6 —2a^ is an equation of the 2d. degree. 
4j;'— 5aj*=3a;+ll is an equation of the 3d. degree. 
In general, the degree of an equation is denoted by the greatest 
of the exponents with which the unknown quantity is affected. 

84. Equations are also distinguished €is numerical equations and 
Uteral equations. The first are those which contain numbers only, 
with the exception of the unknown quantity, which is always de- 
noted by a letter. Thus, 4a;— 3= 2a? -(-5, 3a;'— a;=8, are numerical 
equations. They are the algebraical translation of problems, in 
which the known quantities are particular numbers. 

The equations ax—b=zcx+d, ac*+5aj=c, are literal equations, 
in which the given quantities of the problem are represented by 
letters. 

85. It frequently occurs in algebra, that the algebraic sign 4- ot 
— , whidi is written, is not the true sign of the term before which 
it is placed. Thus, if it were required to subtract — ^ from a, we 
should write 
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a— (— ft)=a+ft. 
Here the true sign of the second term of the binomial is plus, al- 
though its algebraic sign, which is written in the first member of the 
equation, is — • This minus sign, operating upon the sign of J, 
which is also negative, produces a plus sign for 5 in the result* 
The sign which results, after combining the algebraic sign with the 
sign of the qusuitity, is called the essential sign of the term^ and is 
often different from the algebraic sign. 

By considering the nature of an equation, we perceive that it 
must possess the three following properties. 

1st. The two meml^ers are composed of quantities of the same kind. 

2d. The two members are equal to each other. 

dd. The essential sign of the two members must be the same* 

Equations of the First Degree involving but one unknown 

quantity, 

86. An axiom is a self-evident proposition. We may here state 
the following. 

1. If equal quantities be added to both members of an equation, 
the equality of the members will not be destroyed. 

2. If equal quantities be subtracted from both members of an 
equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same num* 
her, the equality will not be destroyed. 

87. The transformation of an equation consists in changing its 
form without affecting the equality of its members. 

The following transformations are of continued use in the resolu- 
tion of equations. 

First Transformation. 

88. When some of the terms of an equation are fractional, to re- 
duce the equation to one in which the terms shall be entire- 

6 



Take the equation, 

2a; 8 x 



3 4*+-6="- 
Firsty reduce all the fractions to the same denominator, by the 
known rule ; the equation becomes 

48a7 54c I2x 



4--:=:^= 11 



72 72 • 72 

and since we can multiply both members by the same number wilh- 
opt destroying the equality, we will multiply them by 72, which is 
the same as suppressing the denommator 72, in the fractional terms, 
and multiplying the entire term by 72 ; the equation then becomes 

48a?— 54a?+ 12a?= 792. 
or dividing by 6 Sa?— 9x+ 2a;=132. 

89. The l€wt equation could have been found in another manner 
by employing the least common multiple of the denominators. 

The common multiple of two or more numbers is any number 
which they will divide without a remainder ; and the least com- 
mon multiple, is the least number which they will so divide. The 
least common multiple will be the product of all the numbers, 
when, in comparing either with the others, we find no common fac 
tors. But when there are common factors, the least common mul- 
tiple will be the product of all the numbers divided by the product 
of the common factors. 

The least common multiple, when the numbers are small, can 
generally be found by inspection. Thus, 24 is the least common 
multiple of 4, 6, and 8, and 12 is the least common multiple of 
3, 4 and 6. 

rw, , 2x 3 a; 

Take the last equation -r -«+-;-= 11. 

^ 3 4 6 

We see that 12 is the least common multiple of the denomina« 

tors, and if we multiply all the terms of the equation by 12, and 

divide by the denominators, we obtain 

8a?— 9aj+2«=132. 

the same equation as before found. 



f 
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90, Hence, to make the denominators disappear from an equation, 
we have the following 

RULE 

I. Form the least common multiple of aU the denomznators, 

II. Multiply each of the entire terms hy this mvUiple^ and each of 
the fractional terms by the quotient of this multiple divided by the de- 
nominator of the term thus multiplied^ and omit the denominators (^ 
ihe fractional terms. 

EXAMPLES. 

X X 

1. Clear the equation -^+-« — 4=8 of its denominators. 

Ans. 7a;+5a?— 140=105. 

a c 
tJ. Clear the equation -^ "j+f^g* 

Ans* ad—hc+bdf=hdg» 
3. In the equation 

ax 2(^x 4b(^x be? Sc" 

B ab a^ tr a 

the least common multiple of the denominators is a^b^ ; hence clear- 
f ng the fractions, we ohtain 

Second Transformation. 

91. When the two members of an equation are entire polynomials, 
to transpose certain terms from one member to the other. 

Take for example the equation .... 5a;— 6=8+2a\ 

IG in the first place we subtract 2a; from 
both members, the equality will not be de- 
stroyed, aud we have 5«—6— ^=8. 

Whence we see that the term 2j?, which was additive in the 
second member becomes subtractive in the first. 



64 ALGEBRA. 

In the second place if we add 6 to both 
members, the equality will still exist and 

wc have 5a:— 6— 2a+6=8+6. 

Or, smce —6 and +6 destroy each otheit 5a:— 2x=8+6. 

Hence the term which was subtractive in the first member, passes 
into the second member with the sign of addition. 

Again, take the equation •»•••• ax+b=id—cx* 

If we add ex to both members 
and subtract b from them, the 

equation becomes • • • • ax+b+cx^h=d-^cx+cx^b» 
or reducing ax+cx=:d—b. 

Therefore, for the transposition of the terms, we have the 
foUowing 

RULE. 

Any term of an equation may be transposed from one member to the 
other by changing Us sign. 

92. We will now apply the preceding principles to the resolution 

of the equation, 

4a?— 3=2«+5. 

by transposing the terms —8 and 2a; it becomes 

4a:— 2a;=5+3 

Or reducing . 2a:=8 

8 
Dividing by 2 • a;=— =4, 

Now, if 4 be substituted in the place of x in the first equation, it 

becomes 

4x4—3=2x4+5 

or • » • • 13== 13* 

Hence, the value of a; is verified by substituting it for the unknown 

quantity in the given equation. 

For a second example, take the equation , 

5a: 4a; 7 13a; 

13= 



12 3 8 6 
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Bj making the denominators disappear, we ha?e 

10a?-32a?-312= 21 — 62« 
or, by transposing . lOx— 32a;+52x= 21 +312 
by reducing . . •* 80a?=333 

333 111 
dividing by 30 . . *~"30"^nuo"~^**"^' 

a result which may be venfie4 by substituting it for x in the given 
equation. 

For a third example let us take the equation 
(3a -r-^) {a^b)+2ax=4th(x+a). 

It is first necessary to per&rm the multiplications indicated, in or- 
der to reduce the two members to two polynomials, and thus be able 
to disengage the unknown quantity x^ from the known quantities. 
Having done that, the equation becomes, 

8a'*r-aa?— -3a&+ia?+2aar=46a?+4a3. 
Of by transposing . — aa?+^a?+8aa:— 43a? =4ai+3aJ-»-3a' 
by reducing • • aa?— -33a; =7ai— 3a' 

Or, (Art. 48). . . (a-33)a?=7aJ-3a» 

Dividing both members by a—Sb we find 

7fl&--3a' 
^"" a- 33 • 
93. Hence, in order to resolve any equation of the first degree, 
we have the following general 

« 

RULE. 

I. If there are any denominators, cause them to disappear, and per^ 
form, in both members, all the algebraic operations indicated : toe thus 
ebtain an equation the two members of which are entire polynomials. 

II. Then transpose all the terms affected with the unknoum quantity 
iiUo the first member, and aU the known terms into the second memher. 

III. Reduce to a single term all the terms involving x : this term 

wUl be composed of two factors, one of which will be x, and the caher 

all the muMpUer8,of x, connected with their respective signs* 

6* 
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IV. IHvide IwA members hy the ntunher or polifn(mia2 by u^^ 
unknown quantHy is muU^pUed, 



1. Given ar— 2+24=31 to find x. Ans. .a;=3. 

2. Given a;+18=3a;— 5 to find x, Ans, a;=ll— . 

3. Given6— 2x+10=20— 3a:— 2tofind«, Ans. x—2. 

4. Given «+-;r^+— a?=ll to find «• Ans^ a;=8. 

1 6 
5u Given 2a: — ;^+l=5a?— 2 to find x. Ans. a;=-^. 

2 7 



a 
6, Given ^ax-^-— — 3=&c— a to find a?. 



6-3a 



6a- 25' 



«— 3 « a;— 19 
7. Given — r^ — [----=20 — to find x^ 



1 

Ans. «=23-T-. 
4 



x-j~3 X X-— 5 
8. Given — i; — |— —=4 — to find x» 



6 
Ans. a;=3— . 



ax—h a hx hx—a 
9. Given — z l-ir=-:; ;:; — to find x. 



Ans. x= 



3a— 2i' 
10. Find the value of k in the equation 

a— 6 a+o h 

a*-|-3a»*-|-4a*5"— 6a^»+2i^ 



Ans. x=- 



2*(2a*+a*-J«) 
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Of Questions producing Equations of the First Degree 
involving but a single unknown quantity. 

94. It has already been observed (Art. 81), that the solution of 
a problem by algebra, consists of two distinct parts. 

1st. To express the conditions of the problem algebraically ; 
and 

2d. To disengage the unknown from the known quantities. 

We have already explamed the manner of finding the value of 
the unknown quantity, afler the question has been stated ; and it 
only remains to point out the best methods of enunciating a -problem 
in the language of algebra. 

This part of the algebraic resolution of a problem, cannot, like 
the second, be subjected to any well defined rule. Sometimes the 
enunciation of the problem furnishes the equation immediately ; and 
sometimes it is necessary to discover, from the enunciation, new con- 
ditions from which an equation may be formed. The conditions 
enunciated are called explicit conditions, and those which are de- 
duced from them, implicit conditions. 

In almost all cases, however, we are enabled to discover the equa- 
tion by applying the following 

RULE, 

Consider the problem solved ; and then indicate, hy means of alge* 
hraic signs^ upon the known and unknovm quantities, the same course 
of reasoning and operations which it would he necessary to perform, 
in order to verify the unknown quantity, had it been given, 

QUESTIONS. 

1. Find a number such, that the sum of one half, one third, and 

w 

one fourth of it, augmented by 45, shall be equal to 448* 

Let the required number be denoted by • . , x . 
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Then, one half of it will be denoted by • 
one third of it . . hy • 



X 

■ ■ > 
2 

X 
X 

T 



one fourth of it • • hy • 

XXX 

And by the eondition«y —+—+—+45=448. 
Or l^y subtracting 49 fj^om both members, 

XXX 

By clearing the terms of their denominatorSfWe obtain 

6x+4a;+3x=4836. 

or , . 13x=4836. 

4838 
Hence • x=-rr^=972. 

{jet this result be verified^ 

372 372 372 

-^+--^+-—4.45=- 186+124+93+45=448. 

Q. What number is that whose third part exceeds its fourth, by 
16. 
Let the required nun^ber be represented by x. Then, 

1 



;r-a:= the third part. 

— «= the fourth part. 

1 1 
And by the question —x — t-«== 18^ 

or, . • . 4a:— 3a:=192^ 

ar=192. 



Verification. 
192 192 



64-48=16. 
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3. Divide $1000 between A, B, and C, so that A shall have 87S 
more than B, and C 9100 more than A. 

Let . . x= B's share of the 81000. 

Then . . x+ 72= A's share. 

And . • a?4-172= C's share. 

Their sum 3a?+244= 1000. 

Whence, 3a;= 1000-244=756 

756 
or x= =$252= B's share. 

x+ 72=252+ 72=$324= A's share. 
And a;+172=252+172=$424= C's share. 

Verification. 
252+324+424=1000. 

4. Out of a cask of wine which had leaked away a third part> 
21 gallons were aflerwards drawn, and the cask being then gauged^ 
appeared to be half full : how much did it hold ? 

Suppose the cask to have held x gallons. 

X 

Then, — = what leaked away. 

X 

And — + 21= all that was taken out of it. 

X I , 

Hence, *^+ 21=— -a? by the question. 
o 2 

or 2a?+126=3a;. 

or — a; = — 126. 

or a? = 126, by changing the signs of both 

members, which does not destroy their equalfty. 



Verification. 

126 126 

+21=42+21=63=- 



3 • * • 2 

5. A fish was caught whose tail weighed 9lb. ; his head weighed 
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as much as his tail and half his body, and his body weighed as 
much as his head and tail together ; what was the weight of the 
fish? 
Let . 2«== the weight of the body. 

Then . 9+x= weight of the head. 
And since the body weighed as much as both head and tail 

2a?=:9+ 9+x 
or . . 2a?— aj=18 and x=lQ, 

Verification, 

2x=zS6lb= weight of the body. 

9+x=27lb= weight of the head. 

9lb= weight of the tail. 

Hence, • 72 15= weight of the fish. 

6. A person engaged a workman for 48 days. For each day 
that he laboured he received 24 cents, and for each day that he was 
idle, he paid 12 cents for his board. At the end of the 48 days, the 
account was settled, when the labourer received 504 cents. JRc- 
quired the number of working days, and the number of days he was 
idle. 

If these two numbers were known, by multiplying them respec- 
tively by 24 and 12, then subtracting the last product from the first, 
the result would be 504, Let us indicate these operations by means 
oC algebraic signs. 
Let • . « = the number of working days. 

48— « = the number of idle days. 
Then 24xa? = the amount earned, and 

12(48— «)= the amount paid for his board. 
Then 24jc— 12(48— a;) =504 what he received. 

or 24a?-576+12a;=504. 

or 36x=504+576=1080 

1080 
and 0?=— ^2r=30 the working days. 

whence, 48—30=18 the idle days. 
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ferification. 

Thirty day's labor, at 24 cents a day, 

amounts to 30x24=720 cts. 

And 18 day's board, at 12 cents a day, 

amounts to 18x12=216 cts. 

And 720—216=504, the amount received. 
This question may be made general, by deno- 
ting the whole number of working and idle days, by «. 
The amount received, for each day he worked, by a. 
The amount paid for his board, for each idle 

day, . . by *. 

And the balance due the labarer, or the result 

of the account, by c. 

As before, let the number of working days be 
represented ....... by a;. 

The number of idle days will be expressed . by n— «. 
Hence, what he earns will be expressed * . by ax, 
and the sum to be deducted, on account of his board, by h{n—x\ 
The equation of the problem therefore is, 

00?— i(n— a?)=c 
whence ax—^b n+bx=c 

(a+h)x=.c +bn 
c +bn 



X=z 



and consequently, n— a;=n 



a+b 

c +bn an-\-bn—c—hn 



a '\'b a+i 

an—c 



or n— «= — r. 

a-\'b 

7. A fox, pursued by a greyhound, has a start of 60 leaps. He 
makes 9 leaps while the greyhound makes but 6 ; but three leaps of 
the greyhound are equivalent to 7 of the fox. How many leaps 
must the greyhound make to overtake the fox ? 

From the enunciation, it is evident that the distance to be passed 
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over by the greyhound is composed of the 60 leaps which the fox is 
m advance, plus the distance that the fox passes over from the mo- 
ment when the greyhound starts in pursuit of him. Hence, if we 
can find the expression for these two distances, it will be easy to 
form the equation of the problem. , 

Let a?= the number of leaps made by the greyhound before 
he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound makes 

9 3 

but 6, the fox will make -^ or — leaps while the greyhound 

o M 

makes 1 ; and, therefore, while the greyhound makes x leaps, the 

3 , 

fox will make —x leaps. 

Hence, the distance which the greyhound must pass over, will be 

3 

expressed by 60+~a; leaps of the fox. 

It might be supposed,that in order to obtain the equation, it would 

3 

be sufficient to place x equal to 60+— a? ; but in doing so, a 

manifest error would be committed ; for the leaps of the greyhound 
are greater than those of the fox, and we would then equate hetero- 
geneous numbers, that is, numbers referred to different units. 
Hence it is necessary to express the leaps of the fox by means of 
those of the greyhound, or reciprocally. Now, according to the 
enunciation, 3 leaps of the greyhound are equivalent to 7 leaps of 

7 
the fox, then 1 leap of the greyhound is equivalent to — leapf of 

o 

the fox, and consequently x leaps of the greyhound are equivalent 

Ix 
10 — of the fox. 
o 

Ix 3 

Hence, we have the equation -j-= 60+— x; 

making the denominators disappear 14«=860+ ^x, 

Whence . , . . 6a;=960 and ar=72. 



EQUATIONS OF THE ?IR8T DEGREE. 78 

Therefore, the greyhound will make 72 leaps to orettake the fggc, 

3 

and during this time the fox will make 72 x-^ or 108* 

Verification, 

72 ^ 7 
The 72 leaps of the greyhound are equivalent to — - — =168 

leaps of the fox. 

And 60+ 108=: 168, the leaps which the fox made from the 
beginning. 

8. A and B play together at cards. A sets down with $84 and 
B with $48. Each loses and wins in turn, when it appears that 
A has five times as much as B. How much did A win T 

Let SB represent what A won. 

Then - - - A rose with $84 +« dollars, 
and B rose with $48— a? dollars. 

But by the conditions of the question we have 

84+a;=5(48— ar) ; 
hence, 84+a?=240— 5a: ; 

consequently - - - 6a:=156, 
and ...... a;=$26 what A won. 

Verification. 

84+26=110; 48—26=22 
110=5(22)=110. 

9. A can do a piece of work alone in 10 days, B in 13 days : 
in what time can they do it if they work together ? 

Denote the time by x, and the work to be done by I . Then in 

1 1 

1 day A could do ?- of the work, and B coidd do r^ ; and in x 

7 
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days A could do — of the work, and B — : hence by the con- 
ditions of the question 

X X 

which gives 13a;+10a:=130: 

130 
hence, 23ap=130, a:=— — =5^1 days. 

10. A person dying leaves half of his property to his wife, one- 
sixth to each of two daughters, one-twelfth to a servant, and the 
remaining $600 to the poor : what was the amount of his property ? 

Represent the amount of the pioperty by x, 

jp 

Then, ^= what he left to his wife, 

X 

-—= what he left to one daughter, 
o • 

2ic X 
and ' -^=-^ what he left to both daughters, 
o 3 

X / • 

= what he left to his servant. 



12 

$600 to the poor. 

Then, by the conditions of the question - 

XXX 

-^+-5-+T7r+600=^ ^^^ amount of the property, 
^ 3 12 

which gives a?=$7200. 

11. A father leaves his property, amounting to $2520, to four 
sons. A, B, C and D. G is to have $360, B as much as C and D 
together, and A twice as much as B less $1000 : how much does 
A, B and D receive ? Ans, A $760, B $880, D $520. 

12. An estate of $7500 is to be divided between a widow, two 
sons, and three daughters, so that each son shall receive twice as 
much as each daughter, and the widow herself $500 more than all 
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the children : what was her sliare, and what the share of eack 

child ? , ^ Widow's share $4000. 

Ans. \ Each son $1000. 

i Each daughter $500. 

13. A company of 180 persons consists of men, women, and 
children. The men are 8 more in number than the women, and 
the children 20 more than the men and women together : how 
leany of each sort in the 'company ? 

Ans. 44 men, 36 women, 100 children. 

14. A father divides $2000 among five sons, so that each 'elder 
should receive $40 more than his next younger brother : what is 
the share of the youngest ? Ans. $320. 

15. A purse of $2850 is to be divided among three persons. A, 
B, and C ; A's share is to be to B^s as 6 to 11, and C is to have 
$300 more than A and B together : what is each one's share ? 

Ans, A's $450, B's $825, C's $1575. 

16. Two pedestrians start from the same point, the first steps 

twice as far as the second, but the second makes 5 steps while 

the first makes but one. At the end of a certain time they are 300 

feet apart. Now, allowing each of the longer paces to be 3 feet, 

how far wiU each have travelled ? 

Ans. Ist, 200/tftft; 2nd, 500. 

17. Two carpenters, 24 journeymen and 8 apprentices, received 
At the end of a certain time $144. The carpenters received $1 
per day, each journeyman half a dollar, and each apprentice 25 
cents : how many days were they employed % Ans: 9 dtiy^. 

18. A capitalist receives a yearly income of $2940 : four-fifths 
of his money bears an interest of 4 per cent, and the remainder of 
5 per cent : how much has he at interest ? Ans, 70000. 

19. A cistern containing 60 gallons of water has three unequal 
cocks for discharging it ; the largest will empty it in one hour, the 
second in two hours, and the third in three : in what time will the 
eistem be emptied if diey all run together ? Ans. 32-^ mtn. 
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20. In a certain orchard ^ are apple trees, ^ peac -~ trees, ^ plum 
trees, 120 cherry trees, and 80 pear trees : how many trees in the 
orchard? Ans. 2400. 

21. A fanner being asked how many sheep he had, answered 
that he had them in five fields ; in the Ist he had ^, in the 2nd -J^, 
in the 3rd I-, in the 4th ^, and in the 5th 450 : how many had he ? 

Ans. 1200. 

22. My horse and saddle together are worth $132, and the horse 
is wordi ten times as much as the saddle : what is the value of 
the horse? Ans. $120. 

23. The rent of an estate is this year 8 per cent greater than it 
was last. This year it is $1890 : what was it last year ? 

Am. $1750. 

24. What number is that from which, if 5 be subtracted, f of 
the remainder will be 40 ? Ans. 65. 

25. A post is ^ in the mud, |- in the water, and ten feet above the 
water : what is the whole length of the post ? Ans. 24 feet. 

26. After pajring ^ and ^ of my money, I had 66 guineas left 
in my purse : how many guineas were in it at first ? 

Ans. 120. 

27. A person was desirous of giving 3 pence apiece to some 
beggars, but found he had not money enough in his pocket by 8 
pence : he therefore gave them each 2 pence and had 3 pence re- 
maining: required the number of beggars. Ans. 11. 

S8. A person in play lost \ of his money, and then won 3 shil- 
lings ; after which he lost ^ of what he then had ; and this done, 
fMnd that he had but 12 shillings remaining : what had he at first? 

Ans. 20s. 

29. Two persons, A and B, lay out equal sums of money in 
trade ; A gains $126, and B loses $87, and A's money is now 
double of B's : what did each lay out ? Ans. $300. 

30. A person goes to a tavern with a certain sum of money in his 
|K>cket, where he spends 2 shillings ; he then borrows as much mo 
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oey as he had lefl, and going to another tavern, he there spends 3 
shillings also ; then borrowing again as mucH money as was left, he 
went to a third tavern, where likewise he spent two shillings and 
borrowed as much as he had left ; and again spending 2 shillings 
at a fourth tavern, he then had nothing remaining. WheU had he 
at first ? Ans. 3s. 9<2b 

Of Equations of tfie First Degree involving two or more 

unknown quantities, 

95. Although several of the questions hitherto resolved, contain- 
ed in their enunciation more than one unknown quantity, we hare 
resolved them by employing but one symbol. The reason of this 
is, that we have been able, from the conditions of the enunciation, 
to express easily the other unknown quantities by means of this sym- 
bol ; but this is not the case in all problems containing more than 
one unknown quantity. 

To ascertain how problems of this kind are resolved : first, take 
some of those which have been resolved by means of one unknown 
quantity. 

1. Given the sum a, of two numbers, and l^eir difference ^, it is 
required to find these numbers. 

Let x=z the greater, and y the less numBer, 

Then by the conditions . . • . x+y=a, 
and " • . • • x^y=b. 

By adding (Art. 86. Ax. 1.) . * . , 2x=:a+h. 

By subtracting (Art. 89. Ax. 2.) . . 2y=a-'b. 

Bach of these equations contains but one unknown quantity^ 

a+b 



From the first we obtain . • • a?= 



And from the second • • • • / y=: 



2 



7* 



Verific(UiaiL 

a+h a— & 2a , a+h a—h 26 , 

I i — =fli and — .— — ^ — =ro. 

2^2 2 ' 2 2 2 

For a second ezample, let us also tak€ a problem that has been 
already solved. 

2.^ A person engaged a workman for 48 days. For each day 
that he labored he was to receive 24 cents, and for each day that he 
was idle he was to pay 12 cents for his board. At the end of the 
48 days, the account was settled, when the laborer received 504 
CMrts. Required the number of working days and the number of 
days he was idle. 

Let X = the number of working days. 

y = the number of idle days. 

It = the whole number of days = 48. ^ 

a = what he received per day for work = 24 cts. 

h = what he paid per day for board = 12 cts. 

c = what he received at the end of the time = 504. 

Then, ax = what he earned, 

And hy = what he paid for his board* . . , 

We have by the question • • • i , 

It has already been shown that the two members of an equati<Hi 
can be multiplied by the same number, without destroying the equaU 
ity ; therefore the two members of the first equation may be multi- 
plied by 6, the co-^cient of y in the second, and we have 

The equation hx+by=zbn. 

Which, added to the second . . ax—hy^ c. 
Gives ...... ax+bx=zhn+c^ 

Whence «= ;. 

a+b 

In like manner, multiplying the two members of the first equa- 
tkm by a, the co-efficient of a; in the second, it becomes 
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ax+ayszan. 
From which, subtract the second equation, ax—hy^^ c. 



And we obtain ay +^= «»—<?• 

an—c 
Whence • . • • . if= — -7. 

By introducing a symbol to represent each of the unknown quan- 
tities in the preceding problem, the solution which has just been 
given has the advantage of making known the two required num. 
bers, independently of each other. 

Elimination. 

06. The method which has just been explained of combining two 
equations, involving two unknown quantities, and deducing there- 
from a single equation involving but one, may be extended to three, 
four, or any number of equations, and is called elitrunatian. 
There are three principal methods of elimination : 
1st. By addition and subtraction. 
2d. By substitution. 
3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

^ ( 5a;+7y=43. 

97. Take the two equations . . J , , . ^ 

( lla?+9y=69. 

which may be regarded as the algebraic enunciation of a problem 

containing two unknown quantities. If, in these equations, one of 

the unknown quantities was affected with the same co-efficient, we 

might, by a simple subtraction, form a new equation which would 

contain but one unknown quantity, and from which the value of this 

unknown quantity could be deduced. 

Now, if both members of the first equation be multiplied by 9, 

the co-efficient of y in the second, and the two members of the 

second by 7, the co-efficient of y in the first, we will obtain 
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45a?+63y=38T, 
77a;+63j^=483, 

equations which may be substituted for the two firat, and in which 
y is affected with the same co-eificient. 

Subtracting, then, the first of these equations from the second, 
there results 32a;=:06, whence «=3. 

Again, if we multiply both members of the first equation by 11, 
the co-efficient of x in the second, and both members of the second 
by 5, the co-efficient of s in the first, we will form the two equations 

65aj+77y=473, ) 

**-..( which may be substituted for the two 
65a;+46y=845, ) ^ 

proposed equations, and in which the co«efficients of x are the same. 

Subtracting, then, the second of these two equations from the firsts 
there results 32^=128, whence y=4. 

Therefore j;=r3 and ^=4, arc the values of x and y^ which 
should verify the enunciation of the question. Indeed we have, 

Ist. 5x3+7x4=15+28=43; 
2d. 11x3+0x4=33+36=60. 

The method of elimination, just explained is called the method hy 
addition and subtracUon^ because the unknown quantities disappear 
by additions and subtractions, afler having prepared the equations 
in such a manner that one unknown quantity shall have the same 
co-efficient in two of them. 

Elimination by Substitution, 

^ r« , , ( 5a;+7y=43. 

99- Take the same equations . . i . « ^ 

^ ( lla?+9y=69 

Find the value of « in the first equation, which gives 

43-7y 



«=• 



5 



Substitute this value of x in the second equation, and we have 

llX— g-^+dy=6». 
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or 

or 

Hence 

And 



473-77y+45y=345. 

-82y = -128. 

y=4. 

43-28 
*= — = — =3. 



This method, called the method by substitution, consists in Rnding 
the value of one of the unknown quantities in one of the equations, 
as if the other unknown quantities were already determined, and in 
substituting this value in the other equations; in this way new equa- 
tions are formed, which contain one unknown quantity less than the 
given equations, and upon which we operate as upon the proposed 
equations. 



Elimination by Comparison* 

5a;4-7y=43 

Finding the value of « in the first equation, we have 

43-7y 



99* Take the same equations 



«=■ 



5 



And finding the value of x in the second, we obtain 

69-9jf 



x= 



11 



Let these two values of x be placed equal to each other, and we 

43- 7y 69- 9y 



have. 



Or, . 
Or, . 

Henccy 

And, 



5 "* 11 

473-77y==345-4^ 

—32^ = -128, 

y= 4 

69—36 



«=■ 



11 



=3, 



This method of elimination is called the method by comparison, 
and consists in finding the value of the same unknown quantity in all 
the equations, placing them equal to each other, two and two, which 
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necessarily gives a new set of equations, containing one unknown 
quantity less than the other, upon which we operate as upon the 
proposed equations. 

But there is an inconvenience in the two last methods, which the 
mdhod by addition and subtraction is not subject to, viz. : they pro- 
duce new equations, containing denominators, which it is aflerwards 
necessary to make disappear. The meAod by mheiiiaiion is, how- 
ever, advantageously employed whenever the co-efficient of one of 
the unknown quantities is equal to unity in one of the equations, be* 
cause then the inconvenience of which we have just spoken does not 
occur. We shall sometimes have occasion to employ it, but gene* 
rally, the method by addition arid subtraction is preferable. It nx>re- 
over presents this advantage, viz. : when the co-efficients arc not 
too great, we can perform the addition or subtraction at the same 
time with the multiplication which is necessary to render the co-cf- 
ficients equal to each other. 

100. Let us now consider the case of three equations involving 
three unknown quantities. 

{5j;— 6y+42=15. 
7«+4y— 32=19. 
2a?+ y+62=46. 

To eliminate z by means of the first two equations, multiply the 
first by 3 and the second by 4, then since the co-efficieuts of z have 
contrary signs, add the two results together : this gives a new 
equatioH 43a:— 2y=121 ^ 

Multiplying the second equation by 2, a fac- 
tor of the co-efficient of 2 in the third equation, 
and adding them together, we have . • 16x-\-9y: 

The question is then reduced to finding the values of x and y, 
which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and the re- 
sults be added together, we find 

419»=:1257, whence ar=3. 



r= 84 J 
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We mighty by means of the two equations involving x and y^ de- 
termine y in the same way we have determined x ; but the value of 
y may be determined more simply, by observing that the lost of 
these two equations becomes, by substituting for x its value found 
above, 

84-48 
48+9^=84 whence y= — — — =4. 

In the same manner the first of the three proposed equations, be- 
comes, by substituting the values of x and y, 

24 
15—24+4^=15, whence 2=-7-=6. 

4 

101. Hence, if there are m equations involving a like number of 
unktiown quantities, the unknown quantities may be eliminated by 
the following 

RULE. 

I. To eliminate one of the unknown quantities^ comhine any one of 
the equations unth each of the m^l others ; there wiUthus he obtain" 
ed m— 1 new equations containing m— 1 unknoum qtuintities. 

II. Eliminate another unknown quantity hy combining one of these 
new equations with them— 2 others; this will give m— 2 equations 
containing m— 2 unknown quantities. 

III. Vontinue this series of operations until a single equation con* 
taimng but one unknown quantity is obtained, from which the value of 
iMs unknown quantity is easily found. Then hy going back through 
the series of equations which have been obtained, the values of the 
other unknovm quantities may be successively determined. 

102. It oAen happens that each of the proposed equations does 
not contain all the unknown quantities. In this case, with a little 
address, the elimination is very quickly performed. 

Take the four equations involving four unknown quantities : 

ar— 3jf+22=13 ) . ^ .(1) 4y+2« = 14 . . (3). 



(^2a;=d0 \ 



4u— 2a;=d0i . . (2) 6y+dtt==82 . • (4). 



84 
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By inspecting these equations, we see that the elimination of z in 
the two equaticHis, (1) and (3), will give an equation involving sp and 
y ; and if we eliminate u in the equations (2) and (4), we will ob- 
tain a second equation, involving x andy. These two last unknown 
quantities may therefore be easily determined. In the first place, 
the elimination of 2 in (1) and (3) gives 

That of tt in (2) and (4), gives 

Multiplying the first of these equations by 3, 
and adding 

Whence 

Substituting this value in 7^— 2a;=l, we find 

Substituting for x its value in equation (2), 
it becomes 4u— 6=30, whence 

And substituting for y its value in equation 
(3), there results 2= 5 J 

EXAMPLES. 

^ 1. Given 2a;+3y=16, and 3a?— 2y=:ll to find the values of 
X and y. Ana. x=z&y y=2. 

2x By 9 . 3a? 2y 61 

2. Given T'i'ir^^Tn: ^" t+'t^tt^ to find the values 
5 4 20 4 5 120 



7y— 2a?=l 
20y+6a?=38 

41y=41 

y= 1 

«= 3 



tt: 



9 



of X and y. 



Ans. x=—, y=-g-. 



X y 

3. Given — +7y=99, and — +7a?=51, to find the values of 



X nndy* 



Ans. a?=7, y=14. 



X V X xA-v X 2tf — X 

4. Given — -12=-J-+8, and -ZZ+__8==-^5L_+27, 

to find the values of x and y. Ans, a;=60, y^40. 

x+ y+ 2j=29 ' 
x+ 2y+ 3z=62 



5. Given 



■ 



>> to find a;, y and z. 



ir«+-Ty+-r«=io 



3 



Ans. a;=x8, y=9t 9ssl2. 



EQUATIONS OF TBE 91RST DEOREB. 



85 



6. Given 



2«+ 4y— 3«=:22 
4a?— 2y+ 5«:5=18 
6x+ 7y— af=63 



to find «y y and 2. 



^ii«» a?=3, Sf=s7, 2=4. 



7. Given 



«+-2^+-3^=32 



111 



tofindx^yand.. 



8. Given 



Ans. «=12, y=20, 2=80. 
-7aJ-. 2«+ 3i«=17^ 



^ to find X, y, 2, Uf and t. 



■ 4y— 22+ <=11 
-5y— 3a7- 2w= 8 
"4^— 3u+ 2^ = 9 
32+ 8tt=33^ 
Ans. a;=:2, ^=4, 2=3, «=3y iS=l. 

103. In all the preceding reasoning, we have supposed the nam- 
ber of equations equal to the number of symbols employed to de- 
note the unknown quantities. This must be the case in every pro- 
blem involving two or more unknown quantities, in order that it may 
be determinate ; that is, in order that it may not admit of an infi- 
nite number of solutionis. 

Suppose, for example, that a problem involving two unknown 
quantities, x and y, leads to the single equation, 5a;~3y=12 ; we 

12+3y 



deduce from it a;: 



there results. 



Now, by making suocessively 
y=l, 2, 3, 4, 5, 6, &c., 



18 21 24 27 
*=^' "5"' T* "F' "5"' ^' ^'^•' 



and every system of values, 



8 
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V . 1^\ X 21\ . 

(y=l, «=8) ; (y=2, «=-]^j ; (y=3, «=yj ; &c. 

substituted for x and 5^ in the equation, will satisfy it equally well. 

If we had two equations involving three unknown quantities, we 
could in the first place eliminate one of the unknown quantities by 
means of the proposed equations, and thus obtain an equation, which, 
containing two unknown quantities, would be satisfied by an infinite 
number of systems of values taken for these unknown quantities. 
Therefore, in order that a problem may be determined, its enunciation 
must contain at least as many d^erent conditions as there are unknown 
quantities^ and these conditions must be such^ that each of them may 
be expressed by an independent equation ; that is^ an equation not 
produced by any combination of the others of the system. 

If, on the contrary, the number of independent equations exceeds 
the number of unknown quantities involved in them, the conditions 
which they express cannot be fiilfilled. 

For example, let it be required to find two numbers such that 
their sum shall be 100, their difierence 80, and their product 700. 

The equations expressing these conditions are, 

a;+y==100 
a?— y= 80 
and a?xy=700. 

Now, the first two equations determine the values of a; and y^ viz. 
OP =90 and 2^=10. The product of the two numbers is therefore 
known, and equal to 900. Hence the third condition cannot be ful- 
filled. 

Had the product been placed equal to 900, all the conditions 

would have been satisfied, in which case, however, the third would 

« 

not have been an independent equation, since the condition expressed 
by it, is implied in the other two. 

QUESTIONS. 

1. What fraction is that, to the numerator of which, if 1 be add- 
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ed, its value will be — , but if one be added to its denoaunator, its 

o 

I 

value will be -r. 

4 

Let the fractioa be represented by — • 

x+l 1 X I 

Then, by the question =-r- and , , =-r* 

Whence 3j;+8=y> and 4a?=y+l. 
Therefore, by subtracting, a;— 3=1 or «= 4. 
Hence, 12+3=y: therefore y=15. 

2. A market woman bought a certain number of eggs at 2 for a 
penny, and as many others, at 3 for a penny, and having sold them 
again altogether, at the rate of 5 for 2<{,. found that she had lost 
4d : how many eggs had she ? 

Let 207= the whole number of eggs. 

Then ar= the nupiber of eggs of each sort. 

Then will ««= the cost of the first sort. 

And ■5"ic= the cost of the second sort. 

4tx 
But 5 : 2 : : 2a: : — the amount for which the eggs were 

sold. 

1 1 4i; 

Hence,by the question -irx+—x — r- =4. 

« d 

Therefore . . 15«+10x— 24r=120. 

Or, • • a;=120 the number of eggs of 

each sort. 

8. A person possessed a capital of 30,000 dollars for which he 
drew a certain interest^ but he owed the sum of 20,000 dollars, for 
which he paid a certain interest. The interest that he received ex- 
ceeded that wnich he paid by 800 dollars. Another person pos 
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flessed 35,000 dollars, for which he received interest at the second 
of the ahove rates, but he owed 24,000 dollars, for which he paid 
interest at the first of the above rates. The interest that he re- 
ceived exceeded that which he paid by 310 dollars. Required, thd 
two rates of interest. 

Let X and y denote the two rates of interest : that is, the interest 
of 8100 for the given time. 

To obtain the interest of 830,000 at the first rate denoted by x, 

we form the proportion 

dO,OOOa; 
100 : jp : : 30,000 : : or 300ar. 

And for the interest 820,000, the rate being y. 

20,000v 
100 : y :: 20,000 : : -Tqq-^ «>r 200y. 

But from the enunciation, the difference between these two in- 
terests is equal to 800 dollars. 

We have, then, for the first equation of the problem, 

300x— 200y=800. 

fiy writing algebraically the second condition of the problem, we 
obtain the other equation, 

350y-240{r=310. 

Both members of the first equation being divisible by 100, and 
those of the second by 10, we may put the following, in place of 
them: 

3x— 2j(=8, 35^— 24^=31. 

To eliminate x, multiply the first equation by 8, and then add it 
to the second ; there results 

19^=95, whence y=6. 

Substituting for y, in the first equation, its value, this equation 
beeomes 

dx— 10=8, whence a?=6* 

Therefore,' the first rate is 6 per cent., and the second 5. 
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Verificatioru 

930,000, placed at 6 per cent., gives 300x6, = tlSOO. 
•20,000, do. 5 do. 200x5, = 81000. 

And we have 1800—1000=800. 

The second condition can be verified in the same manner. 

4. There are three ingots composed of different metals mixed 
together. A pound of the first contains 7 ounces of silver, 3 ounces 
of copper, and 6 of pewter. A pound of the second contains 13 
ounces of silver, 3 ounces of copper, and 1 of pewter. A pound 
of the third contains 4 ounces of silver, 7 ounces of copper, and 5 
of pewter. It is required to find how much it will take of each of 
the three ingots to form a fourth, which shall contain in a pound, 8 
ounces of silver, Sf of copper, and 4 j of pewter. 

Let Xf y and % represent the number of ounces which it is neces- 
sary to take from the three ingots respectively, in order to form a 
pound of the required ingot. Since there are 7 ounces of silver m 
a pound, or 16 ounces, of the first ingot, it follows that one ounce 
of it contains -^ of an ounce of silver, and consequently in a num- 

Ix 
ber of ounces denoted by Xy there is — ounces of silver. In the 

12;^ 4% 

same manner we would find that ,^ and •—, express the num- 

lo lo 

ber of ounces of silver taken from the second and third, to form 

the fourth ; but from the enunciation, one pound of this fourth ingot 

contains 8 ounces of silver. We have, then, for the first equation 

7« 12tf ^ 

16^ 16 ^16 

or, making the denominators disappear. . 7«+12y+4«= 

As respects the copper, we should find . . Zx+ 3^+*^^= 

and with reference to the pewter . . . 6«+ y+5«: 

As the co-efficients of y in these three equations, are the most' 

sampie, it is niost convenient to eliminate this unknown quantity first. 

8* 
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Multiplying the second equation by 4, and subtracting the first 
equation from the product, we have • • • bx+24z=^ll2 

Multiplying the third equation by d» and 
subtracting the second from the product • • lbx+ 8^=144 

Multipl3ring this last equation by 8, and subtracting the preced- 
ing one from the product, we obtain 40d;=320, whence «=6. 

Substitute this value for x in the equation 15a;+82i=:144 ; it be- 
comes 

120+82=144, whence «=3. 

Lastly, the two values a;=8, z=d, being substituted in the equa- 
tion 6ar+y+52=68, give 48+y+16=68, whence y=5. 

Therefore in order to form a pound of the fourth ingot, we must 
take 8 ounces of the first, 5 ounces of the second, and 3 of the 
third. 

Ver^coHon. 

If there be 7 ounces of silver in 16 ounces of the first ingot, in 
8 ounces of it, there should be a number of ounces of silver ex- 

7x8 

pressed by . 

T ri, 12X5 ,4X3 

In like manner — rj — and ^ will express the quantity 

of silver contained in 5 ounces of the second ingot, and 3 ounces of 
the third. 

Now, we have -jg-H jg — ^"i6"~"l0~~^' therefore, a 

pound of the fourth ingot contains 8 ounces of silver, as required by 
the enunciation. The same conditions may be verified relative to 
the copper and pewter. 

6. What two numbers are those, whose difference is 7, and sum 
33 ? Ans. 13 and 20. 

6. To divide the number 75 into two such parts, that three times 
the greater may exceed seven times the less by 15. 

Ans. 54 and 21. 
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7. lo a mixture of wine and cider, ^ of the whole plus 25 gal- 
lons was wine, and j- part minus 5 gallons was cider ; how many 
gallons were there of each ? 

Ans, 85 of wine, and 85 of cider. 

6. A bill of £120 was paid in guineas and moidores, and the 
number of pieces of both sorts that were used was just 100 ; if the 
guinea be estimated at 21 «• and the moidore at 27 s, how many 
were there of each ? Aiis. 50 of each. 

9. Two travellers set out at the same time from London and 
Ifork, whose distance apart is 150 miles ; one of them goes 8 miles 
a day, and the other 7 ; in what time will they meet ? 

Ans, In 10 days. 

10. At a certain election, 375 persons voted for two candidates, 
and the candidate chosen had a majority of 91 ; how many voted 
for each ? Ans. 233 for one, and 142 for the other. 

11. A's age is double of B's, and B's is triple of C's, and the sum 
of all their ages is 140 ; what is the age of each ? 

Ans, A's=84, B's=:42, and C's=14. 

12. A person bought a chaise, horse, and harness, for £60 ; the 
horse came to twice the price of the harness, and the chaise to twice 
the price of the horse and harness ; what did he give for each ? 

{£13. 6s. Sd. for the horse. 
£ 6. 13«. 4(2. for the harness. 
£40. for the chaise. , \ 

13. Two persons, A and B, have both the same income : A saves 
^ of his yearly, but B, by spending £50 per annum more than A, 
at the end of 4 yeara finds himself £100 in debt ; what is their 
income ? Ans, £125. 

14. A person has two horses, and a saddle woilh £50 ; now if 
the saddle be put on the back of the first horse, it will make his 
value double that of the second ; but if it be put on the back of the 
second, it will make his value triple that of the first ; what is the 
value of each horse ? *' 

Ans. One £30, and the other £40. 
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15. To divide the number 36 into three such parts that \of the 
first, ^ of the second, and j- of the third, may be all equal to each 
other. Aru* 8, 12, and 16. 

16. A footman agreed to serve his master for £8 a year and a 
livery, but was turned away at the end of 7 months, and received 
on]y £2. 18«. 4d. and his livery ; what was its value ? 

Ans. £4. 16«. 

17. To divide the number 90 into four such parts, that if the first 
be increased by 2, the second diminished by 2, the third multiplied 
by 2, and the fourth divided by 2, the sum, difference, product, and 
quotient so obtained, will be all equal to each other. 

Ans. The parts are 18, 22, 10, and 40. 

18. The hour and minute hands of a clock are exactly together 
at 12 o'clock ; when are they next together? 

Ani» Ih. b^fttin. 

19. A man and his wife usually drank out a cask of beer in 12 
days ; but when the man was from home, it lasted the woman 30- 
days ; how many days would the man alone be in drinking it ? 

Ans. 20 days. 

20. If A and B together can perform a piece of work in 8 days, 
A and C together in 9 dHys, and B and C in 10 days : how many days 
would it take each person to perform the same work alone ? 

Ans. A 14|| days, B 17f f, and G 23^. 

21. A laborer can do a certain work expressed by a, in a time 
expressed by ^ ; a second laborer, the work c in a time d ; a third, 
the work e, in a time^*. It is required to find the time it would take 
the three laborers, working together, to perform the work g. 

^"^^ "^-^ adf+bcf+bde' 

Application. 

it=27 ; J=4 I c=35 ; d=6 | e=40 ; /=12 | g=191; 
X will be found equal to 12* 

22. If 32 pounds of sea water contain 1 pound of salt, how 



EQUATIONS OF THE FIRST DEGREE. 93 

much fresh water must be added to these 32 pounds, in order that 
the quantity of salt contained in 32 pounds of the new mixture 
shall be reduced to 2 ounces, or | of a pound ? 

Ans. 22Alb. 

23. A number is expressed by three figures ; the sum of these 
figures is 11 ; the figure in the place of units is double that in the 
place of hundreds ; and when 297 is added to this number, the sum 
obtained is expressed by the figures of this number reversed. What 
is the number ? Ans. 326 

24. A person who possessed 100,000 dollars, placed the greater 
part of it out at 5 per cent, interest, and the other part at 4 per 
cent. The interest which he received for the whole amounted to 
4640 dollars. Required, the two parts. 

Ans. 64,000 and 36,000. 

25. A person possessed a certain capital, which he placed out at 
a certain interest. Another person who possessed 10,000 dollars 
more than the first, and who put out his capital 1 per cent, more 
advantageously than he did, had an income greater by 800 dollars. 
A third person who possessed 15,000 dollars more than the first, 
and who put out his capital 2 per cent, more advantageously than 
he did, had an income greater by 1500 dollars. Required, the capi- 
tals of the three persons, and the three rates of interest. 

' Sums at interest, $30,000, $40,000, $45,000. 
Rates of interest, 4 5 6 per cent. 

26. A banker has two kinds of money ; it takes a pieces of the 

first to make a crown, and b of the second to make the same sum. 

Some one ofiers him a crown for c pieces. How many of each kind 

must the banker give him ? 

, a(c—h) h(a—c) 

Ans. 1st kind, -^^ — =-^ ; 2d kind, -^ — r^. 

a--b a^b 

27. Find what each of three persons A, B, C, is worth know- 
ing; 1st, that what A is worth added to I times what B and C are 
worth is equal to j) ; 2d, that what B is worth added to m times what 
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A and C are worth is equal to 9; Sd, that what G is worth added to 
n times what A and B are worth is equal to r. 

This question can be resolved in a very simple manner, by intro 
ducing an auxiliary unknown quantity into the calculus. This un- 
known quantity is equal to what A, B and C are worth. 

28. Find the values of the estates of six persons. A, B, G, D, E, 
F, from the following conditions : 1st. The sum of the estates of A 
and B is equal toa ; that of G and D is equal to b ; and that of E and 
F is equal to c. 2d. The estate of A is worth m times that of C ; 
the estate of D is worth n times that of E, and the estate of F is 
worth p times that of B. 

This problem may be resolved by means of a single equation, 
involving but one unknown quantity. 

T%eory of Negative Quantities, Explariotion of the terms. 

Nothing and Infinity. 

104. The algebraic isigns are an abbreviated language. They 
point out in the shortest and clearest manner the operations to be 
performed on the quantities with which they are connected. 

Having once fixed the particular operation indicated by a parti- 
cular sign, it is obvious that that operation should always be perform- 
ed on every quantity before which the sign is placed. Indeed, the 
principles of algebra are all established upon the supposition, that 
each particular sign which is employed always mefms the same 
thing ; and that whatever it requires is strictly performed. Thus, 
if the sign of a quantity is +9 we ijnderstand that the quantity is to 
be added ; if it is —, we understand that it is to be subtracted. 

For example, if we have —4, we understand that this 4 is to be 
subtracted from some other number, or that it is the result of a sub- 
traction in which the number to be subtracted was the g^atest. 

If it were required to subtract 20 from 16, the subtraction could 
not be made by the rules of arithmetic, since 16 does not contain 
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20 ; nor indeed can it be entirely performed by Algebra. We 
write the numbers for subtraction thusy 

16-20=16-16-4= -4. 

By decomposing —20 into —16 and —4, the —16 will cancel 
the +16, and leave —4 for a remainder. 

We thus indicate that the quantity to be subtracted exceeds the 
quantity from which it is to be taken, by 4. 

To show the necessity of giving to this remainder its proper sign, 
let us suppose that the difference of 16— 20 is to be added to 10* 
The numbers would then be written 

16-20=- 4 

+10 =+10 

26-20=+ 6 

105. If the sum of the negative quantities in the first member of 
the equation, exceeds the sum of the positive quantities, the second 
member of the equation will be negative,, and the verification of the 
equation will show it to be so. 

For example, if a-^h^c, 

and we make a=15 and J=18, c will be = — 3. Now the essen- 
tial sign of c is different from its algebraic sign in the equation. 
This arises from the circumstance, that the equation a'^b^=::c ex- 
presses generalhfy the difference between a and d, without indicating 
which of them is the greater. When, therefore, we attribute par- 
ticular values to a and &, the sign of c, as well as its value, becomes 
known. 

We will illustrate these remarks by a few examples. 

1. To find a number which, added to the number d, gives for a 
sum the number a. 

Let x=z the required number. 
Then, by the condition a;+3=a, whence x^a-^b. 
This expression, or formula^ will give the algebraic value of c in 
all the particular cases of this problem. 
' For examine, let a=47, 3=29, then ff=47— 29=18.' 
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Again, let a=:24, ^=31 ; then will x=24— 81=— 7. 

This value obtained for x, is called a negative solution* How is 
il to be interpreted ? 

Considered arithmetically, the problem with these values of a and 
5, is impossible, since the number b is already greater than 24. Con- 
sidered algebraically, however, it is not so ; for we have found the 
value of j; to be —7, and this number added, in the algebraic sense, 
to 31, gives 24 for the algebraic sum, and therefore satisfies both 
the equation and enunciation. 

2. A father has lived a number a of years, his son a number of 
years expressed by h. Find in how many years the age of the 
son will be one fourth the age of the father. . 

Let a?= the required number of years. 

Then a+x= the age of the father ) , - , 

. , . ^, - ^. I at the end of the requir- 

and o+x=i the age of the son ) ^ 

ed time. 

a+x a— 43 

Hence, by the question — -j — =zO+x; whence «=- 



3 



54-36 18 
Suppose a=54, and 3=9: then x= — - — =—=6. 



3 3 

The father having lived 54 years, and the son 9, in 6 years the 

father will have lived 60 years, and his son 15 ; now 15 is the 

fourth of 60 ; hence, x=6 satisfies the enunciation. 

45-60 
Let us now suppose a=45, and o=15 : then «= — - — = —5. 

o 

If we substitute this value of x in the equation of condition, we 

obtain 

45-5 

— - — =15-5 
4 

or 10=10. 

Hence,— 5 substituted for x verifies the equation, and therefore 
is the true answer. 
Now, the potttive result which, has been obtained^ shows that the 
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age of the father will he four times that of the son at the expiration 
of 6 years from the time when their ages were considered ; while 
the negative result indicates that the age of the father was four times 
that of his son, 5 years previow to the time when their ages were 
compared. 

The question, taken in its most general or algebraic sense, de- 
• mands the Ume^ at which the age of the father was four times that 
of the son. In stating it, we supposed that the age of the fiitber 
was to be augmented ; and so it was, by the first supposition. But 
the conditions imposed by the second supposition, required the age 
of the father to be diminished, and the algebraic result conformed 
to this condition by appearing with a negative sign. If we wished 
the result, under the second supposition, to have a positive sign, we 
might alter the enunciation by demanding how many years since the 
age of the father teas four times that of his son. 

If (c= the number of years, we shall have 

a— X 46— a 

— r-"=^— x: hence a?= — r — • 



(f a=45 and 3=15, x will be equal to 5. 

Reasoning from analogy, we establish the following general 
principles. 

Idt. Every negative value found for the unknown quanti^ in a 
problem of the first degree, wUly when taken with its proper sign^ verify 
the equation from which it was derived. 

2d. That this negative value, taken with its proper sign, wUl also 
satisfy the enunciation of the problem, understood in its aJgebraic 
sense. 

3d. If the enundatum is to be understood in its arithmetical sense^ 

inwhich the quantities referred to are always supposed to beposiUve^ 

Hi/en this value, considered without reference to its sign, may be con^ 

sidered as the answer to a problem, of which the enunciation only dif 

fersfrom thai of the proposed problem in this, ihat certain quantities 

which were addUive. ha»e become subtracttoef and redprocally. 

9 
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106. Take for example the problem of the labourer (Page. 88). 
Supposing that the labourer receives a sum c, we have the 
equations. 

x+ y=n ) ^ hn+c an-^c 

whence «=- 



?+ y=n ) 



ax^hif=:^c ) ' a+b ' ^ a-^-b * 

But if we suppose that the labourer, instead of receiving, owes a 
sum c, the equations will then be 






By changing the signs of the second equation. 

Now it is visible that we can obtain immediately the values of x 
and y, which correspond to the preceding values, by merely chang. 
ing the sign of c in each of those values ; this gives 

bn^c an+c 

To prove this rigorously, let us denote — c by d ; 

The equations then become j , __ , and they only differ 

' from those of the first enunciation by having d in the place of c. 
We would, therefore, necessarily find 

bn+d an — d 

And by substituting — c for d^ we have 

**" a+* ' ^= a+b ' 

or by applying the rules of Art. 85, 

fci— c an+c 

•"^ a+b ' ^"^ a+b • 
The results, which agree to both enunciations, may be compre- 
hended in the same formula, by writing 

^dic anzpc 
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The double sign db is read plus or nanus, the superior signs cor- 
respond to the case in which the labourer received, and the inferior 
signs to the case in which he owed a sum c. These formulas com- 
prehend the case in which, in a settlement between the labourer and 
his employer, their accounts bc^lance. • This supposes c=0, which 
gives 

hn an 

107. When a problem has been resolved generally, that is, by 
representing the given quantities by letters, it may be required to 
determine what the values of the unknown quantities become, when' 
particular suppositions are made upon the given quantities. The' 
determinsition of these values, and the interpretation of the peculiar 
results obtained, form what is called the discussion of the problem* 

The discussion of the following question presents nearly ecB the 
circumstances which are met with in problems of the first degree. 

106. Two couriers are travelling along the same right line and 
in the same direction from R' towards R. The number of miles 
travelled by one of them per hour is expressed by m, and the 
number of miles travelled by the other per hour, is expressed by n. 
Now, at a given time, say 12 o'clock, the distance between them is 
equal to a number of miles expressed by a : required the time when 
they will be together. 

R' A B R. 

At 12 o'clock suppose the forward courier to be at B, the other, 
at A, and R to be the point at which they will be together, c 
Then, AB=a, their distance apart at 12 o'clock. 
Let . • t= the number of hours which must elapse, before. 

they come together. 
And • x= the distance BR, which is to be passed over by 

the forward courier. 
Then, since the rate per hour, multiplied hy the number of hours 
wHl give the distance passed over by each, we have. 






iOO ALOEBBA. 

tXm = a+x=XR. 
tXn = x =BR. 

Hence by subtracting, t(m— ») = a 
Therefore, . . «= . 

Now 80 long as m>fiy f will be positive, and the problem will be 
solved in the arithmetical sense of the enunciation. For, if m>ii 
the courier from A will travel faster than the courier from B, and 
will therefore be continually gaining on him : the interval which 
separates them will diminish more and more, until it becomes 0, and 
ttea the couriers will be found upon the same point of the Une. 
. In this case,the time /, wliich elapses, must be added to 12 o'clock, 
to obtain the time when they are together. 

But, if we miffoae m<ii, then m—n will be negative, and the 
value of t will be negative. How is this result to be interpreted ? 

It is easily explained from the nature of the question, which, con- 
sidered in its most general sense, demands the time when the 
couriers are togetKer. 

Now, under the second supposition, the couTier which is in ad** 
vance, travels the fastest, and therefore will continue to separate 
himself from the other coariev. At 12 o'clock the distance between 
them was equal to a : afler 12 o'clock it is greater than a, and as 
the rate of travel has not been changed, il follows tkst previous to 
12 o'clock the distance must have been fess than a^ At a certainr 
hour, therefore, before 12 the distance between tiien must have been 
equal to nothing, or the couriers were together at some point R', 
The precise hour is found by subtracting the value eT t from 12 
o'clock. 

This example, therefore, conforms to the general prxncTple, that, 
tf the conditions of a problem are such as to render the vwknmcn 
quantity essenOaUy negative^ it vnU appear in the resuU toith f/i« 
minus sign^ whenever it has been regarded as positive in the enun^ 
aationf 
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If we wkh to find the distances AR,and BR passed over by the 

two couriers before coming together, we may take the equation 

a 

t= 

j»— » 

and multiply both members by the rates of travel respectively : this 

will give 

IfUX 

AR=:fiil= and 

m— » 

na 
BR=fK= . 

tna 
Also, . . AR'=— »rf= 



and . . BR'=: — n/= 



na 



from which we see that the two distances AR, BR, will both be 
positive when estimated towards the right, and that AR', BR' will 
both be negative when estimated in the contrary direction. 

109. To explain the terms nothing and infinity, let us conside- 
the equation 

a 



m—n 
if in this equation we make m—ny then m— n=:0, and the value 
of i will reduce to 

a 

'=¥• 

In order to interpret this new result, let us go back to the enun- 
ciation, and it will be perceived that it is absolutely impossible to 
satisfy it for any finite value for i ; for whatever time we allow to 
the two co\iriers they can never come together, since bemg once se- 

t 

parated by an interval a, and travelling equally fiist, this interval 

will always be preserved. 

a 
Hence, the result, — may be regarded as a sign of impoasi- j 

bility for any Jinite vajiue of t 

9* 
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NeyertheleaSy algebraists consider the result 

a 

OS fbrming a species of value, to which they have given the name 
of infmU vdhm^ for this reason : 

When the difference m— fi» without being absolutely nothing, is 
supposed to be very small, the result 

a 



IS very great. 
Take, ibr example, tn— ii=0,01. 

Then <= — ^=77^= IQOa ; 

m— » 0,01 ' 

Again, take fli^«s=6,001, and we have 

a a 

-= 1000a. 



m— fi 0,001 

In short, if the difference between the rates is not zero, the cou- 
liera will come together at soine point of the line, and the time will 
become grefiter apd greater a? this difference is diminished. 

Henoe, if (he difference between ikt rate* it Xbs* iftan any aseigna* 
Nb numierf Ae lune eapreeeed by 

a a 

wO :he greater than any assignable or finite number. Therefore, 
for brevity, we say when m—n=% ike rasuh 

a 
j»— n 
becomes equal to mfimtif, which we designate by the character qd. 
Again, as the value of a fraction increases as its numerator be* 

pataee greater with reference to its denominator, the expression — , 

A being any finite number, is a proper symbol to represent an tJjfS- 
iitle quantity ; that is, a quantity greater than any assignable quan- 
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A quantity less than any given quantity may be expressed by — ; 
[or a fraction diminishes aa its denominator becomes greater with 
reference to its numerator. Hence, and — are synonymous 

symbols, and so are — and ao . 

We have been thus particular in explaining these ideas of infini- 
ty , because there are some questions of such a nature, that infinity 
may be considered as the true answer to the enunciation. 

In the case, just considered, where fn=n it will be perceived that 
there is not, properly speaking, any solution mfimlt and determinate 
numbers ; but the value of the unknown quantity is found to be 
infinite. 

110. If, in addition to the hypothesis m=fi, we suppose that a=0, 

we have 



To interpret this result, let us reconsider the enunciation, where 
it will be perceived, that if the two couriers travel equally fast, and 
are once at the saipe pointy they ought always to be together, and 
consequently the required point is any point whatever of the line 



travelled over. Therefore, the expression ~ is in this case, the 

symbol of an indeterminate quantity- 

If the couriera do not travel equally fast, that is, if m>, or »»<n, 
anda=0, then will i=0. 

Indeed, it is evident, tliat if the couriers travel at difierent rates, 
and are together at 12 o'clock, they can never be together afler- 
wards. 

The preceding suppositions are the only ones that lead to remark- 
able results ; and they are sufficient to show to beginners the man- 
ner in which the results of algebra answer to all the circumstances 
of the enunciation of a problem. 



104 AIiOKBRA. 

111. We will add another example to show, that the ezpreanoD 
-— expresses, generally, an indeterminate quantity. 

Take the expression, . • —z . 

Now, if we perform the division the quotient will he 1 ; and if we 
make x=: 1, there will result 

Let us next take the expression . 

If we perform the division, the quotient will he 1+'; then 
making a:=l, the expression hccomes 

1— «« 



1-a: 

I-*' 

In like manner • -; =-—=3 when «=!. 

,1— a: 

1— «" 

and . . . • -r =—-=zn when a;=:l. (See Art. 59). 

1— « ^ ^ 

. 
all of which goes to show that — is the symbol of an indetermi- 

nate quantity. 

112. We will add another example showing the value of the ex« 

pressions — and — . 

Take the equation ax^=bf involving one unknown quantity, whence 
b 
a 
1st. If, for a particular suppontion made with reference to the 
given quantities of the question, we have a=0, there results 
b 

Now in this case the equation becomes 0X«=^9 &nd evidently 
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cannot be satisfied by any finite value of x. We will howerer remark 

b 
that, as the equation can be put under the form — =0, if we sub- 

X 

stitute for Xf numbers greater and greater, -*- will differ less and 

X 

less from 0, and the equation will become more and more exact ; so 

h 
thaty we may take a yalue for x so great that — will be less than 

X 

b 
any assignable quantity, or — =0. 

QD 

It is in consequence of this that algebraists say, that infinity satis- 
fies the equation in this case ; and there are some questions for 
which this kind of result forms a true solution ; at least, it is certain 
that the equation does not admit of a solution injiniie numbers, and 
this is all that we wish to prove. 

2d. If we have a=:0, bis^O, at the same time, the value of x 


takes the form ^=-q' 

In this case, the equation becomes 0X^=0, and every fimte num- 
ber^ positive or negative, substituted for x, will satisfy the equation. 
Therefore the equationy or the prchJem of which U is the algebraic 
trarulation^ is indeterminate. 


113. It should be observed, that the expression — , does not al- 
ways indicate an indetermination, it frequently indicates only the exist- 
ence of a common factor to the two terms of the fraction, which fac 
tor becomes nothing, in consequence of a particular hypothesis. 
For example, suppose that we find for the solution of a problem, 

a? =a a — 75-. If, in this formula, a is made equal to i, there results 
(T — tr 



But it will be observed, that a?— ft' can be put under the form 
{a^b) (a*+a3+ft"), (Art. 59), and that a*-ft* is equal to {«-ft) 



106 ALGKBRA. ^ 

(a {-h), therefore the value of x becomes 

*" (a-3) (a+*) • 
Now, if we suppress the common factor (a— 3)» before making 

the supposition a=hf the value of x becomes «= -j-z , 

3a' 3a 

which reduces to a:=-7; — , or «=-;r-, when a=: J. 

2a 2 

For another example, take the expression 

a'~y _ (a+i) (a-i) 

(a--^)«'"(a-3)(a-^)* 



Making a=5, we find a?=— , because the factor (a— i) is com- 
mon to the two terms ; but if we first suppress this factor, there re* 

a+h . . 2a 

suits a;= Tf which reduces to «*=—, when «« J. 

a— ^ 



From this we conclude, that the symbol — sometimes indicaUs 

Ike existence of a common factor to the tvx> terms of the fraction 

which reduces to this form. Therefore, before pronouncing upon 

the true value of the fraction, it is necessary to ascertain whether 

the two terms do not contain a common factor. If they do not, wo 

conclude that the equation is really indeterminate. If they do con- 

tain one, suppress it, and then make the particular hypothesis ; this 

will give the true value of the fraction, which will assume one of 

A A 
the three forms ■=-, — , — , in which case, the equation is determi* 

nate^ impossible in finite numbers, or indeterminate. 

This observation is very useful in the discussion of problems. 

Of Inequalities, 

114. In the discussion of problems, we have oflen occasion to 
suppose several inequalities^ and to perform transformations upon 
tliem, analogous to those executed upon equalities. We are often 
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obliged to do this, when, in discussing a problem, we wish to esta- 
blish the necessary relations between the given quantities, in order 
that the problem may be susceptible of a direct, or at least' a real 
solution, and to fix, with the aid of these relations, the limits between 
which the particular values of certain given quantities must be 
found, in order that the enunciation may fulfil a particular (Condition. 
Now, although the principles established for equations are in general 
applicable to inequalities, there are nevertheless some exceptions, of 
which it is necessary to speak, in order to put the beginner upon his 
guard against some errors that he might commit, in making use of 
the sign of inequality. These exceptions arise from the introduction 
of negcUive expressions into the calculus, as quantities. 

In order that we may be clearly understood, we will take exam, 
pies of the different transformations that inequalities may be subject- 
ed to, taking care to point out the exceptions to which these trans- 
formations are liable. 

115. Two inequalities are said to subsist in the same sense, when 
the greater quantity stands at the lefl in both, or at the right in 
both ; and in a contrary sense, when the greater quantity stands at 
the right in one, and at the lefl in the other. 

Thus, 25>20 and 18>10, or 6<8 and 7<9, 
are inequalities which subsist in the same sense ; and the inequalities 
15>13 and 12<14, subsist in a contrary sense. 

1. If we add the same quantity to both members of an inequality f 
or subtract the same quantity from both members, the resulting tn- 
equaiiiy will subsist in the same sense. 

Thus, take 8>6 ; by adding 6, we still have 8+5>6-f 5 
and 8-6>6-5. 

When the two members of an equality are both negative, that 
one is the least, algebraically considered, which contains the great- 
est number of units. Thus, — 25<— 20 ; and if 80 be added to 
both members, we have . 5<'10. This must be understood entirely 
in an algebraic sense; and arises from the convention before «sta- 
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blished, to consider all quantities preceded by the minus sign, as 
subtractive. 

The principle first enunciated, serves to transpose certain terms 
from one member of the inequality to the other. Take, for ex- 
ample, the inequality a'+Z>*>3^— 2a* ; there will result from it 

a«+2a*>3^-i», or 3a?»>2R 

2. If two inequaUHes subsist in the same sense^ and toe add them 
member to member y iJie resulting inequality wiU also subsist in the same 
sense. 

Thiis, from a>i, c>rf,e>/, there results a+c+e>i+<i+y". 

But this is not always the case, when we subtract, member from mem- 
ber, two inequalities established in the same sense* 

Let there be the two inequalities 4<7 and 2<3, we have 
4—2 or 2<7— 8 or 4. 

But if we have the inequalities 9<10 and 6<8, by subtricting 
we have 9—6 or 3>10— 8 or 2. 

We should then avoid this transformation as much as posse ole, or 
if we employ it, determine in what sense the resulting inequality 
exists. 

9. If the two members of an inequality be multiplied by a positive 
number, the resulting inequality will exist in the same sense. 

Thus, from a<3, we deduce 3a<8J; and from — «<— J, 
— 3a<— 3ft. 

This principle serves to make the denominators disappear. 

a*— ft* c*— (P 
From the inequality — ^ — > — r— ^, we deduce, by multiply- 
ing by 6ad, 

Za{€^^V')>2d{(?'-^). 
The same principle is true for division. 

But when the two members of an inequality are muttipUed or di- 
vided fty a negative number, the inequality subsists in a contrary 
sense. 

Take, for example, 8>7; multiplying by .-8, we have 
-24<-21, 
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8 8 7 

In like manner, 8>7 g^ves — r-, or ^-^< — j-* 

— o o o 

Therefore, when the two members of an inequality are multipli* 

ed or divided by a number expressed algebraically, it is necessary 

to ascertain whether the muU^ier or dwisor is negative ; fi>r, in 

that case, the inequality would exist in a ccmtrary sense. 

4. It U not permitted to change the signs of the two members of an 
inequalUy unless we establish *the resulting inequality in a contrary 
sense ; for this transformation is evidently the same as multiplying 
the two members by —1. 

5. Both members of an inequality between positive numbers can he 
squared, and the inequality will exist in the same sense. 

Thus from 5>3, we deduce 25>9; from a+h'^c, we find 
{a+by>c^. 

6. When both members of the inequality are notposUioe, we eatmoi 
teU before the operation is performed, in which sense the resulting in* 
equality will exist. 

For example, — 2<8 gives (—2)* or 4<9; but — 8>— 5 
gives, on the contrary, (—3)* or 9<(— 6)* or 26. 

We must then, before squaring, ascertain whether the two mem* 
bers can be considered as positive numbers* 

BXAMPLES. 

1. Find the limit of the value of a; in the expression 

5a?— 6>19. Ans. «>6. 

2. Find the limit of the value of a; in the expression 

14 
3a?+— «-8Q>10 Ans. «>*• 

3. Find the limit of the value of a? in the expression 

1 1 a; 18 17 



4. Find the limit of the value of « in the ineqnalftii 

10 
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aae a* 

bx ^ 

— — ax+ah<f-z'* 
7 ^7 

5. The double of a number diminished by 6 is greater than 25, 
and triple the number diminished by 7, is less than double the num- 
ber increased by 13. Required a number which shall satisfy the 
conditions. 

By the question, we have 

2«— 5>25. 
at— 7<2a:+13. 

Resolving these inequalities, we have a;>15 and a; < 20. Any 
number, therefore, either entire or fractional, comprised between 15 
and 20, will satisfy the conditions. 

A. A boy being asked how many apples he had in his basket, re- 
plied, that the sum of 3 times the number plus half the number, di. 
minished by 5 is greater than 16 ; and twice the number diminished 
by one third of the number, plus 2 is less than 22. Required the 
number which he had. 

Ans. 7, 8, 9, 10, or 11. 



CHAPTER III. 

Extraction of the Square Root of Numbers. Forma- 
tion of the Square and Extraction of the Square 
Root of Algebraic Quantities. Calculus of Radi- 
cals of the Second Degree. Equations of the Se- 
cond Degree. 

116. The square or second power of a number, is the product 
which arises from multiplying that number by itself once : for ex. 
ample, 49 is the square of 7, and 144 is the square of 12. 
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The square root of a number is a second number of such a valUc, 
diat, when multiplied by itself once the product is equal to the given 
number. Thus, 7 is the square root of 49, and 12 the square root 
of 144: for7xT=49, and 12x12=144. 

The square of a number, either entire or fractional, is easily 
£>und, being always obtained by multiplying this number by itself 
once. The extraction of the square root of a number, is however^- 
attended with, some difficulty, apd requires particular explanation. 

The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 
and their squares, 

1, 4, 9, 16, 25, 36, 49, 64, 81, 100. 
and reciprocally, the ikumbers of the first line are the square roots 
of the correspcttiding numbers of the second. We may also remark 
that, the square of a number expressed by a single figure^ will contain 
no figure of a higher denomination than tens. 

The numbers of the last line 1, 4, 9, 16, dec, and all other num.' 
bers which can be produced by the multiplication of a number by' 
itself^ are called perfect squares. 

It is obvious, that there are but nine perfect squares among all the' 
numbers which can be expressed by one or two figures : thrf 
square roots of all other numbers expressed by one or two figures 
will be found between two whole numbers differing from each other 
by unity. Thus, 55 which is comprised between 49 and 64, has for* 
its square root a number between 7 and 8. Also, 91 which is 
comprised between 81 and 100, has for its square root a numbef 
between 9 and 10. 

Every number may be regarded as made up of a certain number 
of tens and a certain number of units. Thus 64 is made up of 6 
tens and 4 units, and may be expressed under the form 60 +4= 64. ' 

Now, if we represent the tens by a and the units by A, we shall 
have a+b = 64 

and (a+5)«=(64)» * 

or . . c^+2ab+lr' =4096. 
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Which proves that the square of a number oomposed of tens a&d 
WidtB coatain&t the square of 1hetenspkuUnceiheprodMaofAet0iis 
l^theumUtphutkeequarerf theunUs. 

117. If now, we make the units 1, 2, 3, 4, ^dc.^ tens, by cumex- 
ing to each figure a cipher, we shall have, 

10, 20, 80, 40, 50, 60, 70, 80, 90, 100 
and for their squares, 
100, 400, 900, 1600, 2500, 3600, 4900, 6400, 81M, 10000. 

from which we see that the square of one ten is 100, the square of 
two tens 400 ; and generally, thai the square qftene wHI contain no 
Jigure of a less denondnaiion than hundreds, nor of a higher name 
than thousands. 

ExAXPLE I. — To extract the square root of 6084. 

Since this number is composed of more than two 
placea of figures its roots will contain more than one. 60.84 

But smce it is less than 10000, which is the square 
of 100, the root will contain but two figures : that is, units and tens. 

Now, the square of the tens must be fi^vanA m the two leA hand 
figures whiqh we wUi separate from the other two by a point. 
These parts, of two figures each, are called periods. The pan 60 
is comprised between the two squares 49 and 64, of which the roots 
are 7 and 8 : hence, 7 is the fgure of the tens sought ; and the re- 
quired root is composed of 7 tens and a certain number i>f units* 

The figure 7 being found, we . 
write it on the right of the given 60.84 | 78 

number, fixrni which we separate it 49 

by a vertical line : then we subtract 7 x 2= 14.8 1 1 18.4 

Its square 49 from 60, which leaves 118 4 

a remainder of 11^ to which we 

bring down the two next figures 84« 

The result of this operation 1184, c<»itains twice the product of the 
tens hy the units plus the square of the uniis. But since tens multi. 
ptied by units cannot give a product of a less name than tens, it fol. 
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lows that the last figure 4 can fonn no (mrt of the double product of 
the tens by the units : this double product is therefore found in the' 
part 118, which we separate from the units' place 4 by a point. 

Now if we double the tens, which gives 14, and then divide 118 
by 14, the quotient 8 is Ike figure of the unilSf or a figure greater - 
than the units. This quotient figure can never be too small, since 
the part 118 will be at least equal to twice the product of the tens 
by the units : but it may be too large ; for the 118 besides the doa- 
ble product of the tens by the units, may likewise contain tens aris- 
ing from the square of the units. To ascertain if the quotient 8 
expresses the units, we write the 8 to the right of the 14, which gives 
148, and then we multiply 148 by 8. Thus, we evidently form, • 
1st, the square of the units : and 2d, the double product of the tens 
by the units. This multiplication being effected, gives for a product 
1184, a number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : hence 78 
is the root required. 

Indeed, in the operations, we have merely subtracted from the 
given number 6084, 1^/, the square of 7 tens or 70 ; 2d, twice the 
product of 70 by 8 ; and 3(2, the square of 8 : that is, the three 
parts which enter into the composition of the square of 70 -|- 8 or 
78 ; and since the result of the subtraction is 0, it follows that 78 
a the square root of 6084. 

Ex. 2. To extract the square root of 841. 

We first separate the number into 
periods, as in the last example. In the 8.41 29. 

second period, which contains the square 4 

of the tens, there is but one figure. The 2 x 2= 4. 9 1 44. 1 

greatest square contained in 8 is 4, the i 44 1 

root of which is 2 : hence 2 is the fi- 

gare of the tens in the required root. 

Subtracting its square 4 from 8, and bringing down 41, we obtain 
lor a result 441. 

10* 
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If nowi as in the last exain{^» we separate the last figure 1 from 
the others by a point, and divide 44 by 4, which is double the tens» 
the quotient figure will be the units, or a figure greater than the 
units. Here the quotient is 11 ; but it is plain that it ought not to 
exceed 9, for if it oould, the figure of the tens already found would 
be too sinall. Let us then try 9. Placing 9 in the root, and also 
OQ the right of the 4, and multiplying 49 by 9, we obtain for a pro 
duct 441 : hence, 29 is the square root of 841« 

' Rbkark. The quotient figure 11, first found, was too large be 
cause the dividend 44 contained, besides the double product of the 
tens by the units, 8 tens arising from the square of the units. When 
the dividend is considerably augmented, by tens arising from the 
square of the units, the quotient figure will be too large. 

Ex. 3. To extract the square root of 481649. 

Since the given number exceeds 10,000 its root will be greater 
than 100 ; that is, it will contain more than two places of figures. 
But we may still regard the root as composed of tens and units, for 
every number may be expressed in tens and units. For example, 
the number 6758 is equal to 675 tens and 8 units, equal to 6750+8. 

Now, we know that the square of the tens of the required root 
can make no part of the two right 

hand figures 49, which therefore, we 43.16.49 657 

separate from the others by a point, 
and the remaining figures 4316 con- 
tain the square of the tens of the re- 
quired root. But since 4316 exceeds 
^100 the tens of the required root will 
contain more than one figure : hence 

4316 must be separated into two 

parts, of which the right hand period 16 will contam no part of the 
square of that figure of the root, which is of the highest name, and 
fi)r a similar reason we should separate again if the part to the left 
contained more than two figures. 



12.5 
5 

Iso?? 



43.16.49 
36 

71.6 

62 5 

"914.9 
9 14 9 
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86 18 the greatest square contained in 48, the first figure of 
tke root is 6* We then subtract its square 86 from 43, and to the 
remainder 7 bring down the next period 16. Now, since the last 
figure 6 of the result 716, contains no part of the double product of 
the first figure of the tens by the second, it follows, that the second 
figure of the root will be obtained by dividing 71 by 12, double the 
first figure of the tens. This gives 5 for a quotient, which we place 
in the root, and at the right of the divisor 12. Then subtract the 
product of 125 by 5 from 716, and to the remainder bring down the 
next period, and the result 9149 will contain twice the product of Hie 
Urns rftke, root mvUiplied by the units, plus the square of the units. 
If this result be then divided by twice 65, that is, by double the tens 
of the root, (which may always be found by adding the last figure 
of the divisor to itself), the quotient will be the units of the root. 

Hence, for the extraction of the square root of numbers, we have 
the following 

RULE. 

I. Separate the given numher into periods of two fgures each he* 
ginning at the right handy — the period on the left wiU often contain but 
onefgure. 

II. Find the greatest square in the first period on the left, and place 
Us root on the right after the manner of a quotient in division. Sub' 
tract the square of the root from the first period, and to the remainder 
bring dovm tlie second period for a dividend, 

IH. Double tlie root already found and place it on the left for a di~ 
xisor. Seek how many times the divisor is contained in tht dividend, 
exclusive of the right hand figure, and place the figure in the root and 
also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure of th& 
root, and subtract Vie product from the dividend, and to the remainder 
bring down the next period for a new dividend. 

V. Double the whole root already found, for a new divisor, and 
continue the operation as before, untU allthe periods are brought down. 
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l8t. Rekabk. U9 after all the periods are brought down, there is 
no remainder, the proposed number is a perfect square. But if 
there is a remainder, you have only found the root of the greatest 
perfect square contained in the given number, or the entire part of 
the root sought. 

For example, if it were required to extract the square root of 665, 
we should find 25 for the entire part of the root and a remainder of 
40, which shows that 665 is not a perfect square. But is the square 
of 25 the greatest perfect square contained in 665 1 that is, is 25 the 
entire part of the root ? To prove this, we will first show that, the 
difference between the squares of two consecutive numbers, is equal to 
twice the less number augmented by unity. 

Let . • • a = the less number, 

and . • .0+1= the greater. 
Then . . (a+l)«=:a«+2fl+l 

and . . . (a'f^a' 
Their difference is . = 2a +1 as enunciated. 

Hence, the entire part of the root cannot be augmented, unless 
the remainder exceed twice the root found, plus unity. 

But25x2+l=51>40 the remainder: therefore, 25 is the en- 
tire part of the root. 

2d. Rehahk. The number of figures in the root will always be 
equal to the number of periods into which the given number is 
separated. 

EXAMPLES. 

1. To find the square root of 7225. 

2, To find the square root of 17689. 
8. To find the square root of 994009. 

4. To find the square root of 85678973. 

5. To find the square root of 67812675. 

A 

118. The square root of a number which is not a perfect square, 
is called incommensurable or irrational because its exact root can- 
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not be found in terms of the numerical unit. ' TbvOf VsT V^5, 

vT/ are incommensurable numbers. They are also sometimes 
called turds^ 

In order to prove that the root of an imperfect power cannot be 
expressed by exact parts of unity, we must first show that, 

Every nurnber P, which wiU exactly divide the product A X B of tvo 
numhersy and which is prime with one of ihem, will divide tlhe other. 

Let us suppose that P will not divide A, and that A is greater 
than P. Apply to A and P the process for finding the greatest com- 
mon divisor, and designate the quotients which arise by Q, Q', Q" . . • 
and the remainders R, R', R" . . . respectively. If the division be 
continued sufficiently far, we shall obtain a remainder equal to unity, 
for the remamder cannot be 0, since by hypothesis A and P are prime 
with each other. Hence we shall have the following equations. 

A =P Q +R 
P ==R Q' +R' 

R =R' Q" +R" 
R'=R"Q'"+R'" 



Multiplying the first of these equations by B, and dividing by P, 
we have ' 

AB ^^ BR 



=BQ4 



P ""^^ P • 

AB 

But, by hypothesis, — =— is an entire number, and since B and 

Q are entire numbers, the product BQ is an entire number. Hence 

BR 

it follows that — =— is an entire number. , 

If we multiply the second of the above equations by B, and 
divide by P» we have 

BRQ' BR' 
B=— p— +-p-. 
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' BR 

But we have already shown that —5— is an entire number \ 

BRQ' . BR' 

hence — = — is an entire number. This being the case, —p^ 

must also be an entire number. If the operation be continued until 
the number which multiplies B becomes 1, we shall have — 5 — 

equal to an entire number, which proves that P will divide B. 
* In the operations above we have supposed A>P, but if P>A we 
should first divide P by A. 

Hence, if w number P toiU. exactly divide the product cf two mtm* 
bers, and is prime with one of ihem^ it wUl divide the other. 

We will now show that the root of an imperfect power cannot be 
expressed by a fractional number. 

Let c be an imperfect square. Then if its exact root can be ex* 
pressed by a fractional number, we shall have 

/— 0, 


or . . . . ^ =ir by squaring both members. 

But if c is not a perfect power, its root will not be a whole num. 

a , 
ber, hence -7- will at least be an irreducible fraction, or a and h 
o 

will be prime to each other. But if a is not divisible by 5, ax « or 

0* will not be divisible by h^ from what has been shown above ; 

neither then can c? be divisible by 5^. Since to divide by V is but 

a* . . . 

to divide c^ twice by h. Hence, rr- is an irreducible fraction, 

ir 

m 

and therefore cannot be equal to the entire number c : therefore, we 
cannot assume v c=-t-, or the root of an imperfect power can- 
not be expressed by a fractional number that is rational. 
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Extraction of the square roQt of Fractions. 

119. Since the square or second power of a fraction is obtained 
by squaring the numerator and denominator separately, it follows 
that the square root of a fraction will be equal to the square root 
of the numerator divided by the square root of the denominator. 



a^ . a 



For example, the square root of ^ is equal to -7- : 



for 



a a cr 

But if neither the numerator nor the denominator is a perfect 
square, the root of the fraction cannot be exactly found. We can 
however, easily find the exact root to within less than one of the 
equal parts of the fraction. 

To effect this, multiply both terms of the fraction hy the denomina^ 
torf which makes the denominator a perfect square icithout altering the 
value of the fraction. Then extract the square root of the perfe-cl 
square nearest the value of the numerator^ and place the root of the 
denominator under it; this fraction mil he the approximate root, 

3 

Thus, if it be required to extract the square root of -— -, we mul- 

5 

15 

tiply both terms by 5, which gives — : the square nearest 15 is 

4 

16 : hence — is the required root, and is exact to within less 

than -r-» 
5 

120. We may, by a similar method, determine approximatively 
the roots of whole numbers which are not perfect squares. Let it 
be required, for example, to determine the square root of an entire 

1 
number a, nearer than the fraction — : that is to say, to find a 
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number which shall diflfer fronf the exact root of a, by a qoantity 

1 

le«B than — • 

n 

It may be observed that a= — j— . If we designate by r the 
entire part of the root of an\ the number an? will then be compris- 

ed between f* and (r+1)*; and , will be comprised between 

r» (r+iy 

— and m ; and consequently the true root of a is com- 
vr vr 

prised between the root of -r- and — ^ — ; that is, between 

— and . Hence — will represent the square root of « 

1 

within less than the fraction — • Hence to obtain the root : 

n 

Multiply the ghen number hy the square of the denominator cf the 
fradxon which determines the degree of approximation : then extract 
the square root of the product to the nearest unUf and divide thisrod 
hy the denominator of the fraction. 

Suppose, fi>r example, it were required to extract the square root 

of 59, to within less than — • 

Let us repeat on this example, the demonstration which has just 

been made. 

59x(12)* 
The number 59 can be put under the form — .,j:.. or by 

(12/ 

multipliying by (12)*, ^-— . But the root of 8496 to the near- 

8496 

est unit, is 92 : hence it follows that . ^ or 59, is comprised be- 

(12)" 

^^^ TwSl <"^ 77^- ThM^ the square root (^ 59LJs itself 
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92 93 

comprised between — and — : that is to say, the true root 

92 1 

differs from — idy a fraction less than — . 

1<6 X46 

92 93 8464 ^ 8649 

Indeed the squares of — and — are Trrr^ and . >^ num- 

8496 
bers which comprise ■ or 59. 

(12) 

2. To find the VTl to within less than rr. 

10 



3. To find the ^223 to within less than — . 

4U 



4 
Ans. 3-—. 



87 
Ana, I47-. 
40 



121. The manner of determining the approximate root in ded- 
malsy is a consequence of the preceding rule. 

To obtain the square root of an entire number within — » "Trin'» 

rrrrrjr, &c. — ^it is ncccssary according to the preceding rule to mul- 
tiply the proposed number by (10)*, (100)', (1000)^ . . . or, which 
is the same thing, add to the right of the number , ttDOjfour, six^ ^. 
ciphers : then extract the root of the product to the nearest unitf and 
divide this root bylO, 100, 1000, <Sz;c., which is effected by pointing of 
one, two, three, ^c, decimal places from the right hand, 

1 

"Example 1. To extract the square root of 7 to within . 

Having added four ciphers to the 7.00.00 2,64 

right hand of 7, it becomes 70000, 4 

whose root extracted to the nearest 46 300 

unit is 264, which being divided by 276 

100 gives 2,64 for the answer, which 524 2400 

1 2096 

IS true to within less than -rinr- — :;r^ » 

100 11 804 Rem 
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2. Find the ^29 to withm 



100* . 



Ans. 5,38. 



8. Find the V~22f to within- 



10000 

Ans. 15,0665. 
Remark. The number of ciphers to he annexed to the whole 
numher, is always double the number of decimal places required to 
be found in the root. 

122. The manner of extracting the square root of decimal frac- 
tions is deduced inunediately from the preceding article. 

Let us take for example the number 3,425. This fraction is 

3425 ^^ 
equivalent to . Now 1000 is not a perfect square, but the 

denominator may be made such without altering the value of the 

34250 
fraction, by multiplying both the terms by 10 ; this gives - - 

34250 ^ 

or , .g . Then extracting the square root of 34250 to the 

185 

nearest unit, we find 185 ; hence or 1,85 is the required 

1 

root to within 



100 

If greater exactness be required, it will be necessary to add lo 
the number 3,4250 so many ciphers as shall make the periods of 
decimals equal to the number of decimal places to be found in the 
root. Hence, to extract the square root of a decimal fraction : 

Annex ciphers to the proposed nwnher until the dectmal places shaU 
he even, and equal to double the number of places required in the rocL 
Then extract the root to the nearest unit, and point of from the right 
hand the required number of decimal places 

Ex. 1. Find the V 3271,4707 to within ,01. 

• Ans. 57yl9« 
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2. Find the V 31,027 to within ,01. 

Ans. 5,57. 

3. Find the VOJOIOOT to within ,00001. * 

Ans. 0,10004. 

123. Finally, if it be required to find the square root of a vulgai 
fraction in terms of decimals : CJiange the mdgarfractkm into a de» 
cimal and continue the division until the number of decimal places is 
double the number of places required in the root. Then extract the 
root of the decimal by the last rule. 

Ex. 1. Extract the square root of — to within ,001. This 

number, reduced to decimals, is 0,786714 to within 0,000001 ; 
but the root of 0,785714 to the nearest unit, is ,886 : hence 0,886 is 

the root of -r-r to within ,001.' 
14 



8. Find the V 2 — to within 0,0001* 

Id 



Ans. 1,6931. 



Extraction of the Square Root of Algebraic Quantities. 

124. We will first consider the case of a monomial ; and in order 
to discover the process, see how the square of the monomial is 
formed. 

By the rule for the multiplication of monomials (Art. 41.), we 
have 

(5a«Zr»c)*=5aVcx5a^ft'c=25a*5»c" ; 

tlmt is, in order to square a monomial, it is necessary to square its 
co-efficienf^ and double each of the exponents of the different letters. 
Hence, to find the root of the square of a monomial, it is necessary, 
1st. To extract the square root of tJie co-efficient. 2d. To take the 
half of each of the exponents. 

Thus, V64:a^b*=Sa'P ; for 8a3^X8a3i^=64a«i*- 
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In like maimer, 

V625a"^c«=25a5V, for (25a*V)*=625a»&«A 

From the preceding rule, it follows, that, when a monomial is a 
perfect square, its numerical co»efficient is a perfect square, and cHl 
Us exponent even numbers* Thus, 2da*^ is a perfect square, hut 
9Qab* is not a perfect square, hecause 98 is not a perfect square, and 
a is affected with an uneven exponent. 

In the latter case, the quantity is introduced into the calculus hy 

affecting it with the sign V , and it is written thus, VdSabK 
Quantities of this kind are called radical quantities, or irrational 
quantities, or simply radicals of the second degree, 

125. These expressions may sometimes be simplified, upon the 
principle that, the square root of the product of two or more factors is 
equal to the product of the square roots of these factors; or, in alge- 
braic language, Vabcd , . • = y/a. y/h, y/c. y/d, . • . 

To demonstrate this principle, we will observe, that from the de- 
finition of the square root, we have 

( Vahcd . . . .y=ak€d . . • . 

Again, 

(x/flX y/hx Vex Vd . . )M v/a)«X( v'^)^X( V^c)'x(%/^)» . . • 

=::ahcd • • • • 

Hence, since the squares of Vabcd , . . ., and, . 

Va» \^3. \/c. y/d, , . ., are equal, the quantities themselves are 
equal. 

This being the case, the above expresaon, V^Bab^ can be put 

under the form V49^*x2fl= V49i5*x V2a* Now V49^* may 

be reduced to W ; hence VQ^b*z=zW V^a. 
In like manner, 

VlSaWW^ -v/9a^?X5W=8aic Vbbdy 

-/864a*^c"c= Vl44a*i*c" X 6ftc=r 12a^c* V^bcT 

The quantity which stands without the radical sign is palled the 
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co-efficient of the radical. Thus, m the expressions 7^V^ 

3a3c Vbbd, l2aVi^ V%hc, the quantities 7^, Zdbc, 12flJ»c», are 
called co-efficienU of the radicals. 

In general, to simplify an irrational monomial, separate it into 
two partSf of which one shall contain ail Hie factors that are perfect 
squares, and the other the remaining ones : then take the roots qftJie 
perfect squares and place them before the radical sign, under tohichf 
leave those factors which are not perfect squares. 

EXAMPLES. 



1. To reduce Vlbd^bc to its simplest form. 

2. To reduce Vl2Sbr^a^d^ to its simplest form. 

3. To reduce Vd2oWc to its simplest form. 

4. To reduce V266a^b*c^ to its simplest form. 

5. To reduce Vl024a"^V to its simplest form. 

6. To reduce VT28^Wd to its simplest form. 

126. Since like signs in both the factors give a plus sign in the 
product, the square of —a, as well as that of +a, will be a": 
hence the root of a* is either +a or —a. Also, the square root 
of 25a^i* is either +5a^ or —bal^. Whence we may conclude, 
that if a monomial is positive, its square root may be affected either 

with the sign + or — ; thus, 1^90*= dz 3a*, for +3a* or —So*, 
squared, gives 9a*. The double sign ii= with which the root is 
affected is read plus or minus. 

If the proposed monomial were negative, it would be impossible 
to extract its root, since it has just been shown that the square of 
every quantity, whether positive or negative, is essentially positive. 

Therefore, V— 9, V— 4a*, V— 8a*3, are algebraic synibols 

which indicate operations that cannot be performed. Tliey are 

called imaginary quantities, or rather imaginary expressions, and are 

frequently met with in the resolution of equations of the seoond 

11* 
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degree. Thete symbols can, however, bj extending the rules, be 
simplified in the same manner as those irrational expressions which 

indicate operations that cannot be performed. Thus, V—d may bo 
reduced to (Art. 125.) 

V9X V^7or,3V-.l; V~4a^= V^a'x V— l=2a V^-1; 
V—8(^b=z y4a*x— 2^=2a V— 2b=^2a V¥bX V— 1. 

' 127. Let us now examine the laio of formation for the square of 
any polynomial whatever ; for, from this law, a rule is to be de- 
duced for extracting the square root. 

It has already been s^own that the square of a binomial {a+hy 
is equal to a^+2a3+5^ (Ar^46.). 

Now to form the square of a trinomial a+h+c^ denote a+h by 
the single letter «, and we have 

But«*=(a+i)«=a«+2ai+i«; and 25c=2(a+5)c=:2ac+23c 

Hence (a+*+c)"=a"+2a5+5*+2ac+2^c+c* ; 

that is, the square of a trinomial is composed of the sum of the squares 
of its Aree terms^ and twice the products ^ these terms multipked 
together two and two. 

If we take a polynomial of four or more terms, and square it, we 
shall find the same law offormation. We may, therefore, suppose 
the law to be proved for the square of a polynomial of m tenns ; 
and it then only remains to be shown that it will be true for a poly- 
nomial of m+1 terms. 

Take the polynomial (a+h+c . . . +2), having m terms, and 
denote their sum by si then the polynomial {a+b-\-c . . . +i+k) 
haying m+1 terms, will be denoted by (s+k). 

Now, (s+ky=z^+2sk+I^f or by substituting for s, 

{s+ky=z{a+b+c . . . +iy+2{a+b+c . . .+i)k+k'. 

But by hypothesis, the first part of this expression is composed 
of U^ squares if ail the terms rf the first polynomial and the double 
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fTodvcU of these terms taken two and two ; the second part contains 
the doMe products of all the terms of the first polynomial by the 
additional term k ; and the third part is the square of this term. 
Therefore, the law of composition, announced above, is true for the 
new polynomial. But it has been proved to be true for a tiinomial ; 
hence it is true for a polynomial containing four terms ; being true 
for four, it is necessarily true forfve, and so on. Therefore it is 
general. This l^w can be enunciated in another manner : viz. 

The square of any polynomial contains the square of the first term^ 
plus twice the product of the first hy the second, plus the square of the 
second ; plus twice tJie product of the first two terms hy the third, plus 
the square of the third; plus twice th^roduct of ilie first three terms 
hy the fourth, plus the square of the fourth ; and so on. 

This enunciation which is evidently comprehended in the first, 
shows more clearly the process for extracting the square root of a 
polynomial. 

From this law, 

(a+3+c)'=a'+2aJ+^+2(a+i)c+c» 

128. We will now proceed to extract the square root of a poly. 
nomial. 

Let the proposed polynomial bo designated by N, and its root, 
which we will suppose is determined, by R ; conceive, also, that 
these two polynomials are arranged with reference to one of the 
letters which they contain, a, for example. 

Now it is plain that the first term of the root R may he found by 
extracting the root of the first term of the polynomial N ; and that 
the second term of the root may be found by dividing the second 
term of the polynomial N, by twice the first term of the root R. 

If now we form the square of the binomial thus fi)und, and sub- 
tract it from N, the first term of the remainder will be twice the 
product of the that term of R by the third term : hence, if this first 



128 ALGEBRA. 

term be divided by double the first term of R, the quotient will be 
the third term of R. 

In order to obtain the fourth term of R, form the double products 
of the first and second terms, by the third, plus the square of tho 
third ; then subtract all these products from the remainder before 
found, and the first term of the result will be twice the product of 
the first term of the root by the 4th : hence, if it be divided by- 
double the first term, the quotient will be the fourth term. In the 
same manner the next and subsequent terms may be found. Hence, 
for the extraction of the square root of a polynomial we have the 
fbllowinff 



•o 
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I. Arrange the polynomial toiih reference to one of its letters and 
extract the sqtuire root of the first term : this will give die first term 
of the root 

II. Divide tlie second term of the polynomial by double the first 
term of the root^ and tlie quotient wiU he the second term of tiie root, 

III. Then form the sqiuire of the two terms of the rootfmind, and 
subtract it from the first polynomial, and then divide the first term of 
tJie remainder by double the first term of the root, and tlie quotient 
will be the third term. 

IV. Form the double products of the first and second terms, by the 
third, plus the square of the third ; then subtract all these products 
from the last remainder, and divide the first term of tlie result by dou* 
ble the first term of the root, and the quotient will be the fourth term. 
Then proceed in the same manner to find the other terms, 

EXAMPLES. 

1. Extract the square root of the polynomial 

49a*i»-24aJ'+25a*-30a^3+16i*. 
First arrange it with reference to the letter a. 
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25a*- 30a^i+49a*i«r-24ai^+ 165* 
25a*— 30a^3+ 9a^^ 



5a*-3ai+4i» 



lOo* 



40a*i^— 240^+163* 1st. Rem. 
40a25«— 24aZ^+165* 

• • • 2d. Rem. 

After having arranged the polynomial with reference to a, extract 
the square root of 25a*, this gives 5a^ which is placed to the right 
of the polynomial ; then divide the second term, — 30a^i, by the 
double of 5a^ or lOa^; the quotient is — Sa^, and is placed to the 
right of 5a*. Hence, the first two terms of the root are 5a*— 3a3. 
Squaring this binomial, it becomes 26a*— 30a^3-f-9a*i', which, sub. 
tracted from the proposed polynomial, gives a remainder, of which 
the first term is 40a*5*» Dividing this first term by lOa", (the double 
of Sa"), the quotient is +45* ; this is the third term of the root, and 
is written on the right of the first two terms. Forming the double 
product of 5a*— 3a5 by 45*, and the square of 45*, we find the poly- 
nomial 40a*5*— 2405^+165*, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a*— 3a5+45* is the required root. 

2. Find the square root of 

a* -f 4a^a; + Qa^a? + 4a^ +aj*. 

3. Find the square root of 

a*— 2a*j?+3a*«*— 2a«*+a?*. 

4. Find the square root of 

4a/»+r2r^+5a:*-2ar*+7r»-2a?+l. 

5. Find the square root of 

9a*- 12a35+28a*5*- 16a5=»+165*. 

6. Find the square root of 
25a*5*-40a35*c+76a*5*c*-48a5*c3+365*c*-30a*5c+24a35c* 

— 36a*5c3+9a*c*. 

129. We will conclude this subject with the following remarks. 

1st. A binomial can never be a perfect square, since we know 
that the square of the most simple polynomial, viz. a binomial, con- 
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taics three distinct parts, which cannot experience any reduction 
amongst thennselves. Thus, the expression €^+Ii^ is not a perfect 
square ; it wants the term dz2ab in order that it should be the square 
of flztft. 

2d. In order that a trinomial, when arranged, may be a perfect 
square, its two extreme terms must be squares, and the middle terra 
must be the double product of the square roots of the two others, 
Therefore, to obtain the square root of a trinomial when it is a per- 
fect square ; Extract the roots of tlie ttoo extreme terms, and give 
these roots tlie same or contrary signs, according as tJie middle term 
is positive or negative. To verify it, see if the double product of the 
two roots gives the middle term of the trinomial. Thus, 

9a"— 48a*^+64a*^* is a perfect square, 

since •\/9a«=3a^ and V64a^=— 8ai^, 

and also 2 x 3a^ X — 8a^= — 48a*^, the middle term. 

But 4a^+14ah+9i^ is not a perfect square : for although 4a? 
and -1^9^ are the squares of 2a and 3b, yet 2x^aX3b is not equal 
to Uab. 

3d. In the series of operations required in a general problem, 
when the first term of one of the remaindei-s is not exactly divisi- 
ble by twice the first term of the root, we may conclude that the 
proposed polynomial is not a perfect square. This is an evident 
consequence of the course of reasoning, by which we have arrived 
at the general rule for extracting the square root. 

4th. When the polynomial is not a perfect square, it may be sim- 
plified (See Art. 125.). 

Take, for example, the expression Vtx^b -}- 4a^^ -f- 4ai^. 

The quantity under the radical is not a perfect square ; but it can 
be put under the form aJ(a^-}-4a64-4^)« Now, the factor between 
the parenthesis is evidently the square of a+2J, whence we may 
conclude that, 
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Of the Calculus of Radicals of the Second Degree. 

m 

130« A. radieal quantity is the indicated root of an imperfect 
power. 

The extraction of the square root gives rise to such expressions 

as V^, 3 V 6 , 7 V~2, which are called irrational quantities, or 
radicals of the second degree. We will now establish rules for per- 
forming the four fundamental operations on these expressions. 

131. Two radicals of the second degree are similar, when the 
quantities under the radical sign are the same in both. Thus, 

3 ^/b and 5c Vb are similar radicals ; and so also are 9 v2 

and 7 VY. 

Addition and Subtraction. 

132. In order to add or subtract similar radicals, add or subtract 
their co-efficients, then 'prefix the sum or difference to the commjon 
radical. 

Thus, . . • 3a VT+5c '/y=(3a+5c) VT. 
And . . . 3a VT"— 5c Vy=(3a— 5c) \/y. 
In like manner, 7 V2a + 3 V2a= (7+3) -/2a = 1 V^a. 

And . . . 7 '>/2a-3A/2a=(7-3)'v/2a= 4 \/2a. 

Two radicals, which do not appear to be similar at first sight, 
may become so by simplification (Art. 125). 
For example, 

-v/iSo^+i V75a=45 V3a+53 V3a=93 Via, 

and 2 -v/45-3 V5^6 \/5^3 -v/5^3 VsT 

When the radicals are not similar, the addition or subtraction can 

only be indicated. Thus, in order to add 3 -y^to 5 V^we write 

bVa+zVh7 
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MuUiplicalion. 

183. To multiply one radical by another, muUtply the two guan* 
tides under the radical sign together^ and place the common radical 
over the product. 

Thus, Vox Vb^ Va3; this is the principle of Art. 125, taken in 
an inverse order. 

When there are co-efiicients, we first muldply them together^ and 
write the product before the radical. Thus, 

3 V5a* X4 V20a =12 VlOOa'b =120a Vb7 

2a -/^ x3a VJc=z6a^ V^c» =6a"3c. 

2a V^^x -3a V7?+F=-6a>(a«+^). 

Division. 

134. To divide one radical by another, dioide one of the quanti' 
ties under the radical sign by tJie other and place Hie common radical 
over the quotient. 



Thus, - = \^ -r- ; for the squares of these two exprcs- 

Vh ^ 

a 
sions ave equal to the same quantity —r ; hence the expressions 

themselves must be equal. When there are co-efficients, write their 
quotient as a co-efficient of the radical. 

For example, 

I2ac Vebc-^4c V^=:Sa V -;n-=3a VSc. 

185. There are two transformaUons of frequent use in finding the 
numerical values of radicals. 
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Thejirst consists in passing the co-efficient of a radical under the 
sign. Take, for example, the expression 3a V^ ; it is equiva- 
lent to V 9a^ X VEbf or V ikt'M = V 4ba'b, by applying 
the rule for the multiplication of two radicals ; therefore, to pass 
the co-efficient of a radical under the sign^ it is only necessary to 
square it. 

The principal use of this transformation, is to find a number 
which shall differ from the proposed radical, by a quantiiy less than 

unUy. Take, for example, the expression 6 VTs ; as 13 is not a 
perfect square, we can only obtain* an approximate value for its root. 
This root is equal to 3, plus a certain fraction ; this being multiplied 
by 6, gives 18, plus the product of the fraction by 6 ; and the en- 
tire part of this result, obtained in this way, cannot be greater than 
18. The only method of obtaining the entire part exactly, is to put 

6 -/is under the form Ve^xlS = V36xi8= V 468. 

Now 468 has 21 for the entire part of its square root ; hence, 6 -/iS 
is equal to 21, plus a fraction. 

In the same way, we find that 12 V7^=Sly plus a fraction* 

136. The object of the second transformation is to convert the 

a , a 
denominators of such expressions as — ; — r-, 7-, into rational 

p+Vq p—vq 

quantities, a and p being any numbers whatever, and q not a per* 
fed square. Expressions of this kind are oflen met with in the 
resolution of equations of the second degree. 

Now this object is accomplished by multiplying the two terois of 
the fraction by p— y/q^ when the denominator is |9+ y/q^ and by 
P+ y/q9 when the denominator is p— ^/^. For multiplying in thie 
manner, and recollecting that the sum of two quantities, multiplied 
by their difference, is equal to the difference of their squares^ we 
have 

a aip— y/q) fl(y— y/q) ap—a y/q 

p+ y/q'^ {p+ y/q){p- y/qV f-q ~ f-q ' 

12 
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P— y/q'^ iP— Vq)(p+ y/q)'^ f—q "" f-q ' 

in which the denominators are rational. 

To form an idea of the utility of this method, suppose it is required 

7 
to find the approximate value of the expression —• It be- 

7(3+^6) 21+7^/5 ,— 

comes — cTZk — » ^^ i ' ^^^ ^ ^^ ^ equivalent to 

1/49 X5> or V246, which is equal to 15, vn£kxn one of the true 

value. 

„, ^ 7 21+16+ a fraction 36 

Therefore, — = =—-=9, withmafrac- 

o — vO 4 4 

don of one fourth ; . that is, it differs from the true value by a 

quantity less than one fourth. 

When we wish to have a more exact value for this expression, 

eaAract the square root of 245 to a certain number of decimal places^ 

add 21 to this root^ and dimde the result by 4. 

1y/b 
For another example, take — —-- —-, and find the value of 

V 1 1 + V " 

it to within 0,01. 
We have, • 

7 v/5 _ 7^/5(^/ll-^8) _ 7^/55-7^/15 
v/ll+v/3"" 11-3 "" 8 ■ 

Now, 7 v^55= V55x49= ^2695=51,91, withm 0,01, 

7v^l5= V15X49= -/736^27,11 ; 

7v/5 51,91-27,11 24,80 
•'^^^'^^^'^' ^11+^3 = 8 ="8- =^'^^- 

Hence we have 3,10 for the required result. This is exact to 
within -g^. 

By a similar process, it will be found that 
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3+2^/7 



e ., ^ « ^^-=2,123, exact to within 0,001, 

O vl2 — u vo 

Remark. Expressions of this kind might be calculated by ap. 
proximating to the value of each of the radicals which enter tbe 
numerator and denominator. But as the value of the denominator 
would not be exact, we could not form a precise idea of the degree 
of approximation which would be obtained, whereas by the method 
just indicated, the denominator becomes rational, and we always 
know to what degree the approximation is made. 

The principles for the extraction of the square root of particular 
numbers and of algebraic quantities, being established, we will pro. 
ceed to the resolution of problems of the second degree. 

Examples in the Calculus of Radicals. 

1. Reduce v 125 to its most smiple terms. 

Ans. 5 -/y . 



2. Reduce v "TJt" *^ ^^ "^*^ smiple terms. 



Am. 21 VT. 



3. Reduce vOSo'jc to its most smiple terms. 

Am. 7a V^. 

4. Reduce V{x^—c?oi?) to its most simple terms. 

5. Required the sum of Vl% and V 128. 

Ans. WVY. 

6. Required the sum of V^ and V 147 . 

Ans. 10 VT. 



2 /27 
7. Required the sum of \/ -^ and \/ — • 

3 DO 




19 /— 
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8. Required the sum of 2 "V €?h and 3 VmS?. 

9. Required the sum of 9 V 243 and 10 V 363 . 

• 10. Required the difierence of \/ — and V^ r=. 

45 

11. Required the product of 5 V^ and 3 V^. 

^iw. 30 -/lO. 

2 . /T 3 . /T 

12. Required the product of -ttW -^ and -r- v ttj. 

40 

13. Divide 6 VTo by 8 VT. jln*. 2 VT. 

Of Equations of the Second Degree, 

137. When the enunciation of a problem leads to an equation of 
the form aa^=b, in which the unknown quantity is multiplied by 
itself^ the equation is said to be of the second degree, and the princi- 
ples established in the two preceding chapters are not sufficient for 
the resolution of it ; Init siifte by dividing the two members by a, it 

b 
becomes a^=z — ^ we see that the qjuestioo is reduced to finding the 

square root of — . 

138. Equations of the second degree are of two kinds, viz. ecj^Ta- 
tions involving two ierms^ or incomplete equations, and equations' in* 
Tolving three terms, or complete equations. 

The first are those which contain only terms involving the square 

of the unknown quantity, and known terms ; such are the equa 

tionsy 

1 . 5 o "7 ,299 

'3 ^12 24 ^ 24 
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These are called equations involving tioo terms because they may 
be reduced to the form cui^=zbf by means of the two general trans- 
formations (Art. 90 & 91). For, let us consider the second equa- 
tion, which is the most complicated ; by clearing the fractions it be- 
comes 

8a^-72+10ic>=7-24j:»+299, 

or transposing and reducing 

42ic>=378. 

Equations involving three terms, or complete equations, are those 
which contain the square, and also the first power of the unknown 
quantity, together with a known term ; such are the equations 

5 13 2 . 273 



5«« 



-7«=34; ■^-y«+Y=8— 3-*-«^+ 



12 

They can always be reduced to the form aa^+lfx=Cy by the two 
transformations already cited. 

Of Equations involving two terms. 

139. Thei*e is no difficulty in the resolution of the equation 

b /h 

aa^=zh» We deduce from it «*= — , whence a:=:V/ — • 

a ▼ a 

When — is a particular number, either entire or fractional, 

we can obtain the square root of it exactly, or by approximation. 

If — is algebraic, we apply the rules established for algebraic 

quantities. 

But as the square of 4*^ or •— m, is +m^, it follows that 

/ /b\^ h 

f ±^/ — J is equal to — . Therefore, x is susceptible of two 

/b /b 

values, viz. a?=+^/ — , and aj= — y/ — • For, substituting' 

either of these values in the equation cm^^, it becomes 

12* 
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and 



«x(+\/— ) =*, or «X— =*, • 

i /h\* h 

. . . «X(-\/ ~j =^ or ax— =A. 



For another example take the equation ix*— 7=9x'+9; by 

transposing, it becomes, 0:^=16, whence a?==k V^=db4. 
A.gain, take the equation 



1 . 5.7 .299 



-3+~a^=--a:«4 



8 12 24 • 24 

We have already seen (Art. 138.), that this equaticm reduces to 

378 
420^=378, and dividing by 42, a?:^——=z%\ hence a?==b3. 

Lastly, from the equation 3a^=5 ; we find 

As 15 is not a perfect square, the values of x can only be deter- 
mined by approximation. 

Of complete Equations of the Second Dep-ee. 

140. In order to resolve the general equation 

a3i^+bx=r.c. 

we begin by dividing both members by the co-efficient of a^, which 
gives, 

a'H — x=z — f or a^+px^q 

G CL 

by ipaking — =|) and — =:q. 

Now, if we could make the first member (x'+jm?) the square of a 
binomial, the equation might be reduced to one of the first degree, 
by simply extracting the square root. By comparing this member 
with the square of the binomial (a;+a), that is, with s^+^ax+a?^ 
It is plain that a^+px is composed of the square of a first terra x^ 



■ 
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phis the double product of this first term « by a second, which must 

P ' ' V P 1^ 

be — , since paj=2— a? ; therefore, if the square of — or — , be 

added to a^-f-px, the first member of the equation will become the 

# 

P 
square of ^+-^ ; but in order that the equality may not be destroy* 

ed -r- must be added to the second member. 
4 

^By this transformation, the equation jc^+l^^? beccnnes 

f P" 

Whence by extracting the square root 



«+i=±v^. 



The double sign db is placed here, because either 
+ V q+-r,OT —V S'+T"' squared gives ^+—. 



Transposing — , we obtain 



*=-4-±v?+?-- 



From this we derive, for the resolution of complete equations of 
the second degree, the following general 

RULE. 

After reducing the equation to the form x^+px=q, add the square 
of half of the co-efficient of x^ or of the second term^ to h<Hh mem* 
hers ; then extract the square root of both members^ giving the double 
sign dzto the second member ; then find the value of z fnmK the re* 
suiting equation. 

This formula for the value of x may be thus enunciated. 

Hie value of the unknown quantity is equal U> haff th/e ca-^ficieni 
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^ Zf taken wUh a contrary agn, plus or minus the square rod of the 
known term increased by the square of half the co-eficient of x. 
Take, for an example, the equation 

5.1 3 2 ,273 



6 2 • 4 3 ■ 12 

Clearing the fractions, we have 

l{te«-6a?+9=96-8a?-12a!»+27S, 
or, transposing and reducing, 

22a;»+2x=360, 

and dividing both members by 22, 

2 360 



a^+'---x=. 



22 "" 22 • 

Add l—j to both members, and the equation becomes 

^ — /1\*_360 /J^v« 
*^+22*+V22/ -"22'+\22y ' 
whence, by extracting the square root, 

1 ^ /360 TTT* 

^+22=^"^ -22-+y • 
Therefore, 

^""""22 ^ 22 "^'22/ ' 

which agrees with the enunciation given above for the double value 

of X. 

It remains to perform the numerical operations. In the first 

360 / 1 \« 
place, -^- — '"(00/ ^^^ ^® reduced to a single number, having 

(22)^ for its denominator. 

S6Q_ /lv^_ 360x22+l _7921 
^^^' "22""^ V22/ "" (22)» "{22^ ' 

extracting the square root of 7921, we find it to be 89 ; therefore, 

22 ■^\22/ 22' 
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Consequently, «= - 22=^22- 

Separating the two values, we have 

1 89 88 
22^22 22"" ' 

— 1 _89_ 45 
^"■"~22"'22^'^lT' 
Therefore, one of the two values which will satisfy the proposed 
equation, is a positive whole numher, and the other a negative frac- 
tion. 
For another example, take the equation 

6ic>--37a?=-57, 
which reduces to 

37 _ 67 

37 /37\* 

If we add the square of — , or ( — 1 to both members, it be- 
comes 

, 37 /37va 57 /37\« 

whence, by extracting the square root 

37 . / 57 /37\» 

Consequently, 

12 ^ 6 ^Vl2/ 
In order to reduce \t^ — -zr to a single number, wo will ob- 
serve, that 

(12)*=12x 12=6X24; 

therefore^ it is only necessary to multiply 57 by 24, then 37 by itself, 
•and divide the difierence of the two products by (12)*. Now, 

37x37=1369; 57x24=1368; 
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thereforei 

/87v» 57 _ 1 
\12/ ~Q^(12Y* 

the square root of which is — . 



87^ 1 *'^12"^12""12"~"C^' 

Hence, x^^^-, or ^ 37_£^36__ 

12 12 12 ^' 



1 37 1 
(^ 12 12 



This example is remarkable, as both of the values are positive, 
and answer directly to the enunciation of the question, of which 
the proposed equation is the algebraic translation. 

Let us now take the literal equation 

4a>-.2ar»+2aar=:18ai- ISft'. 

By transposing, changing the signs, and dividing by 3, it becomes 

aj«— fla;==2a'— 9aJ+9i* ; 

whence, completing the square, 

a« 9a^ 
4 4 

extracting the square root. 



x=-i±\/ 



9a» 



'9ah+9V. 



2^4 

9a> da 

Now, the square root of — -r 9a6+9J*, is evidently, — — 3i. 

Therefore, 

^ /^^ A \ ^= 2a— 33, 

These two values will be positive at the same time, if 2a>83, 

and 35>a, that is if the numerical value of 3 is greater than 

a ,^ 2a 

-— and less than — . 

3 o 
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EXAMPLES. 



C x=2 ) 
re"— 7a;+10=0 . • • . values i _p. ( » 

1 . 4 ^ ^ C a;= 7,12 ) to within 

— -a?— 4— «"4-2x ^x*=45— 3r»4-4a; ] [ 

3 ^ 5 ^ U=-5,73 J 0,01. 

3. Given «*— 8a;+10=19, to find x. Ans. x=9. 

4. Given a^— x--40=170, to find a?. Ans. a?=15. 

5. Given 3ar'+2ic— 9=76, to find x. Ans. a;=5. 

6. Given Ja;"— |ic+7| = 8, to find a?. Ans, a?=l^. 

mV 

7. Given a"+&"— 23ic4-ar*= — r— to find x. 

nr 

Ans. x=z—^ (bn± Va'm^+l^nv'-a'TA . 



QUESTIONS. 

1. Find a number such, that twice its square, increased by three 
times this number, shall give 65. 

Let X be the unknown number, the equation of the problem will bo 

2ar'+3a?=65, 
whence, 



3 . ^ /65 9^ 3 . 23 

4 ^ 2^16 4 4 
Therefore, 

3 23 3 23 13 

x= 1 =5, and x= — = . 

4*4' 44 2 

fioth these values satisfy the question in its algebraic sense. 
For, 2X(5)"+3X5=2X25+16=66. 

13\* 13 169 39 130 






=-7r-=65. 



2 2 2 

But, if we wish to restrict the enunciation to its arithmetical 
senscy we will first observe, that when x is replaced by -~Xf in the 
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equation 2ji^+Bx=6b, the sign of the second term 3x only, is chang- 
ed, because (—«)*= a?. 

8 23 

Therefore, mstead of obtaining a?= — t-^^T"* we would find 

4 4 

8 ^23 13 

a:=-7-db---, or a:=-7r- and a?=— 5, values which only differ from 
4 4 2 -^ 

the preceding by their signs. Hence, we may say that the nega- 

13 
tive solution — ^, considered independently of its sign, satisfies 

this new enunciation, viz. : To find a number such, that twice its 
square, diminished by three times this number, shall give 65. • In fact, 
we have 

13\a 13 169 39 






2. A certain person purchased a number of yards of cloth for 
240 cents* If he had received 3 yards less of the same cloth, foi 
the same sum, it would have cost him 4 cents more per yard. How 
many yards did he purchase ? 

Let x=s the number of yards purchased. 

240 

Then will express the price per yard. 

If, for 240 cents, he had received 3 yards less, that is x— 3 
yards, the price per yard, in this hypothesis, would have been repre- 

240 

sented by r-. But, by the enunciation this last cost would ex- 

X — o 

eeed the first, by 4 cents. Therefore, we have the equation 

240 240 
—4 . 

x-S X ' 

whence, by reducing o^— 3a5=180, 

3 . ^ /"S 3±27 

thereibc€ 

«;s=:16, and «=— 12. 
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The value x=lb satisfies the enunciation ; for, 15 yards for 240 

240 
cents, gives , or 16 cents for the price of one yard, and X2 

yards for 240 cents, gives 20 cents for the price of one yard, 
which exceeds 16 by 4. 

As to the second solution, we can form a new enunciation, with 
which it will agree. For, go back to the equation, and change x 
into — X, it becomes, 

240 240 240 240 

=4, or r^=4, 



— a;— 3 —a; x x-\S 

an equation which may be considered the algebraic translation of 
this problem, viz. : A ceri-ain person purchased a number of yards 
of cloth for 240 cents : if he had paid the same sum for 3 yards 
more, it would have!^ cost him 4 cents less per yard. How many 
yards did he purchase 7 ' Ans, a?=12, ciid a;= — 15. 

Remabk. Hence the principles of (Arts. 104 and 105.) are 
confirmed £ot two problems of the second degree, as they were for 
all problems of the first degree. 

3. A merchant discounted two notes, one of $8776, payable in 
nine months, the other of $7488, payable in eight months. He 
paid $1200 more for the first than the second. At what rate of 
interest did he discount them ? 

To simplify the operation, denote the interest of $100 for one 
month by x, or the annual interest by 12a; ; 9a; and 8a; are the in- 
terests for 9 and 8 months. Hence lOO-f-Oo;, and 100+8a7, repre- 
sent what the capital of $100 will be at the end of 9 and 8 months. 
Therefore, to determine the present values of the notes for $8776, 
and $7488, make the two proportions, 

877600 
100+9a? : 100 : : 8776 : ,^. , ^ , 

100+9a? 



100+8aj : 100 : : 7488 



748800 
100+8aj 



and the fourth terms of these proportions will express what the mer- 

13 
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chant paid for each note. Hence, we have the equation 

877600 748800 

^ 1200 • 

100+9a? 100+8a? ' 

or, observing that the two members are divisible by 400, 

2194 1872 _ 

100 +9j; 100+8a; ~ * 

Clearing the fraction, and reducing, it becomes, 

216a;*+4396a?=2200; 
whence 



2198 



^^2200 (2198)' 



216 ^ 216 (216)^ 

Reducing the two terms under the radical to the same denomi- 
nator, 



^2198db V 5806404 
^^ 216 ' 

or multiplying by 12, 

-2198db V 6306404 



12a?= 



18 



To obtain the value of 12a; to within 0,01, we have only to ex- 
tract the square root of 5306404 to within 0,1, since it is afterwards 
to be divided by 18. 

This root is 2303,5 ; hence 

-2198db2303,6 
12.= jg_L-. 

and consequently, 



and 



105,5 

12a?= ., Q =5,86, 
lo 



-4501,5 

12«= -■^-^= -250,08. 

lo 



The positive value, 12a;=5,86, therefore represents the rate of 
interest sought. 
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As to the negative solution, it can only be regarded as connected 
with the first by an equation of the second degree. By going back 
to the equation, and changing x into —a?, we could with some trou- 
ble, translate the new equation into an enunciation analogous to that 
of the proposed problem. 

4. A man bought a horse, which he sold after some time for 24 
dollars. At this sale, he loses as much per cent. up<Hi the price of 
his purchase, as the horse cost him. What did he pay for the 
horse ? 

Let X denote the number of dollars that he paid for the 
horse, a;— 24 will express the loss he sustained. But as ho 

X 

lost X per cent, by the sale, he must have lost ■ upon each 

dollar, and upon x dollars he loses a sum denoted by ; we 

h^ve then the equation 

x' 
-—-=:«— 24, whence «*— 100aj=2— 2400. 

and a?=50db V2500 - 2400= 50dbl0. 

Therefore, 

=60 and «=40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave 860 for the horse 
and sold him for 24, he loses 36. Again, from the enunciation, he 

60 60x60 

should lose 60 per cent, of 60, that is, -rrrr of 60, or -— , 

^ 100 ' 100 ' 

which reduces to 36 ; therefore 60 satisfies the enunciation. 

If he paid $40 for the horse, he loses 16 by the sale ; for, he 

40 
should lose 40 per cent, of 40, or ^^X-jr^> which reduces to 16 ; 

therefore 40 verifies the enunciation. 

5. A grazier bought as many sheep as cost him £60, and afler 
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reserving fifteen out of the number, he sold the remainder for £54, 
and gained fis a head on those he sold : how many did he buy ? 

Ans. 75. 

6. A merchant bought cloth for which he paid £33 15«, which 
he sold again at £2 88 per piece, and gained by the bargain as 
much as one piece cost him : how many pieces did he buy ? 

Ans» 15. 

7. What number is that, which, being divided by the product of 
its digits, the quotient is 3 ; and if 18 be added to it, the digits will 
be inverted ? Arts. 24. 

8. To find a number such that if you subtract it from 10, and 
multiply the remainder by the number itself, the product shall be 21. 

Ans, 7 or 3. 

9. Two persons, A and B, departed from difierent places at the 
same time, and travelled towards each other. On meeting, it ap- 
peared that A had travelled 18 miles more than B ; and that A 
could have gone B's journey in 15} days, but B would have been 
28 days in performing A's journey. How far did each travel ? 

( A 72 mUes, 
( B 54 mQes, 

Discussion of the Oenercd Equation of the Second Degree. 

141. As yet we have only resolved problems of the second de- 
gree, in which the known quantities were expressed by particular 
numbers. To be able to resolve general problems, and interpret 
all of the results obtained, by attributing particular values to the 
given quantities, it is necessary to resume the general equation of 
the second degree, and to examine the circumstances which result 
from every possible hypothesis made upon its co-efficients. This is 
the object of the discussion of the equation of the second degree. 

142* A root of an equation of the second degree, is such a num- 
ber as being substituted for the unknown quantity, will satisfy the 
equation. 
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It has been shown (Art. 138), that every equation of the second 
degree can he reduced to the form 

a^-^-px^^q .... (1), 

p and q heing numerical or algehraic quantities, whole numbers 
or fractions, and their signs plus or minus. 

If, in order to render the first member a perfect square, we add 

— to both members, the equation becomes 
4 

p^ p^ 



or (-+y)=^+V 



Whatever may be the value of the number expressed by ^+-t-| 
its root can be denoted by m, and the equation becomes 



(«+y) =»»^ or (^J+y) -«'=0. 



But as the first member of this equation is the difference between 
two squares, it can be put under the form 



(a;+|~m).(a?+-|-+m)=0; . . . (2). 



in which the first member is the product of two factors, and the 
second is 0. Now we can render the product equ^l to 0, and con- 
sequently satisfy the equation (2), in two different ways : viz. 

p jf 

By supposing x+-r — ot=0, whence a?= — k"^^* 

p p 

or supposing «+— +m=0, whence x= — - — m. 



Or substitut'ng for m its value, 



13* 



2^ 



V q+Tf 
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Now, either of these values, heing suhstituted for x in ha cor- 
responding factor of equation (2) will satisfy that equation ; and as 
equation (1) will always he satisfied when the derived equation (2) 
is satisfied, it follows, that either value will satisfy equation (1). 
Hence we conclude, 

1st. Thai every equation of the second degree has two roots^ and 
only two. 

2d. That every equaiion of the second degree may be decomposed 
into tfDO binomial factors of the first degree tnih respect to x, having 
X for a common term^ and the two roots, taken with their signs 
changed, for the second terms. 

For example, the equation a^'+ac— 28=0 heing resolved gives 
a?=4 and a?=— 7 ; either of which values will satisfy the equation. 
We also have 

(«— 4) (a?+7) =:a!»+3a:— 28. 

143. If we designate the two roots hy af and x'\ we have 

by adding the roots we ohtain 



P 



v/TZ_|._v/r^ 



«'+«"=-Y+V ?+-4~Y-V q+-^=-pi 
and by multiplying them together, we have 

' Hence, 1st. The algebraic sum of the two roots is equal to the co- 
^fident of ike second term of the equation, taken with a contrary 
sign, 2d. The product of the two roots is equal to the second mem- 
her of the equation, taken also with a contrary sign 
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« 

Rbkabk. The preceding properties suppose that the equation 
has been reduced to the form s^-\-pxz=q', that is, 1st. That every 
term of the equation has been divided by the co-efficient of a*. 
2d. That all the terms involving x have been transposed and ar- 
ranged in the first member, and a^ made positive* 

144. There are four forms, under which the equation of the se- 
cond degree may be written. 

s^+px =• q (1) 

a^—px = q (2) 

x'+px=z^q (8) 

a^-~px=^q (4). 

In which we suppose p and q to bo positive. 
These equations being resolved, give, 



2 



(1) 



x=+^±\/ q+^ (2) 



2 



?+T (8) 



In order that the value of x, in these equations, may be found, 
either exactly or approximatively, it is necessary that the quantity 
under the radical sign be positive (Art. 126). 

1^ . . .. 

Now, — being necessarily positive, whatever may be the sign 

of p, it follows, that in the first and second forms all the values of 
X will be real. They will be determmed exactly, when the paan- 

tity 5' +-7- ^ ^ perfect square, and approximatively when it is 

not so. 
In the first form, the first value of «, that is, the one arising from 
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* 

Cakifig the plus value of the radical, is always positive ; for the 



radical \/ 5'+-t-» being numerically greater than — , the ex- 



pression — o"^ ▼ ^+"7" ^ necessarily of the same sign as 

that of the radical. For the same reason, the second value is es- 
sentially negative, since it must have the same sign as that with 
which the radical is affected : but each root, taken with its proper 
sign, will satisfy the equation. The positive value will, in general, 
alone satisfy the problem understood in its arithmetical sense ; the 
negative value, answering to a similar problem, differing from the 
first only in this ; that a certain quantity which is regarded aa ad* 
ditive in the one, is subtractive in the other, and the reverse. 

In the second form, the first value of x is also positive, and the 
second negative, the positive value being the greater. 

In the third and fourth forms, the values of x will be imaginary 
when 



fl'>-7-, and rtdl when Q<i—r* 
4 4 



And since v — ?+-r ^ ^^^ ^^^ T> ^^ follows that the 

4 ^ 

real values of x will both be negative in the third form, and both 

positive in the fourth. 

145. The same general consequences which have just been re- 
marked, would follow from the two properties of an equation of the 
second degree demonstrated in (Art. 143). The properties are : 

The algebraic sum of the roots is equal to the co-ejicient of the se^ 
amd term, taken with a contrary sign, and their product is equal to 
the second member, taken also mth a contrary sign. 

For, in the first two forms, q being positive in the second mem. 
ber, it follows that the product of the two roots is negative : hence, 
ihey have contrary signs. But in the third and fourth forms q being 
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\ 



negative in the second member, it follows that the product of the 
two roots will be positive : hence, they mU have like signs, viz. both 
negative in the third form, where p is positive, and both positive in 
the fourth form where p is negative. 

Moreover, since the sum of the roots is affected with a sign con- 
trary to that of the co -efficient p ; it follows, that, the negative root 
witl he the greatest in the first form, and the least in the second, 

146. We will now show that, when in the third and fourth forms, 
we have Q^~ry the conditions of the question will be incompa- 
tible with each other, and therefore, the values of x ought to be 
imaginary. 

Before showing this it will be necessary to establish a proposition 
on which it depends : viz. 

If a given number he decomposed into two parts and those parts 
multiplied together, the product wUl he the greatest possible wheti 
the parts are equtd. 

Let p be the number to be decomposed, and d the difference of 
the parts. Then 

p d 

-2-+-2'== the greater part (Art. 32). 

p d 
and ^= the less part. 

f d? 
and T^T^^' ^^^^ product (Art. 46). 

Now it is plain that P will increase as d diminishes, and that it 
will be the greatest possible when d=0 : that is, 

-yX— =— is the greatest product. 

147. Now, since in the equation 

0? — px=2-^q 
p is the sum of the roots, and q their product, it follows that q can 
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never be greater than -r-. The conditions of the equation therc- 

4 

fore fix a limit to the value of j, and if we make S'>-t-> we express 

by the equation a condition which cannot be fulfilled, and, this con- 
tradiction is made apparent by the values of x becoming imaginary. 
Hence we may conclude that, 

The value of the unknown quantity wUl always he imaginary when 
live conditions of the questioh are incompatible with each other. 

Reuabk. Since the roots of the equation, in the first and second 
forms, have contrary signs, the condition that their sum shall be 
equal to a given number jp, does not fix a limit to their product : 
hence, in those two forms the roots are never imaginary. 

148. We will conclude this discussion by the following remarks. 

1st. If in the third and fourth forms, we suppose S'=-t-» the ra- 
dical part of the two values of x becomes 0, and both of these 
values reduce to ^== — r- : the two roots are then said to he equal. 

In fact, by substituting ~ for q in the equation, it becomes 

f 
si^^px=z-^—y whence 



ar'+px+^^O, or (x+y) =0- 



In this case, the first member is the product of two equal factors. 
Hence we may also say, that the roots of the equation are equal, 
since in this case the two factors being placed equal to zero, give 
the same value for x, 

2d. If, in the general equation, aP+px=:q, we suppose g^=0, 

P P 
the two values of x reduce to a;=-— ^+-~-, or a:=0, and to 
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In fact, the equation is then of the form sr^+px=Of or x{x+p)^=Of 
which can be satisfied either by supposing a?=0, or a;+p=0, 
whence a;= —p : that is, one of the roots is 0, and the other the 
co-efEcient of x taken with a contrary sign. 

3d. If in the general equation a?-\'px=::qy we suppose p=0, 
there will result s^=-q, whence a:=db ^g^ ; that is, in this case ike 
two values of x are equal, and have contrary signs, real in the first 
and second forms, and imaginary in the third and fourth. 

The equation then belongs to the class of equations involving two 
terms, treated of in (Art. 139). 

4th. Suppose we have at the same time p=:0, ^=0 ; the equa- 
tion reduces \o a^=.Q, and gives two values of x, equal to 0. 

149. There remains a singular case to be examined, which is often 
met with in the resolution of problems of the second degree. 

To discuss it, take the equation 6Mc'+5a?=c. This equation 
gives 

-3db Vlf'+Aac 
2a 
Suppose now, that from a particular hypothesis made upon the 
given quantities of the question, we have a=0 ; the expression for 

X becomes 





a:== — - — , whence < 



X^ 9 

0' 



2b 



. ^=-^- 



The second value is presented under the form of infinity, and 

may be considered as an answer when the proposed questions will 

admit of answers in infinite numbers. 


As to the first — , we must endeavour to interpret it. 

By multiplying the numerator and denominator of the 2d mem. 
ber of the equation 

2^ by ^h^V^+iiH 



IM 

weobuin 






—2c 

or x= --=z=L by diTidiDg by 2a, 

— *— V^-H^ 

c 
or '^^"a" ^y making a=0. 

Hence we see that the apparent indetenninatioa arises from a 
common factor in the numerator and denominator. 

If we had at the same time a=sO, ^=0, c=:Oy the proposed 
equation would be altogether indetenninate. 

This is the only case of indetenninaUoa that the equation of the 
second degree presents. 

We are now going to apply the principles of this general discus- 
sion to a problem which will give rise to most of the circumstances 
which are commonly met with in problems of the second degree. 

PrMem of ike LiglUs. 



C" A C B a 

150. Find upon the line which joins two lights, A and B^ of difl 
ferent intensities, the point which is equally illuminated ; admitting 
the following principle of physics, viz. : The intensity of the same 
light at two different distances, is in the inverse ratio of the squares 
of these distances. 

Let the distance AB between the two lights be expressed by a ; 
the intensity of the light A, at the units distance, by h ; that of the 
light B, at the same distance, by c. Let C be the required point, 
and make AC=^Xy whence BC^a—x. 

From the principle of physics, the intensity of Af at the umUy 
of distance, being by its intensity at the distances 2, 3, 4, dec., is 

h b b 

Tf "iTf 7?> ^^•t hence at the distance x it will be expressed by 
4 9 JO 
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-j-^ In like manner, the intensity of B at the distance a— «, is 

c 

^ ; but, by the enunciation, these two intensities are equal 



to each other, therefore we have the equation 



• 



Whence, by developing and reducing, 

(3— c)ar*— 2aJ«= — 0*^, 
This equation gives 



ah . »,^/~^ ^ 



x^-. =fc 



or reducing, 

a(Jdb Vhc) 
^= 1 • 

This expression may be simplified by observing, 1st. that J=fc VSc 
can be put under the form y/h. ^&db ^^. ^c, or \/J( \/^± ^c) ; 
2d. that 5-c=(-/i)2~(-/c)2=(V^+Vc).(\/*-\/c.) There- 
fore, by first considering the superior sign of the above expressioD^ 
we have 

a ^J( \/i+ Vc) a y/h 

^^ ( -/*+ \/c).( ^/^- Vc) "^ -/6- Vc ' 
In like manner we obtain for the second value, 

a >/}>{ 'Jh— y/c) a y/h 

*~ ( ^b+ y/c).{ y/h— y/c) ~ V*+ y/C * 

Hence, we have 



Ist . . . 07= 



'x/d+ v^c ' I from which J ^b+ ^c ' 



a v^3 I we obtain 
4«ci • • • a?- 



I a— x= 



v^^- -v/C ' 



Vl 






1st. Suppose that i>c. 
14 
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The first vdbte of x, . is then positive and less than 

Of because , — 7— is a proper fraction ; thus this value gives 

for the required point, a point C, situated betvireen the points A and 

B. We see moreover, that the point is nearer to B than A ; for 

since J>c, we have ^b+ y/b pr 2y/b'^{^b+ ^c); whence 

y/b 1 ay/b a 

>— and consequently, —7- >ir- ^"^ ^^^^ ^^"^ 



V^+V'c^ 2 ^ •" y/b+y/c^ 2 

ought to be the case, since the intensity of A was supposed to be 

greater than that of B. 

The corresponding value of a— a:, , — 7- is also positive, 

and less than —^ as may easily be shown. 

ay/b 
The second value of a?, —r j-, is also positive, but greater 

y/h 
than a; because —7 ^>1. Hence this second value gives a 

second point C, situated upon the prolongation of AB^ and to the 
right of the two lights. We may in fact conceive that the two lights, 
exerting their influence in every direction, should have upon the 
prolongation of AB, another point equally illuminated ; but this 
point must be nearest that light whose intensity is the least. 

We can easily explain, why these two values are connected by 
the same equation. If, instead of taking AC for the unknown quan- 
tity a;, we had taken AC, there would have resulted BC'=x-^a ; 

b c ^ ^ 

and the equation -^=7 xji* Now, as {x—ay is identical with 

(a—xy, the new equation is the same as that already established, 
which consequently should have given ilC as well as ilC 

And since every equation is but the algebraic enunciation of a 
problem, it follows that, when the same equation enunciates several 
problems f it ought by its different roots to solve them alL 
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When the unknown quantity x represents the line AC^ the 

— a^c 
second value of a— a?, — -r —, is negative, as it should be, since 

we have a?>a; but by changing the signs in the equation 

— a y/c ay/c 

a—x-- — 77 it becomes a?— a= — 77 — ; and this value of 

X— a represents the positive value of BC\ 

2d. Let *<c. 

a^/b 
The first value of a?, , — -- is always positive, but less than 

a 

^Ti since we have 
2 

( Vh+ Vc)>{ V^+ y/b) or than 2 ^b. 

The corresponding value of a— x, or — jr-: — 7~ ^ positive, and 

a 
greater than — . ^ 

Therefore in this hypothesis, the point C, situated between A 

and jB, must be nearer A than B* 

a ^/b — a ^b * 

The second value of a?, — -z or — ; rr^ is essentially ne- 

-^ V^— v^C y/C— y/b ^ 

gative. To interpret it, let us take for the unknown quantity the 
distance AC'\ and let us represent this distance by a;, and at the 
same time consider, as we have a right to do, x as essentially ne** 
gative. Then fhe general expression for BC" being a—x^ if 
we regard x as essentially negative, the true numerical value of 
a—x is expressed by a+a;. Hence as before, the equation or 
algebraic expression will be 

be be 

^"^^(^i)^ ^' "^^ (a+x)* 
in the first of which equations x is essentially negative. 

This equation ought to give a negative value for x, and a posi- 
tive value for BC"=a+x, Indeed, since the intensity of the light 
B IS greater than that of A, the second required point ought to be 
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nearer A than B. The algebraic value for BC", which is 

— a Vc a vc 
a— «, or — r or — is positive. 

3d. Let 5=c. 

a 
The first two values of x and a— a; reduce to — , which gives 

the middle of AB for the first required point. This result agrees 
with the hypothesis. 

The two other values reduce to — -- — , or infinity ; that is, the 

second required point is situated at a distance from the two points 
A and By greater than any assignable quantity. This result 
agrees perfectly with the present hypothesis, because, by supposing 
the difference h—c to be extremely small, without being absolutely 
nothing, the second point must be at a very great distance from the 

lights ; this is indicated by the expression — r ^, the denomi- 
nator of which is extremely small with respect to the numerator. 
And if we finally suppose 3=c, or v/5— v/c=0, the required point 
cannot exist for a finite distance, or is situated at an infinite distance. 

We will observe, that in the case of J=c, if we should consider 
the values before they were simplified, viz. 

a(h+ ^hc) a{b— y/hc) 

x= z m and x=z ; , 

a^/b 

the first, which corresponds to a:r= — — — , would become 

v^ — v^ 

%ab ay/b 

-jr-, and the second, which corresponds to — -z-, — ti would be- 

come — . But — would be obtained in consequence of the exist- 
ence of a common factor, v^^— v^c, between the two terms of the 
▼alue of X (see Arti 113). 
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Let 5=:Cy and a=:0. 

The first system of values for x and a—x, reduces to 0, and the 


second to ----• This last symbol is that of indetermination ; foTp 

tesuming the equation of the problem, (3—- c)ic^— 2a&D=— a*5, it 
reduces, in the present hypothesis to O.a;*— 0.ap=0, which maybe 
satisfied by giving x any value whatever. In fact, since the two 
lights have the same intensity, and are placed at the same poinly 
they ought to illuminate equally each point of the line A B. 

The solution 0, given by the first system, is one of those solutions 
in infittiie numbersj of which we have spoken. 

Finally J suppose a=0, and h and c, unequal 
Each of the two systems reduces to 0, which proves that there is 
but one point in this case equally illuminated, and (hat is the point 
in which the two lights are placed. 

In this case, the equation reduces to (3— c)a:'=0, and gives the 
two equal values, a;=0, a;=0. 

The preceding discussion presents another example of the pre- 
cision with which algebra responds to all the circumstances of the 
enunciation of a problem. 

Of Equations of t/ie Second Degree, involving two or more 

unknown quantities. 

151. A complete theory of this subject cannot be given here, be- 
cause the resolution of two equations of the second degree involv- 
ing two unknown quantities, in general depends upon the solution of 
an equation of the fourth degree involving one unknown quantity f 
but we will propose some questions, which depend only upon the 
solution of an equation of the second degree involving one unknown 
quantity. 

• 1. Find two numbers such that the sum of their products by the 
respective numbers a and 5, may be equal to 2^, and that their 

product may be equal to p. 

14* 



lot 

Let jp and jf be the required numbers, we have the eqaa^oosy 

Prom the fimt y= — r — ; whence, by substituting m the se- 
eondy and reducing, 

Therefore, 

' 1 J 

• x= — =t — V t^—abpt 
41 a 

and consequently. 



s 1 ,-- 



This problem is susceptible of two direct solutions, because s is 

evidently > V^—abp^ but in order that they may be real, it is 
necessary that «•> or =^ahp. 

Let a=5=l ; the values of x, and y^ reduce to 

a:=*± V?— p and y=«qp Vs^—p 
Whence we see, that the two values of a: are equal to those of y^ 
taken in an inverse order ; which shows, that if «+ Vs^^p repre- 
sents the value of a?, *— Vs'—p will represent the corresponding 
value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in this par- 

ttcular case the equations reduce to < and then the 

i ay=p ; 

question is reduced to, finding two numbers of which the sum is 2sy 

and their product p, or in other words, to divide a number 2^, into 

fvo such partSf that their product may be equal to a given number p, 

2. Find four numbers in proportion, knowing the sum 2s of their 
extremes, the sum 2^ of the means, and the sum 4c' of their squares. 

Let «, ff, y, s, denote the four terms of the proportion ; the equa- 
tions of the problem will be 
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u+z=2s 
uz=xy 

At first sight, it may appear difficult to find the values of the un- 
kn6wn quantities, but with the aid of an unknown auxiliary they are 
easily, determined. 

Let p be the unknown product of the extremes or means, we 
have 

1st. The equations 

which give \ , 

2d. The equations 

a;+y=2s', .... C x=s' -^ V ^'-p, 
which eive \ , 

^=JP» ( y=^^ Vy^-jp. 

Hence, we see that the determination of the four unknown quan- 
tities depends only upon that of the product p. 

Now, by substituting these values of u, x, 3/, z* in the last of the 
equations of the problem, it becomes 

or, developing and reducing, 

4^4-4*'^— 4p= 4c ; hence jp=5*+5'^— c*. 

Substituting this value for p, in the expressions for u, x, y, 2, we 
find 

These four numbers evidently form a proportion ; for wo hare 

xyr={^+ V^^^) C*'- Vc2-««'^=y«-c"+«". 

15* 
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This problem shows how much the introduction of an unknown 
auxiliary facilitates the determination of the principal unknown quan- 
tities. There are other problems of the same kind, which lead to 
equations of a degree superior to the second, and yet they may be 
resolved by the aid of equations of the first and second degrees, by 
introducing unknozon auxiliaries, 

152. We will now consider the case in which a problem leads to 
two equations of the second degree, involving two unknown quan- 
tities. 

An equation involving two unkno>vn quantities is said to be of the 
second degree^ when the greatest sum of the exponents of the Udo 
unknown quantities in any term^ is equal to 2. Thus, 

ar*— 4a;+y"— a^— 5y+6=0, 7xy—4x+y=0, 

are equations of the second degree. 

Hence, every general equation of the second degree, involving 
two unknown quantities, is of the form 

ay'+hxy+car^+dy+fx+g^^Of 

a, b, Cf , . , representing known quantities, either numerical or al- 
gebraic. 

Take the two equations 

af+bxy+cx'+dy+fx+g=zO, 

ay-i-b'xy+c'x»+d'y+fx+g'=:0. 

Arranging them with reference to x, they become 

c!x^+{by+f)x+af+dy+gr=0, 
c'x'+{yy+f)x+ay+d'y+g'=:0. 

Now, if the co-efficients of ic* in the two equations were the same, 
we could, by subtracting one equation from the other, obtain an 
equation of the first degree in x, which could be substituted for one 
of the proposed equations ; from this equation, the value of x could 
be found in terms of y, and by substituting this value in one of the 
proposed equations, we would obtain an equation involving only the 
unknown quantity y. 



EQUATIONS OF THE SECOND DEGREE. 165 

By multiplying the first equation by c', and the second by c, they 
become 

ccfit'+{by+fyx+{af+dy-\-gy=0, 
cc'3^+{b'y+f)cx+(ay+d'y+g')c -^0, 

and these equations, in which the co-efficients of a^ are the same, 
may take the place of the preceding. 
Subtracting one from the other, we have 

[(ic'-cJ>+/c'--c/']a:+(ac'-cay+(dc'--ce?')y+gc'-(^'==0, 

which gives 

' {ca'-^ac')f+{cd'-dc')y+cg'-^gc' 

This expression for a?, substituted in one of the proposed equa- 
tions, will give a final equation, involving y. 

But without effecting this substitution, which would lead to a very 
complicated result, it is easy to perceive that the equation involving 
jf will be of the fourth degree ; for the numerator of the expres- 
sion for X being of the form my^-\-ny'\-'p, its square, or the expres- 
sion for x^, is of the fourth degree. Now this square forms one of 
the parts of the result of the substitution. 

Therefore, in general, the resolution of two equations of the se- 
cond degree, involving two unknown quantities, depends upon that of 
an equation of the fourth degree, involving one unknoum quantity, 

153. There is a class of equations of the fourth degree, that can 
be resolved in the same way as equations of the second degree ; 
these are equations of the form !Xi^+pa!'-\-q=0. They are called 
trinomial equations, because they contain but three kinds of terms ; 
viz. terms involving ar*, those involving ar*, and terms entirely known. 

In order to resolve the equation x^'\-px''\-q=0, suppose a^=y> 
we have 

p / pr^ 

I f+Py+q^'O, whence y=— ydzV —3'+-^ 

I But the equation (c'=y, gives a:=± y/y. 
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,^±\/-l±\/ -j+^1. 



Hence, „ _ ^ ^ ,r , . - 

We perceive that the unknown quantity has four values, since 
each of the signs -f and — , which affect the first radical, can be 
combined successively with each of the signs which affect the se- 
cond ; htU iliese values taken two and ttoo are equals and have contra- 
ry signs. 

Take for example the equation a?*— 25x'= — 144 ; 

by supposing a^=y, it becomes y"— 25y= — 144; 

whence y=16, y=9. 

Substituting these values in the equation s^=y there will result 

1st. ic^=16, whence a;=d=4; 2d. ar'=9, whence a?=±3. 

Therefore the four values are +4, —-4, +3 and —3. 

Again, take the equation a;*— 7r'=8. Supposing 3i^=yf the 
equation becomes y'—7y=S; whence y=8, y= — 1. 

Therefore, 1st. x'rrrS, whence a:=dz2v/2; 2d. a;*=— 1; 
whence a;=d= y/—l ; the two last values of x are imaginary. 
Let there be the algebraic equation a;*— (25c+4a*)x'= — ^c*; 
taking a:^=y, the equation becomes ^— (25c+4a^)y =— ^c*; 

from which we deduce y= he + 2a'±2a Vbc + a*. 

And consequently x=dt\^bc -f 2a'db2a Vbc + c?. 

154. Every equation of the form y""+py"+5'=0, in which the 
exponent of the unknown quantity in one term is double that of the 
other, may be solved by the rules for equations of the second degree. 

For, put ^"=0:, then 3^''=a:', and tf^-\-py''-\-q=s^+'px+q=^. 

Hence x = — r^ v — ?+-r» 



Or 



And 
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Extraction of the Square Root of Binomials of the form 

a ±iVb7 

155. The resolution of trinomial equations of the fourth degree, . 
gives rise to a new species of algebraic operation : viz. the extrac- 
tion of the square root of a quantity of the form azh Why a and h 
being numerical or algebraic quantities. 

By squaring the expression 3ifc VsT we have 

(3d= VT)^=9=fc6 'v/y+5=14±6 W\ 

hence, reciprocally \/ 14dz6 '>/^=3d= V 5. 
In like manner, ( x/7± ^/ll)^=7±2 v^7x n/II + H 

= 18zh2v/77. 

Hence reciprocally V 18db2 Vllz=z ^Izh v/11. 

Whence we see that an expression of the form Vadb y/b, may 
sometimes be reduced to the form a'db v'y or i/a*:t: ^/h' ; and 
when this transformation is possible, it is advantageous to effect it, 
since in this case we have only to extract two simple square roots 

whereas the expression Va± ^/h requires the extraction of the 
square root of the square root. 

156. If we let p and g denote two indeterminate quantities, we 
can always attribute to them such values as to satisfy the equations 

Va-f ^6= jp4.^ (1). 

Va— v^=|7— ^ (2). 

These equations, being multiplied together, give 

Vc^bz=zf-f (8). 

Now, if |J and q are irrational monomials involving only single ra- 
dicals of the second degree, or if one is rational and the other irration- 
al, it follows that jf and ^ will be rational ; in which case, jf^ff 

or its value, V^—i, is necessarily a rational quantity, or a*— 5 is 
a perfect square. 



168 ALOEB&A. 

When this is the case, the tr^sformation can always be effected. 

For, take c?—h^ a perfect square, and suppose Vo*— ft=c; the 
equation (3) becomes 

Moreover, the equations (1) and (2) being squared, give 

whence, by adding member to member, 

f+(f=o, (4); . 

but f—(f=zc (5). 

Hence, by adding these last equations, and subtracting the se^ 
cond from the first, we obtain 

2g^=a— c ; 
and consequently, < 

Therefore, 

I A /o.-\'C ^ /a — c 

V a+ Vb, or p+j=±V -2-±V -g-, 

/ r ■ *. /i+c *. /a—c 

Va-^b, or p-5=zhV -g-qpV -g-; 

or Va+ ^J=±(vf±i+\/^) (6^, 

./^W.=db(V^- V^) .... (7). 

These two fo^rmulas can be verified ; for by squaring both mem- 
beis of the first, it becomes 

but the relation Va^—h^c^ gives i^=zc?—h. 
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Hence, a+ y/h-=a-\- Vo^-— a^-j-?=a+ y/h. 

The second formula can be verified in the same manner. 

157. Remark. As the accuracy of the formulas (6) and (7) is 

proved, whatever may be the quantity c, or Vc^—hy it follows, 
that when this quantity is not a perfect square, we may still replace 

the expressions Va+ ^Jb and Va— \/^, by the second members 
of the equalities (6) and (7) ; but then we would not simplify the 
expression, since the quantities p and q would be of the same form 
as the proposed expression. 

We would not, therefore, in general, use this transformation, 
unless €?—}) is a perfect square. 

EXAMPLES 

158. Take the numerical expression 944*42 \/5, which reduces 

to 94+ V8820. We have 

a=94, 3=8820, 

whence c= Va^— *= V8836— 8820=4, 

a rational quantity ; therefore the formula (6) is applicable to this 
case. 
It becomes 

V94T42V5^±(V^+V^), 

or, reducing, =^( V^+ V45) ; 

therefore, V94+42v'5= ± (7 + 3 ^5). 

In fact, (7+3 ^5)*= 49 +45 +42 v'5=94+42 y/h. 

Again, take the expression 



V, 



np+2m*— 2m Vnp+m*; 

we have a=np+2TO^ 3=4m*(np+OT*), 

a*— 3=»ty, 

c or Vc^—h^njp ; 
15 



^ 



170 ALGEBRA. 

therefore the fonnula (7) is applicable. It ^ves for the required 
root 

or, reducing, ±( V np+m^—m). 

In fact, ( Vnp+m*—m)^=np+2»i'— 2m Vnp+m'. 
For another example, take the expression 

V 16+30 V^^T+V 16-30 V^, 
and reduce it to its simplest terms. By applying the preceding 
formulas, we find 



\/l6+30 V-l=5+3 V^^ V16-30-/— 1=5-3 V^ 

Hence, V 16+30 V^+ \/l6-30 V^=l(k 

This last example shows, better than any of the others, the utili- 
ty of the general problem ; because it proves that imaginary ex- 
pressions combined together, may produce real, and even raUonal 
resfdts. 



V 28+10 VT=5+ VT; V 1+4 V -3 =2+ V^ 

\/ bc+2b V bc-ir' +\/ hc-2b V bc^¥'=±2h; 

\/ aJ4 4c*-(?+2 V4abc'-^ab(P= Vab+ V^c'^cP. 

Examples of Equations of the Second Degree, which either 
involve Radicals^ or two unknown quantities. 

2fl? 

1. Given x+ V c^+x' = — ; to find .t. 

X V'a^+ar»+a'+.T"=2a« 

X V(^+^^a*— ^ by transposing. 
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beDco 



or 



2. Given 



hence 



aV+aj*=a^-2aV+x*, by squaring. 
3aV=o*. 

V ^+^- V J-3»=3 to find X. 

^+^= V -5 — ^+^ by transposing. 






v^ 



^+^, 



3»==23VJI^ 



or 



hence 



hence 



3. Given 



vC. 



4. Given 



and 



3=2 V^^ 



i»= 



ar»= 



4a* 



•«4^, 



5A« ' 



a?=db. 



2a 



5VT 
"Z — I ="7" to find X, 

X X o 



Ans. a?=zfc V2ab'"'?i^ 



'^ :=48 ^ 



Vis 



>- to find X and y. 



Va? 



==24 



Dividing the first equation by the second, we have 



178 



ALGEBRA. 



Va: 




= Vy=2, ory=4. 



X 

V 



Whence from the aecond equation 
hence 



4a; 



V~x=ze and a?=36. 



=4 VT~24, 



6. Given \/^+2v/^=J«V^ to 



-4iw. a?= 



find w. 
a 



6. Given x + Vxy+y = 19 ) 

and a«+ xy+j^=.ldz\ to find « and y. 

Dividing the-Aecond equation by the first, we have 

a?— \^xy+y= 7 
«+ V^+y=19 



(*Tlf' 



but 

hence 
or 

and 



ar +2^=26 by addition, 
a?+ y=13 

vi^+13=19 by substituting in the 1st cq. 
or .... Vs^=: 6 
and .... 2y=rd6 
From 2d equation, a^+xy+j^=zlSd 
and from the last 2xy =108 

Subtracting . . a^~2a^+^= 25 

Hence a?— y=zfc 5 

But «+y= 13 

Hence . . a?=9 or 4; and y=4 or 9. 

7. Given . =^^, to find ar. 



;+ V a«-^ar« 



Ahs* x=db 



2aVb 
T+T' 
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8. Given — — 7== to find a?. 

Va? — Va?— a «— « 

Ans. »=tJ=")'. 
l±2n 

9. Given -~^zzi-+ =V-T- to find aj. 

Ans. x=:db2Vab^l^. 
10- Given j '^^/^^\^^ j to find « and y. 

^ ( x=2 or 1 

' y=l or 2. 

"• <5'^^« i («3_3^x,_yj^576. I to find « and y. 

. ( a?=ll or 5 

Ans. \ 

{ y=zb or 11. 

12. Given -— =i^, to find j?. 

V2^-^ 

13. Given j ^^^ 6 j to find a? and 3^ 

( a?=3 or 2 or — 8± V^ 
( y=2 or 3 or — 8;p VT. 

14. Given the sum of two numbers equal to a, and the sum of 
their cubes equal to c, to find the numbers 

By the conditions ) , "" 

( ar+^=c. 

Putting ar=5+2, and y^s—z, we have a=2«9 
and ... . j ^=^+3^^+3^^+^ 

Hence, by addition, ar^+j^^— 2*^ +652*=c 

16* t 
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Whence «*= — and % 



0^21^ =±\/?~^ 



6« 6« 



Or by putting for s its value, 



a=» 



2V\3a/2Vl2a* 



c — 



and 



'=T^\/(-^r-)=y=F 



4 \ a /4c— a* 




12a 



QUESTIONS. 

1. There are two numbers whose difference is 15, and half their 
product is equal to the cube of the lesser number. What are those 
nuihbers? Ans. 3 and 18. 

2. What two numbers are those whose sum, multiplied by the 
greater, is equal to 77 ; and whose difference, multiplied by the 
lesser, is equal to 12 ? 

Ans. 4 and 7, or f y/2 and y ^2. 

3. To divide 100 into two such parts, that the sum of their square 
roots may be 14. Ans. 64 and 36. 

4. It is required to divide the number 24 into two such parts, that 
their product may be equal to 35 times their difference. 

Ans. 10 and 14. 

5. The sum of two numbers is 8, and the sum of their cubes is 
152. What are the numbers ? Ans. 3 and 5. 

6. The sum of two numbers is 7, and the sum of their 4th powers 
18 641. What are the numbers ? Ans. 2 and 5. 

7. The sum of t\iro numbers is 6, and the sum of their 5th pow. 
ers is 1056. What are the numbers? Ans. 2 and 4. 

8. Two merchants each sold the same kind of stuff; the second 
sold 3 yards more of it than the first, and together, they receive 35 



/ 
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crowns. The first said to the second, I would have received 24 

crowns for your stuff; the other replied, and I would have received 

12^ crowns for yours. How many yards did each of them sell ? 

( 1st merchant a;=15 a?=5 

Ans, 



£ 1st mercnant xs=id a?=o > 

r. < , or . > 

( 2d . . . v=18 v=8. y 



y=18 y: 

9. A widow possessed 13,000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner, that the 
incomes from them were equal. If she had put out the first por- 
tion at the same rate as the second, she would have drawn for this 
part 360 dollars interest ; and if she had placed the second out at 
the same rate as the i^t, she would have drawn for it 490 dollars 
interest. What were the two rates of interest ? 

Ans, 7 and 6 per cent. 



CHAPTER IV. 

Of Proportions and Progressions, 

159. Two quantities of the same kind may he compared together 
in two ways : — 

1st. By considering how much one is greater or less than the 
other, which is shown by their difference ; and 

2ndiy. By considering how many times one is greater or less than 
the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with respect 
to their difference, we find that 12 exceeds 3 by 9; and in com- 
paring them together with respect to their quotient, we find that 
12 contains 3 four times, or that 12 is 4 times as great as 3. 

The first of these methods of comparison is called Arithmetical 
Proportion, and the second, Geometrical Proportion. Hence, 
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Arithmetical Proportion considers the relation of quantities with 
respect to their difference^ and Geometrical Proportion the relation of 
quantities with respect to their quotient. 



Of Arithmetical PropoiHon and Progression, 

160. If we have four numbers, 2, 4, 8, and 10, of wbich the 
difierence between the first and second is equal to the difference 
between the third and fourth, these numbers are said to be in 
arithmetical proportion. The first term 2 is called an antecedent^ 
and the second term 4, with which it is compared, a consequent. 
The number 8 is also called an antecedent, and the number 10, 
with which it is compared, a consequent. 

161. When the difference between the first antecedent and con- 
sequent is the same as between any two adjacent terms of the 
proportion, the proportion is called an arithmetical progression. 
Hence, a progression hy differences^ or an arithmetical progression^ 
is a series in which the successive terms ccHitinually increase or 
decrease by a constant quantity, which is called the common differ^ 
ence of the progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 

the first is called an increasing progression, of which the common 
difierence is 3, and the second a decreasing progression ^ of which 
the common difierence is 4. 

In general, let o, h c, d,e,f,,., designate the terms of a pro- 
gression by difierences ; it has been agreed to write them thus : 

a,b,c.d.e,f,g»h,i.k . . • 
TliiSiSeries is read, a is to &, as 5 is to c, as c is to J, a^ d is to 
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0, <&c. This is a series of continued equi-differences, in which 
each term is at the same time a consequent and antecedent, with 
the exception of the first term, which is only an antecedent^ and the 
last, which is only a consequent. 

162. Let r represent the common difference of the progression 

a,b,c.d,e,f,g,h, &c, x 

which we will consider increasing. 
From the definition of the progression, it evidently follows that 

b=a'\-r, c=b+r=za-\-2r, (?=c+r=a+3r; 

and in general, any term of the series, is equal to the first term 
plus as many times the common difference as there are preceding 
tentis. 

Thus, let 2 be any term, and n the number which marks the 
place of It, the expression for this general term, is 

l=za+{n—\)r. 

That is, the last term is equal to the first term, plus the product 
of the common difference by the number of terms less one. 

If we make n=l, we have l=a; that is, the series will have 
but one term. 

If we make n=2, we have l=a+r ; that is, the series will 
have two terms, and the second term is equal to the first plus the 
common difference. 

^ EXAMPLES. 

1. If (z=3 and r=:2, what is the 3rd term? Ans, 7. 

2. If a=5 and r=4, what is the 6th term? Ans. 25. 

3. If o=7 and r=5, what is the 9th term? Ans, 47. 

The formula l=a+(n^l)r, serves to find any term whatever, 
without our being obliged to determine all those which precede it. 
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Thus, by making n=:50, we find the 50th tenn of the progression, 
1 . 4 . 7 . 10 . 13 . 16 . 19 ... . . in which Z=l+49x3=148. 
The 60lh term of the progression, 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . . . gives Z=l+59x4=237 

163. If the progression ^were a decreasing one, we should have 

/=a— (n— l)r. 

That is, in a decreasing arithmetical progression^ the last term is 
equal to the first term minus the product of the common difference hy 
tlie number of terms less one, 

EXAMPLES. 

1. The first term of a decreasing progression is 60, the number 
of terms 20, and the common difierence 3 : what is the last term? 

Z=a-(»-l)r gives Z=60— (20-1)3=60-57=3. 

2. The first term is 90, the common difierence 4, and the num- 
ber of terms 15 : what is the last term? Ans, 34. 

3. The first term is 100, the number of terms 40, and the com- 
mon difierence 2 : what is the last term ? Ans, 22. 

164. A progression by differences being given, it is proposed to 
prove that, the sum of any tvoo terms, taken at equal distances from 
the two extremes, is equal to the sum oft/ie two extremes. 

Let a , b . c . d . e .f . . . . i , k . I be the proposed progres- 
sion, and n the number of terms. 

We will first observe that, if a: denotes a term which hasp terms 
before it, and y a term which has p terms after it, we have, from 
what has been said, x=a+pXr, 

and y^zl-'pxr; 

whence, by addition, a:+y=a+/, 

which demonstrates the proposition. 
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This being proved, write the progression below itself, but in 
an inverse order, viz., 

a,h,c\d,e,f, . . . i ,h ,\. 
I , k , i c . b , a» 

ft 

Calling S the sum of the terms of the first progression, 2S will 
4)6 the sum of the terms in both progressions, and we shall have 

2S=:(a+l)+{b+k)+{c+i) . . . +(i+c)+(k+b)+{l+a). 

Now, since all the parts o+Z, b+k, c+i .... are equal to 
each other, and their number equal to n, 

2S=:(a+l)n, or S=(^^y. 

That is, fhe sum of the terms of an arithmetical progression is 
equal to half the sum of the two extremes multiplied by the number 
of terms, 

1. The extremes are 2 and 16, and the number of terms 8: 
what is the sum of the series ? 

„ /a+l\ ^ 2+16 - ^^ 
S=(--^jXn, gives S=z— x8=72. 

2. The extremes are 3 and 27, and the number of terms 12 : 
what is the sum of the series ? Ans. 180. 

^3. The extremes are 4 and 20, and the number of terms 10: 
what is the sum of the series ? Ans, 120. 

165. The formulas 

^=a+(n_.l)r and fif=(^^xn 

contain five quantities, a, r, n, I, and S, and consequently give rise 
to the following general problem, viz. : Any three of these five 
quantities being given, to determine the other two. 
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We already know the value of S in terms of a, n, and r. 
From the formula Z=a+(n— l)r, we find 

a=Z— (n— l)r. 

That is, the first term of an increasing arithmetical progression is 
equal to the last term, minus the product of the common difference by 
the number of terms less one. 

From the same formula, we also find 

/-a 
n— 1 

That is, in any arithmetical progression, the common difference is 
equal to the difference between the two extremes divided by the nt/m- 
ber of terms less one. 

1. The last term is 16, the first term 4, and the number of terms 
5 : what is the common difference ? The formula 

l—a 16-4 ^ 

r= gives r= — - — = 3. 

n— 1 ^ 4 

2. The last term is 22, the first term 4, and the number of terms 
10 : what is the common difference ? Ans, 2. 

166. The last principle affords a solution to the following 
question : 

To find a number m of arithmetical means between two given 
numbers a and b. 

To resolve this question, it is first necessary to find the common 
difference. Now we may regard a as the first term of an arith- 
metical progression, b as the last term, and the required means as 
intermediate terms. The number of terms of this progression will 
be expressed by m+2. 

Now^ by substitutine: in the above formula, b for Z, and m+2 
for n, it becomes 
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b — a ft— O 

f.=: — -— -., or f= 



m+2— 1 m+l ' 

that is, the common difference of the required progression is obtained 
by dividing the difference between the given numbers a and ft, hj 
one more than the required number of means. 

Having obtained the common difference, form the second term 
of the progression, or the first arithmetical mean, by adding r, or 

— r-Ti to the first term a. The second mean is obtained by aug- 

menting the first by r, <&c. 

1. Find 3 arithmetical means between the extremes 2 and 18. 
The formula 

ft-a 18-2 , 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find 12 arithmetical means between 12 and 77. The 

formula 

h^a 77—12 ^ 

^=^i+T ^^^^ ^=-13-=^- 

Hence the progression is 

12 . 17 . 22 . 27 •i'2 . 77. 

167. Remark. If the same number of arithmetical means are 
inserted between all of the terms, taken two and two, these termSi 
and the arithmetical means united, will form but one and the same 
progression. 

For, let a . ft . c . J . e ./ . . . . be the proposed progression, 
and m the number of means to be inserted between a and ft, ft and c, 
c and (2 • • . . 

16 
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From what has just been said, the common difference of each 
partial progression will be expressed by 

b-^a c — h d — e 



which are equal to each other, since a^ b, e , . , are in progres* 
sion : therefore, the common difference is the same in each of the 
partial progressions ; and since the Ic^t term of the first, forms the 
first term of the second, <&c, we may conclude that all of these 
partial progressions form a single progression. 



EXAMPLES. 

1. Find the sum of the first fifty terms of the progressioD 
2 . 9 . 16 . 23 . . . 

For the 60th term we have Z=2 + 49 X 7=345. 

50 
, Hence, iS=(2+345) x— =347X25=8675. 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1.3.5.7.9... 

Ans. 10000. 

4. The greatest term is 70, the common difference 3, and the 
number of terms 21 : what is the least term and the sum of the 
series ? Ans. Least term 10 ; sum of series 840. 

5. The first term of a decreasing arithmetical progression is 10, 

the common difierence — , and the number of terms 21 : required 

the sum of the series. Ans. 140. 

6. In a progression by differences, having given the common 
difference 6^ the last term 1 85, and the sum of the terms 2945 : 
find the first term, and the number of terms. 

Ans. First term =5 ; number of terms 31. 
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7. Find 9 arithmetical means between each antecedent and 
consequent of the progression 2. 5. 8. II. 14... 

Alls, Ratio, or r=0,3. 

8. Find the number of men contained in a triangular battalioHi 
the first rank containing 1 man, the second 2, the third 3, and so 
on to the n"^, which contains n. In other words, find the expres- 
sion for the «um of the natural numbers 1, 2, 3 . . ., from I to n^ 

inclusively. Ans, <S=-^~^ — -. 

9. Find the sum of the n first terms of the progression of uneven 
numbers 1, 3, 5, 7, 9 . . . Ans. S=n^, 

10. One hundred stones being placed on the ground, in a straight 
line, at the distance of 2 yards from each other, how far will a 
person travel, who shall bring them one by one to a basket, placed 
at 2 yards from the first stone ? Ans. 1 1 miles, 840 yards. 



Geometrical Proportion and Progression. 

168. Ratio is the quotient arising from dividing one quantity by 
imother quantity of the same kind. Thus, if A and B represent 
quantities of the same kind, the ratio of A to B is expressed by 

B 

A' 

169. If there be four magnitudes, A^ B, C, and JD, having sucli 
values that , 

B__D^ 

A'^C t 

then A is said to have the same ratio to B, that C has to D ; or, 
the ratio of A to jB is equal to the ratio of C to D. When four 
quantities have this relation to each other, they are said to be iw 
proportion. Hence, proportion is an equality of ratios. 
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To express that the ratio o{ A to B is equal to the ratio of C 
to D^ we write the quantities thus, 

A '. B :: C : D. 

and read, A is to ^, as C to D. 

The quantities which are compared together are called the terms 
of the proportion. The first and last terms are called the tmex* 
trenieSf and the second and third terms the tvoo means, 

170. Of four proportional quantities, the first and third are called 
die anteeedentSt and the second and fourth the conseqaents ; and the 
last is said to be a fourth proportional to the other three taken in 
order. 

171. Three quantities are in proportion when the first has the 
same ratio to the second that the second has to the third ; and then 
the middle term is said to be a mean proportional between the other 
two. 

172. Quantities are said to be in proportion hy inversum^ or m- 
versehff when the consequents are made the antecedents and the 
antecedents the consequents. 

173. Quantities are said to be in proportion by aUerruUwn, or 
dUemateljf, when antecedent is compared with antecedent and 
consequent with consequent. 

174. Quantities are said to be in proportion by composition^ 
when the sum of the antecedent and consequent is compared either 
with antecedent or consequent. 

175. Quantities are said to be in proportion by dioisioHf when 
the difference of the antecedent and consequent is compared either 
with antecedent or consequent. 

176. Equi-multiples of two or more quantities are the products 
which arise from multiplying the quantities by the same number^ 



♦ 
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Thus, mxA and 971 x^ are equi-multiples of A and B, the com- 
mon multiplier being m. 

177. Two quantities, A and 5, are said to be reciprocally pro-' 
portional, or inversely proportionalf when one increases in the same 
ratio as the other diminishes. When this relation exists, either 
of them is equal to a constant quantity divided by the other. 

178. If we have the proportion 

A : B :: C : D, 

B I) 
we have — =— , (Art. 169) ; 

and by clearing the equation of fractions, wo have ^ 

50= AD; 

chat is, of four proportional quantities^ the product of the two ex* 
tremes is equal to the product of the two means, 

179. If four quantities, A, B, C, and D, are so related to each 
other that 

AxD^BxC, 

we shall also have -—=-—. 

A O 

and hence, A : B : : C : D; 

that is, if the product of two quantities is equal to the product of two 
other quantities, two of them may he made the extremes^ and the other 
two the means of a proportion, 

180. If we have three proportional quantities 

A I B i. B : C, 

16* 



186 ALOBBEA* 

. B C 

we have T'^lB' 

henc6| B^zzzAC; 

that is, th$ square of the middle term is equal to the product of the 
two extremes, 

1 81. If we have 

B D 
A : B : C : D and consequently, T^'T^f 

A (/ 

Q 

multiply both numbers of the last equation by -=-, we obtain 

C_D 
'A^'B' 

and hence, A i C : : B : D; 

that is, if four quantities are proportional, they wiU be in proportum 
hy akemation, 

182. If we have 

A : B :: C I D and A : B : : E : F, 

we shaU also hare 

B D ^ B F 

D F 
hence, Tr="rr and C : D : : E : F, 

' C E 

That is, ff there are two sets of proportions having an antecedent 
and consequent in the one equal to an antecedent and consequent of 
the other, the remaining terms will be proportional. 

183. If we have 

B D 
A X B : I C : D and consequently --r^T^' 
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we have, by dividing 1 by each member of the equation, 

A C 

-=■=-=7, and consequently B : A : : D : C. 
JS JJ 

That is, Four proportional quantities wiU be in proportion^ when taken 
inversely (Art. 172). 

184. The proportion 

A : B :: C : D gives AxD=:BxC. 

To each member of the last equation add BxD. We shall then 

have 

(A+B)xD=z(C+D)xB; 

and by separating the factors, we obtain 

A+B : B :: C+D : D. 

If, instead of adding, we subtract BxD from both members, w« 

have 

(A^B)xD=:{C^D)xB; 

which gives A-'B : B : : C—D : D, 

That is, If four quantities are proportional, they wiU he in proper' 
tion by composition or 'division. 

185. If we have 

£-£ 

and multiply the numerator and denominator of the first member 
by any number m, we obtain 

mB D 



=•77 and mA : mB : : C : D; 



mA, C 

that is. Equal muUtples of two quantities have the same ratio as the 
quantities themselves. 



E : F, 


»> 


91 


AxF=:BxE, 


G: H, 


19 


» 


AxH=BxG, 
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186. The proportions 

A : B :: C : D and A : 5 : : £ : F, 
give AxD=BxC and ^X-F=-Bx-E; 

adding and subtracting these equations, we obtain 

A{D±F)=B{CdtE), or A : B : CdtE : D±F. 

That is, 7/* C and D, Me antecedent and consequent be augmented or 
diminished by quantities £ and F, which have the same ratio as C 
to D, /Ae resulting quantities tdU also have the same ratio, 

187. If we have several proportions 

A : B : : C : D, which gives AxDz=:BxC, 
A : B 
A : B 
&c, &c, 

we shall have by addition 

A{D+F+H)=B{C+E+G); 
and by separating the factors 

A : B : C+E+G : D+F+H 

That is, In any number of proportions having the same ratio^ any 
antecedent will be to its consequent^ as the sum of the antecedents to 
the sum of the consequents. 

188. If we have four proportional quantities 

A I B ', : C I Df we have --r-=-^ ; 

A O 

and raising both members to any power, as n, we have 

Br _D^ 

and consequently A" : 5" : : C" : D". 
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TThat is, If fowr quantities are proportumal, any like powers jr roots 
mU he proportional. 

189. Let there be two sets of proportions, 

A : B :: C : D, which gives -j=77> 

F H 
E ' F ' ' G ' H ±-—11. 

Multiply them togethei member by member, we have 

44-=^. which gives AE : BF : : CG : DH, 
AE CG' ® 

That is. In two sets of proportional quantities^ the products of tho 
corresponding terms will be proportional, 

190. In the proportions which have been considered, it has only 
been required that the ratio of the first term to the second shouid 
be the same as that of the third to the fourth. If we impose the 
farther condition, that the ratio of the second to the third shall also 
be the same as that of the first to the second, or of the third to the 
fourth, we shall have a series of numbers, each one of which, 
divided by the preceding one, will give the same ratio. Hence, if 
any term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called a 
geometrical progression. Hence, 

A Geometrical progression, or progression by quotients, is a series 
of terms, each of which is equal to the product of that which pre- 
cedes it, by a constant number, which number is called the rati<h 
of the progression. Thus, in the two series, 

3, 6, 12, 24, 48, 96, . . . 
64, 16, 4, 1» •4"» Yg> • • • 

each term of the first contains that which precedes it tunce, or is 
equal to double that which precedes it ; and each term of the second 
is contained in that which precedes it four times, or is 2l fourth of 
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that which precedes it. These are geometrical progressions. In 
the first, the ratio is 2 ; in the second, it is |^. The first is called 
an increasing progression, the second a decreasing progression. 

Let a, b, c, d, e,/, ... be numbers in a progression by quo- 
tients : they are written thus : 

a : b : c : d : e : f : g . . . 

and it is enunciated in the same manner as a progression by dif- 
ferences. It is necessary, however, to make the distinction, that 
one is a series of equal differences, and the other a series of equal 
quotients or ratios. It should be remarked that each term is at the 
same time an antecedent and a consequent, except the first, which 
is only an antecedent, and the last, which is only a consequent. 

191. Let q denote the ratio of the progression 

a : b : c : d , . .; 

q being >1 when the progression is increasing^ and j<l when 
it is decreasing. We deduce from the definition the following 
equations : 

6=riiy, c=5^=ay^, d=zcq=a^f e=dg=:ag^ • • •; 

and in general, any term n, that is, one which has n— 1 terms 
before it, is expressed by aq"*"^. 

Let 2 be this term ; we have the formula l=:a^~^, by means of 
which we can obtain any term without being obliged to find all the 
terms which precede it. That is, the last term of a geometrical 
progression is equal to the first term multiplied by the ratio raised to 
a power whose exponent is one less than the number of terms. 

1. Find the 5th term of the progression 2 : 4 : 8 : 16, <&c, 
in which the first term is 2 and the common ratio 2. 

5th term =:2x2*=:2xl6=32. 

2. Find the 8th term of the progression 2 : 6 : 18 : 54 . . • 

8th term =2x3^=2x2187=4374. 
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3. Find the 12tli term of the progression 

64 : 16 : 4 : 1 >-r- . . . 

4 



12th term 



=64riV=ii=4= 



\4J 411 48 65536 



192. We will now proceed to determine the sum of n terms of 
the progression 

a : b : e : d : e : f : , . . : i : k : I, 

I denoting the nth term. 
We have the equations (Art. 191), 

b=zaq, c=bq, dz=zcq, ez=zdq, . . . k=:iq, lz=zhqi, 

and by adding them all together, member to member, we deduce 

b-{'C+d+e+ , . . +k+li={a+b+c+d+ . . . +»+%; 

or, representing the required sum by S, 

S—a=i{S^l)qz=Sq—lq, or Sq—S^lq-^a; 

Iq^a 



whence 8 = 



q-l 



That is, to'obtain the sum of the terms of a progression by quo- 
tients, multiply the last term by the ratio, subtract the first term 
from this product, and divide the remainder by the ratio diminished 
by unity. ' 

I. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . : 2x3''=4374, 
q—i 2 
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2. Find the Bum of the progression 

2 : 4 : 8 : 16 : 32. 

s=-^=.?ipi=62. 

q-l 1 

3. Find the sum of ten terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2x3»=39366. 

Arts. 59048. 

4. What deht may be discharged in a year, or twelve months, 
by paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the last ; 
and what will be the last payment ? 

Ans. Debt, $4095 ; last payment, $2048. 

5. A gentleman married his daughter on New Year's day, ^ 
gave her husband 1^. towards her portion, and was to -double it on 
the first day of every month durihg the year: what was her 
portion ? Ans, j£r204 15j. 

6. A man bought 10 bushels of wheat on the condition that he 
should pay 1 cent for the 1st bushel, 3 for the second, 9 for the 
3rd, and so on to the last : what did he pay for the last bushel and 
for the ten bushels ? 

Ans, Last bushel $196,83 ; total cost $295,24. 

193. When the progression is decreasing, we have ^<1 and 
2<a ; the above formula for the sum is then written under the form 

8=-; — -^, in order that the two terms of the fraction may be 
1— J 

positive, 

By substituting a/~^ for / in the expression for S, it becomes 

S=-2— _, or 8= , ^ . 
q-l 1-y 
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1. Find thoisum of the terms of the progression 

32 : 16 : 8 : 4 : 2. 

, 32— 2 X— „, 

l—q 1 1 

y 2" 

2. Find the sum of the first twelve terms of the progression 

1 



1 / 1 \" 

64 : 16 : 4 : 1 : — :... : 64(— J , 



or 



65536 



64 — --i— -x4- 256 ^ 



a^lq _ 65536 4 65536 65535 

" l-q ■" T "" 3 " "^196608* 

T 

We perceive that the principal difficulty consists in obtaining 
the numerical value of the Jast term, a tedious operation, even 
when the number of terms is not very great. 

194. Remark. If, in the formula 8=—^^^^ — — ^, we suppose 

5'=1, it becomes S=— . 

This result, which is sometimes a symbol of indetermination, 
is also often a consequence of the existence of a common factor 
(Art. 113), which becomes nothing by making a particular hypo- 
thesis respecting the given question. This, in fact, is the case in 
the present question; for the expression q"*^! is divisible by 
9— 1, (Art. 59), and gives the quotient 

^»-.l+^-2+5^-3+ . . . +q+l; 

hence the value of S takes the form 

8=0^-1+0^-2+^-3+ . . . +aq+a. 

Now, making §^=1, we have 

S=;=a+a+a+ • • • +a=sna. 

17 
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We can obtain the same result by going back to the proposed 
progression a : b : c : . . , : I, which, in the particular case 
of g^ly reduces to a i a : a : . . . : a, the sum of which 

series is equal to na. 



The result — , given by the formula, may be regarded as in- 
dicating that the series is characterized by some particular pro- 
perty. In fact, the progression, being entirely composed of equal 
terms, is no more a progression by quotients than it is a progres- 
sion by differences. Therefore, in seeking for the sum of a cer- 
tain number of the terms, there is no reason for using the formula 

Ss=— ^^^ — —-J in preference to the formula S=^ — o""' which 
gives the sum in the progression by differences. 

Of Progressions having an infinite number of terms, 

195. Let there be the decreasing progression 

a : b : c : d : e : f : . , ,f 
containing an indefinite number of terms. The formula 

wnich represents the sum of n of its terms, can be put under the 
form 



\-q \-q 

Now, since the progression is decreasing, ^ is a proper fraction ; 
and 9** is also a fraction, which diminishes as n increases. There- 
fore the greater the number of terms we take, the more will 

X 5^ diminish, and consequently the more will the partial 

sum of these terms approximate to an equality with the first part 

of S, that is, to '. Finally, when n is taken greater than 

1—^ 
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any given number, or n =s oo, then x f will be less than 

any given number, or will become «quai to ; and the expression 

1 will represent the true value of the sum of all the terms of 

cbe series. 

Whence we may conclude, that the expression for the sum of 
tite terms of a decrecLsing progression^ in which the number of terms 
is infinite^ is 

1-^ 

This is, properly speaking, the limit to which Che partial sums 
approach, by taking a greater number of terms in the progression. 

The difference between these sums and can become as 

i-q 

small as we please, and will only become nothing when the number 
of terms taken is infinite. 

EXAMPLES. 

1. Find the sum of 

1 : — : — : — : — to infinitr. 
3 9 27 81 •""*™*v 

We have for the expression of the sum of the terms 

S=-^=— L— =— 

3 

The error committed by taking this expression for the value of 
ihe sum of the n first terms, is expressed by 



First take n=z5; it becomes 



« ^ 3/l\- 



3/1 Y_ 1 _ 1 
TkT) ""2.3* 162^ 
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When n=6, we find 

2V3/ 162 3 486" 

3 
Whence we see that the error committed, when — is taken fet 

the sum of a certain number of terms, is less in proportion as this 
number is greater. 

Again take the progression 

,11111. 

2 • 4 • 8 • 16 • 32 • " • • 

We have S=--^= — ^=2. 

196. The consideration of the five quantities a, q, 91; I, and S, 

which enter into the formulas Z=ao^~i and S=— ^^^ — —, 

^-1 

(Arts. 191 and 192), give rise to several curious problems. 

Of these cases, we shall consider here only the most important 
We will first find the values of S and q in terms of a, Z, and n. 

The first formula gives . . .5""^= — , whence q:=z w — . 

Substituting this value in the second formula, the value of S will 
be obtained. 

The expression q=-\/ — furnishes the means for resolving 

the following question, viz. : 

To find m mean proportionals between two given numbers a and b ; 
that is, to find a number m of means , which will form with a and b, 
considered as extremes, a progression by quotients. 

For this purpose, it is only necessary to know the ratio. Now, 
the required number of means bein£ m, the total number of terms 
is equal to m4-2. Moreover, we have 2=6, therefore the value 

of q becomes q=z w — ; that is, we must divide one of the 

gioen numbers (b) by the other (a), then extract that root of the 
quotient whose index is one more than the required nurnber of means. 
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HeBce, the progression is 

w+l/5 "«+>/62 «+i/ft3 _ 

« • ^ V T ^ "^ V "^ ^ ^ V "^ • • ' • ^- 

1 

Thus, to insert six mean proportionals between the numbers 3 
and 384, we make fn=6, whence 

whence we deduce the progression 

3 : 6 : 12 : 24 : 48 : 96 : 192 : 384. 

Remark. When the same number of mean properiionals are in- 
serted between all the terms of a progression by quotients, taken two 
and twoy all the progressions thus formed will constitute a single 
progression. 



CHAPTER V. 



Formation of Powers, and Extraction of Roots of any 

degree whatever. 

197. The. resolution of equations of the second degree supposes 
the process for extracting the square root to be known ; in like 
manner the resolution of equations of the third, fourth, Sec. degree, 
requires that we should know how to extract the third, fourth, &e. 
root of any numerical or algebraic quantity. 

It will be the principal object of this chapter to explain the rais- 
ing of powers, the extraction of roots, and the calculus of radicals. 

Although any power of a number ean be obtained from the rules 
of multiplication, yet this power is subjected to a certain law of com- 
position which it is absolutely necessary to know, in order to deduce 
the root from tlie power. Now, the law of composition of the square 
of a numerical or algebraic quantity, is deduced from the expression 

for the square of a binomial (Art. 117); so likewise, the law 

17* 
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of a power of any degree, is deduced from the same powei of 
a binomial. We will therefore determine the development cf and 
power of a binomial. . 

198. By multiplying the binomial x+a into itaelf geveral times, 
the following results are obtained ; 

(x+a)=x+af 

{x+ay=a^+2ax+(t', 

{x+ay=zx^+Sa3r'+Sa^x+a% 

{x+ay=a^+Aax^+6c^x'+4a^x+a\ 

(a?+a)*=aj^+5aa:*+10a*r*+10aV+5ei*a?+a' 

By inspecting these developments it is easy to discover a law ac- 
cording to which the exponents of x and a decrease and increase in 
the successive terms; it is not, however, so easy to discover 
a law for the co^efficients. Newton discovered one, by means of 
which, any power of a binomial can be formed, without first obtain- 
ing all of the inferior powers. He did not however explain the 
course of reasoning which led him to the discovery of it ; but the 
existence of this law has since been demonstrated in a rigorous 
manner. Of all the known demonstrations of it, the most elemen- 
tary is that which is founded upon the theory of combinations. How- 
ever, as it is rather complicated, we will, in order to simplify the ex- 
position of it, begin by resolving some problems relative to combi- 
nations, from which it will be easy to deduce ihe formula for the hi 
nomialf or the development of any power of a binomial. 

JTieory of Permutations and Combinations, 

199. Let it be proposed to determine the whole number of ways 
in which several letters, a, b, c, d, dec. can be written one after the 
other. The results corresponding to each change in the position of 
any one of these letters, are called permutations. 

Thus, the two letters a and b furnish the two permtUations ab 
and bo. 
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acb 



la like manner, the three letters a, h, c, furnish 
jsix permutations. 



cab 

hoc 

bca 

^cba 

Permutations, are the results obtained by writing a certain number 
of letters one after the other, in every possible order, in such a man' 
ner thai all the letters shall enter into each result, and each letter 
enter hut once. i 

Problbh 1, To determine the number of permutations of which 
n leUers are susceptible. 

In the first place, two letters a and b evidently ^ i ab 

give two permutations. ( ba 

Therefore, the number of permutations of two letters is 1 X 2* 
Take the three letters a, h, and c. Reserve 

either of the letters, as c, and permute the other two, 

giving • 

Now, the third letter c may be placed before ah, 

■ 

between a and b, and at the right of ah ; and the 
same for ba : that is, in one of the first permutations 
the reserved letter c may have three different places, 
giving three permutations. Now, as the same may 
be shown for each of the first permutations, it fol- 
lows that the whole number of permutations of three 
letters will be expressed by 1x2x3. 

If now, a fourth letter d be introduced, it can have four places in 
each of the six permutations of three letters : hence all the per- 
mutations of four letters will be expressed by 1x2x3x4. 

In general, let there be n letters a, b, c, &c. and suppose the 
total number of permutation? of n — 1 letters to be known ; and let 
Q denote that number. Now, in each of the Q permutations the 
reserved letter may have n places, giving n permutations : hence. 




acb 
ahc 
cba 
bca 
bac 
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when it is 80 placed in all of them, the number ofpennutations will 
be expressed by Qx«« 

Let n=2. Q will then denote the number of permutations that 
can be made with a single letter; hence Q=l, and in this particc^ 
lar case we have Qxa=1X2. 

Let n=3. Q will then express the number of permutations of 
3—1 or 2 letters, and is equal to 1x2. Therefore Qxn is equal 
to 1X2X3. 

Let ns=:4. Q in this case denotes the number of permutations 
of 3 letters, and is equal to 1x2x3. Hence, Qx^ becomes 
lX2x3x^ and similarly when there are more letters. 

200. Suppose we have a number m, of letters a, h, c, c2, &c., i£ 
they are written one afler the other, 2 and 2, 3 and 3, 4 and 4 • • . 
in every possible order, in such a manner, howevert that the num- 
ber of letters in each result may be less than the number of given 
letters, we may demand the whole niunber of results thus obtamed. 
These results are called arrangements. 

Thus ahf ac^ ad, • . . ha^ hc^ hdj . . . ca, ch, cd^ . . . are arrange- 
menu of m letters taken 2 and 2, or in sets of 2 each. 

In like manner, ahc, abd, . . . bac, had, • . • acb, acd, . • • are ar- 
rangements taken in sets of 3. 

Arrangements, are the results obtained by writing a number m of 
letters one after the other in every possible order, in sets of 2 ojid 
2, 3 and 3, 4 and 4 • . • n and n ; m being >n : that is, the num- 
ber of letters in each set being less than the whole number of letters 
considered. However, if we suppose n:=:m, the arrangements taken 
ft and n, will become simple pemmtations. 

Problem 2. Having gioen a number m of letters a, b, c, d . . ., 
to determine the total number of arrangements that may be formed of 
them by taking them n at a time ; m being supposed greater than n. 

Let it be proposed, in the first place, to arrange the three letters 
«, b, and e in sets of two each. 




PERM17TATI0NS AND COMBINATIONS. 201 

First, arrange the letters in sets of one each, in which 
case we say there are two letters reserved : the reserved 
letters for either arrangement, hcing thdse which do not 
enter it. 

Now, to any one of the letters, as ct, annex, in suc- 
cession, the reserved letters h and c : to the second ar- 
rangement hf annex the reserved letters a and c; and 
to the third arrangement c, annex the reserved letters a 
and h : this gives 



ab 
ac 
j ha 



he 

ca 

< ch 

Hence, we see, that the arrangements of three letters taken two in 
a set, witl he equal to the arrangements of the same number of letters 
taken one in a set, multiplied hy the number of reserved letters. 

Let it be required to form the arrangement of four letters, 
a, b, c, and (2, taken 3 in a set. 

First, arrange the four letters two in a set : there will /-ab 

then be two reserved letters. Take one of the sets and ba 

write after it, in succession, each of the reserved letters : a c 

we shall thus form as many sets of three letters each as ca 

there are reserved letters ; these sets differing from each ad 

other by at least the last letter. Take another of the da 

first arrangements, and annex in succession the reserved . | ^ c 
letters ; we shall again form as many different arrange- c h 

ments, as there are reserved letters. Do the same for bd 

all of the first arrangements, and it is plain, that the whole db 

number of arrangements which will be formed, of four cd 

letters, taken 3 and 3, tcill be equal to the arrangemer^ of y.dc 

the same letters, taken two in a set, multiplied hy the num- 
ber of reserved letters. 

In order to resolve this question in a general manner, suppose the 
total number of arrangements of the m letters taken n— 1 in a set 
to be known, and denote this number by P. 

Take any one of these arrangements, and annex to it each of 
the reserved letters, of which the number is w— (n— 1), or 
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ifi— n+1 ; it is evident, that we shall thus form a number m— ti+1 
of arrangements of n letters, differing from each other by the last let. 
ter. Now take another ofthe arrangements of n— 1 letters, and an- 
nex to it each of the m— n+1 letters which do not make a part of 
it ; we again obtain a number m-^n+l of arrangements of n let- 
ters, difTering from each other, and from those obtained as above, at 
least in the disposition of one of the n— 1 first letters. Now, as 
we may in the same manner take all the P arrangements of 
the m letters, taken n— 1 in a set, and annex to them successively 
the m^n+1 other letters, it follows that the total number of ar- 
rangements of m letters taken n in a set, is expressed by 

p(OT-n+l). 

To apply this to the particular cases of the number of arrange- 
ments of m letters taken 2 and 2, 3 and 8, 4 and 4, make n=2, 
whence m— n-|-l=m— 1; P will in this case express the total num- 
ber of arrangements, taken 2—1 and 2—1, or 1 and 1, and is con- 
sequently equal to m ; therefore the formula becomes iii(in— 1). 

Let n=3, whence w— n+l=»n— 2; P will then express the 
number of arrangements taken 2 and 2, and is equal to in(in— 1); 
therefore the formula becomes m(m— 1) (m— 2). 

Again, take n=4, whence »i— n-fl=m— 3 ; P will express the 
number of arrangements taken, 3 and 3, or is equal to 

m(m— l)(m— 2); 

therefore the formula becomes 

m(m— 1) (m— 2) (m— 3). 

Remark. From the manner in which the particular cases have 
been deduced from the general formula, we may conclude that it 
reduces to 

«n(in— 1) (m— 2) (m— 3) .... (m— n+1) ; 

that 18^ U is composed of the product of the n consecutvoe numbers 
comprised between m and m— n+ly inclusively. 
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From this formula, that of the preceding Art. can easily be de- 
duced, viz. the development of the value of Q X w. 

For, we see that the arrangements become permutations when the 
number of letters composing each arrangement is supposed equal 
to the total number of letters considered. 

Therefore, to pass from the total number of arrangements of m 

letters, taken n and », to the number of permutations of n letters, 

it is only necessary to make mz^n in the above development, which 

gives 

n(n— 1) (n~2) (n-3) .1. 

By reversing the order of the factors, observing that the last is 
1. the next to the last 2, which is preceded by 3 . . ., it becomes 

1, 2, 3, 4 («— 2) (n— l)n, 

for the development of Qxw. 

This is nothing more than the series of natural numbers compris- 
ed between 1 and n, inclusively. 

201. When the letters are disposed, as in the arrangements, 2 
and 2, 3 and 3, 4 and 4, &c., it may be required that no two of the 
results, thus formed, shall be composed of the same letters, in which 
case the products of the letters will be different ; and we may then 
demand the whole number of results thus obtained. In this case, 
the results are called combinations* 

Thus, dby acy he, . . . ad, hd, , , , are combinations of the letters 
taken 2 and 2. 

In like manner, aha, abd, . • . acd, bed . . . are combincOions of 
the letters taken 3 and 3. 

Combinations, are arrangements in which any ttoo will differ from 
each other by at least one of the letters which enter them. 

Hence, there is an essential difference in the signification of the 
words, permutations, arrangements, and combinations. 

Problem 3. To determine the totul number of different comhiwu 
Uons thai can be formed of m letters, taken nin a set. 

Let X denote the total number of arrangements that can be 
formed of m letters, taken n and n : F the number of permutatiODS 
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of n letters , and Z the total number oC different camhinaiions taken 

n and n« 

It is evident, that all the possible arrangements of m letters, taken 

n at a time, can be obtained, by subjecting the n letters of each of 

the Z combinations, to all the permutations of which these letters 

are susceptible. Now a single combination of n letters gives, by 

hypothesis Y permutations ; therefore Z combinations will give 

Yx^ • • • arrangements, taken n and n; and as JC denotes the 

total number of arrangements, it follows that the three quantities 

X 
X, F, and Z, give the relations X= YxZ; whence Z=-yr. 

But we have (Art. 200), X=P(m— n+1) 
and (Art. 199), Y=Qxn. 

Therefore, Z=-^^- =77^ ^^— . 

QXn Q n . 

Since P expresses the total number of arrangements, taken n— 1 
and n— 1, and Q the number of permutations of n— 1 letters, it 

P 

follows that — expresses the number of different combinations 

of m letters taken n— 1 and n— 1. 

To apply this to the particular case of combinations of m letters 
taken 2 and 2, 3 and 3, 4 and 4 . . . 

P 

Make n=2, in which case — expresses the number of com- 

binations of the letters taken 2—1 and 2—1 or 1 and 1, and is 
equal to m ; the above formula becomes 

w— 1 m(m— 1) 

'"><~2" ^^ -1:2^ 

P 

Let n=3, — will express the number of combinations taken 

OT(m— 1) 
2 and 2, and is equal to — — - — ; and the formula becomes 

m(m— 1) (m— 2) 

r2i • 
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In like manner, we would find the number of combinations of m 

m(m— 1) (w^2) (m— 3) 
letters taken 4 and 4, to be ; and m ge- 

Deral, the number of combinations of m letters taken n and fi, isex« 
pressed by 

m(m— 1) (m— 2) (w— 3) . • • (w— n+1) 
1.2.3.4 . . . (n— l).n ' 

which is the development of the expression 

P(«i— tt+l) 
Qxn • 



Demonstration of the Binomial Theorem. 

202. In order to discover more easily the law for the develop -> 
ment of the mth power of the binomial x+a^ we will observe the 
law of the product of several binomial factors x+a^ x+lf x-j^c, 
x+d ... of which the first term is the same in each, and the se- 
cond terms different. 



Ist. product . 



2d. 



8d. 



X + a 

X + h 

x^ + a 

+ h 

X + c 

ai^ + a 

+ h 

+ c 

x + d 



«• + a 

+ * 

+ c 

+ d 



X + ah 



s^ + ah 
+ ac 
+ he 



X + abc 



a?»+ ah 
+ ac 
+ ad 
+ he 
+ hd 
+ ed 
18 



ff* + abc 

+ ahd 

+ acd 

+ bed 



X + oM 
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From these products, obtained by the common rule for algebraic 
multiplication^ we discover the following laws : 

1st. With respect to the exponents ; the exponent of a;, in the first 
term, is equal to the number of binomial factors employed. In the 
following terms, this exponent diminishes by unity to the last term, 
where it is 0. 

2d. With respect to the co-efficients of the different powers of x: 
that of the first term is unity ; the co-efficient of the second term is 
equal to the sum of the second terms of the binomials ; the co.effi- 
cient of the third term is equal to the sum of the products of the 
different second terms taken two and two ; the co-eflicient of the 
fourth term is equal to the sum of their different products taken 
three and three. Reascming from analogy, we may conclude that 
the co-efficient of the term which has n terms before it, is equal to 
the sum of the different products of the m second terms of the bi- 
nomials taken n and n. The last term is equal to the continued pro. 
duct of the second terms of the binomials. 

In order to be certam that this law of composition is general, sup- 
pose that it has been proved to be true for a number m of binomials ; 
let us see if it be true when a new factor is introduced into the pro- 
duct. 

For this purpose, suppose 

to be the product of tn binomial factors, Naf*"" representing the 
term which has n terms before it, and Ma:^~"+* that which immedi- 
diately precedes. 

Let x+Khe the new factor, the product when arranged according 
to the powers of «, will be 



+K 



ar+B 
+AK 



+BrI +MK 



+UK. 



From which we perceive that the law of the exponents is evident- 
ly the same. 
With respect to the co-efficients, 1st. That of the first term is 
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iiii%. 2d. A+Kj or the co-efficient of aT, is also the sum of the 
second terms of the m+1 binomials, 

3d. B is by hypothesis the sum of the different products of the 
second terms of the m binomials, and A.K expresses the sum of the 
products of each of the second terms of the m first binomials, by 
the new second term K; therefore B+AK is the sum of the dif 
ferent products of the second terms of the m-}- 1 hinomialsj taken two 
und two. 

In general, since N expresses the sum of the products of the so 
cond terms of the m first binomials, taken n and n ; and as MK re* 
presents the sum of the products of these second terms, taken n— 1 
and n— 1, multiplied by the new second term K, it follows thai 
N+MKy or the co-efficient of the term which has n terms before 
it, is equal to the sum of the different products of the second terms 
of the m+1 binomials, taken n and n. The last term is equal to 
the continued product of the m+1 second terms. 

Therefore, the law of composition, supposed true for a number 
TO of binomial factors, is also true for a number denoted by m+1. 
It is therefore general. 

Let us suppose, that in the product resulting from the multiplica- 
tion of the m binomial factors, x+a, x+b, x+c, x+d . . .we make 
a=6=c=<i . . ., the indicated expression of this product, (a?+a) 
{x+b) (a?+c), will be changed into (ar+a)"*. With respect to its de- 
velopment, the co-efficients being a+b+c+d . . ., ab-{-ac+ad+^,* ., 
ahc+abd+acd . . ., the co-efficient of af^^y or a+b+c+d . . ., 
becomes a+a+a+a+ . . ., that is, a taken as many times as there 
are letters a, 5, c . . ., and is therefore equal to ma. The. co- effi- 
cient of x^^, or ab+ac+ad-i- , , ., reduces to d^+a^+a^ . . *, or 
to o^ taken as many times as we can form different combinations with 

m — 1 

m letters, taken two and two, or to m . — - — a\ (Art. 201). 

The eo-efficient of af^ reduces to the product of a*, multiplied 



by the number of different omnbinatk>ns of m letters, taken 3 and 

m— 1 m~2 
3, or to m • — 5— . — ^o*, &c. 

In general, if the term, which has n terms before it, is denoted by 
NaT^f the co-efficient, which in the hypothesis of the second terms 
hf&ag difierent, is equal to the sum of their products, taken n and 
iiy reduces, when all of the terms are supposed equal, to a^ multi- 
plied by the number of different combinations that can be made 
with m letters, taken n and n. Therefore 

From which we have the formula 

m^l fn—2 , , . P(m— n+1) 

+«i . -r r-a'ar-' . . . +-^r ^a-ar-* . . . +0-- 

3 8 Q , n 

203. By inspecting the different terms of this development, a 
nmple law will be perceived, by means of which the co-efficient of 
' any term is formed from the co-efficient of the preceding term. 

The cO'^icient of any term is formed by multiplying the co^egi- 
dent of the preceding term by the exponent of xm that term^ and di- 
viding the product by the number of terms which precede the required 
term* 

For, take the general term — — -a^af*^. This is called 

the general term, because by making n=2, 3, 4 . • ., all of the 
others can be deduced from it. The term which immediately pre- 

P P 

cedes it, is evidently ~a^*af*^+*, since — expresses the num. 

ber of combinations of m letters taken n— 1 and n— 1. Here we 

^ . P(m— n+1) , 
Bee that the co^efficient -^-7; is equal to the co-efficient 
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I 

^^ which precedes it, multiplied by m—n+l, the exponent of «ia 

that term, and divided by n, the number of terms preceding the re- 
quired term. This law serves to develop a particular power, with- 
out our being obliged to have recourse to the general formula. 

For example, let it be required to develop (x+a)\ From this 
law we have, 

(x+a)«=a«+6a«»+15a*a?*+20fl'r»+15aV+6a»«+a». 

After having formed the first two- terms from the terms of the 
general formula ic"+mflx^~*+ . . ., multiply 6, the co-efficient of 
the second term, by 5, the exponent of a; in this term, then divide 
the product by 2, which gives 15 for the co-efficient of the third 
term. To obtain that of the fourth, multiply 15 by 4, the exponent 
of j; in the third term, and divide the product by 3, the number of 
terms which precede the fourth, this gives 20 ; and the co-efficients 
of the other terms are found in the same way. 

In like manner we find 

(x+<iy«=«*»+ 10im;»+ 45a*jr«+ 120a'a:''+210aV, 
-{-252a*x^+210aV+120aV+45a«i:»-hl0a»«-ha*«. 

204. It frequently occurs that the terms of the binomial are af- 
fected with co-efficients and exponents, as in the following example. 

Let it be required to raise the binomial 9t^c^2bd to the 4th 
power. 

Placing 2a^C'=x and — 2W=y, we have 

(.T+y)*=«*+4«»y+6«y+4a^-1-y*. 

Substituting for x and y their values, we have 
(3ff»c-2i(i)*=(3a«c)*+4(3a»cf(-2W)+6(3a«c)>(-2M)»-f 

4(3a«c). (-2M^+(~2W)«, 

or, by performing the operations indicated 

(3a3c-25d)*=81aV-216aVM+216aVi^<«"-96a*c^<P 

The terms of the development are alternately plus and minua^ at 
hey should be, since the second term is -— . 

18* 



i 
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205. The powers or any polynomial may easily be found 1>y tin 
binmnial theorem. 

For example, raise a+b+c to the third power. 
Pint, put ... . b+e=d. 
Then (a+6+c)*=(o+(i)==<i'+3a'd+3<KP+<P. 
Or, by Bubstituting for the value of d, 

3<^c+Sb*e +6abc 
+3ac'4-3ic» 
+ '^■ 
This ezpreaion is composed of the cuhes of Ae three tertia, plw 
fkrec UmeM the equare of each term ht/ the Jirat poteers of the tiea 
ptker*, pbu tix timsa the product of all three terms. It is ea^y 
proved that this lou is true for any polynomial. 

To apply the preceding formula to the development of the cube 
of a trinomial, in which the terms ere afiected with co-efficients and 
exponents, detignate each term by a Hngle letter, Aen replace the la- 
ter! introduced, by their vahtet, and petform the operationt indicated. 
From this rule, we will find that 

(2rf— 4a*+»6»)'= 8a' - 48fl'i + 132a*i»- 208o*4» 
+1 98a»i' - 1 08ai'+ 27i". 
The fourth, fifth, &c. powers of any polynomial can be develop- 
ed in \ nmilar manner. 

Conseqttencet of the Binomial Farmula, 

206. First. The expression (x-f-a)'* being such, that x may 
be substituted for a, and a for x, without altering its value, it fol- 
lows that the anme thing can be done in the development of it ; 
ihcrefire, if this development containtj a term of the form Ka"z'~", 
it must have another equal to Kj^o"~" or Ka'^'if. These two 
terms of the development are evidently at equal distances from the 
two eitremes ; for the number of terms which precede any term, 
being indicated by the exponent of ^ in that term, it follows that 



BINOMIAL THEOREM. 211 

the term Ka"a^" has n terms before it ; and that tlio term Ka"*""*" 
has m— n terms before it, and consequently n terms afler it, since 
the whole number of terms is denoted by m+1. 

Therefore, in the development of any power of a binomial, the ce- 
eficients at equal distances from the two extremes are equal to each 
other. 

Remark. In the terms Ka"af^~\ Ka'"^a;", the first co-efficient ex- 
presses the number of different combinations that can be formed with 
m letters taken n and n ; and the second, the number which can be 
formed when taken m— n and m—n; we may therefore conclude 
that, the number of different combinations of m letters taken n and n, 
is equal to the number of combinations of m letters taken m— n and 
m— n. 

For example, ttoelve letters combined 5 and 5, give the same> 
number of combinations as these twelve letters taken 12—5 and 
12—5, or 7 and 7. Five letters combined 2 and 2, give the same 
number of combinations as five letters combined 5—2 and 5— 2, or 
3 and 3. 

207. Second, If in the general formula, 

, w— 1 

(a?+a)'"=«'"4-»waf"— *+w— — a*a:*~*+, &c. 

we suppose a;=l, a=l, it becomes 

m— 1 m— 1 m— 2 

(l + l)™ or 2^=l+m+m—^ — +w-__ . —3—+, dec. 

That is, the sum of tlie co-efflcienfs of the different terms of the 
formula for Hie binomial, is equal to the mth power of 2. 
Thus, in the particular case 

(a;+a)*=a^+5aa^+10aV+10a3r*4-5a*a:+a^, 

the sum of the co-efficienlp 1+5+10+10+5+1 is equal to 2* or 
32. In the 10th power developed, the sum of the co-efficients is 
equal to 2" or 1024. 

208. Third. In a series of numbers decreasing by unity, ol which 
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the first term is m and the last m— p, m and p being entire numbers, 
the continued product of all these numbers is divisible by the coo- 
tinued product of all the natural numbers from 1 to p+1 inclu- 
sively. 

^, m(m— 1) (m— 2) (m— 3) . . . (m— o) . , , 

T'"'**'' 1.2 : 3 4....(;,+l) -«'-•><"«-'- 

ber. For, from what has been said in (Art. 201), this expression 
represents the number of different combinations that can be formed 
of m letters taken p+1 and p+1. Now this number of combina- 
tions is, from it& nature, an entire number ; therefore the above ex- 
presision is necessarily a whole number. 

Of tlie Extraction of tlie Roots of particular numbers. 

209. The third power or cvhe of a number, is the product arising 
from multiplying this number by itself twice ; and the third or cube 
root^ is a number which, being raised to the third power, will produce 
the proposed number. 

The ten first numbers being 

1, 2, 3, 4, 6, 6, 7, 8, 9, 10. 
their cubes are 1, 8, 27, 64, 125, 216, 343, 512, 729, 1000. 

Reciprocally, the numbers of the first line are the cube roots of 
the numbers of the second. ' 

By inspecting these lines, Ave perceive that there are but nine 
perfect cubes among numbers expressed by one, two, or three figures; 
each of the other numbers has for its cube root a whole number, plus 
a fraction which cannot be expressed exactly by means of uniiyt ^ 
may be shown, by a course of reasoning entirely similar to that 
pursued in the latter part of (Art. 118). 

210. The difference between the cubes of two consecutive num 
bers increases, when the numbers are increased. 

Let a and a+1, be two consecutive whole numbers ; we liave 

{a+iyz=za^+2a^+Sa+l ; 
whence (a+l)»— (r'=8a«+8a+l. 
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That iS| the difference between the cubes of two consecuUve whole . 
numbers^ is equal to three times the square of the least iwrnber^ plus 
three times this number, plus 1. 

Thus, the difTerence between the cube of 00 and the cube of 80, 
is equal to 3(80)*+3x 80 +1=24031. 

211. In order to extract the cube root of an entire number, we 
will observe, that when the figures expressing the number do not 
exceed three, its root is obtained by merely inspecting the cubes of the 
first nine numbers. Thus, the cube root of 125 is 5 ; the cube root 
of 72 is 4 plus a fraction, or is within one of 4 ; the cube root of 
841 is within one of 0, since 841 falls between 720, or the cube of 
9, and 1000, or the cube of 10. 

When the number is expressed by more than three figures, the 
process will be as follows. Let the proposed number be 103823. 



103.823 


47 




64 


8 




398.23 






48 


47 




48 


47 




384 


329 




192 


188 




2304 


2209 




48 


47 




18432 


15463 




9216 


8836 



110592 103823 

This number being comprised between 1,000, which is the cube 
of 10, and 1,000,000, which is the cube of 100, its root will be ex. 
pressed by two figures, or by tens and units. Denoting the tens by 
0, and the units by i, we have (Art. 198), 

(a+i)3=ii3+3a»A+3aJ»+i^ 

Whence it follows, that the cube of a number composed of tens 
and units, is equal to the cube of the tens, plus three times the product 



214 . AIiGBBBA. 

of the square of the tens by the wnits^ plus three times the product of 
the tens by the square of the units, phts the cube of the units. 

This being the case, the cube of the tens, giving at least, thou- 
sands f the last three figures to the right cannot form a part of it : the 
cube of the tens must therefore be found in the part 103 which is 
separated from the last three figures by a point. Now the root of 
the greatest cube contained in 103 being 4, this is the number of 
tens in the required root ; for 103823 is evidently comprised be- 
tween (40)' or 64,000, and (50)' or 125,000 ; hence the required 
root is composed of 4 tens, plus a certain number of units less than 
ten. 

Having found the number of tens, subtract its cube 64 from 103 , 
there remains 39, and bringing down the part 823, we have 39823, 
which contains three times the square of the tens by the unitSy plus 
the two parts before mentioned. Now, as the square of a number 
of tens gives at least hundreds, it follows that three times the square 
of the tens by the units, must be found in the part 398, to the left of 
23, which is separated from it by a point. Therefore, dividmg 398 
by three times the square of the tens, which is 48, the quotient 8 
will be the unit of the root, or something greater, since 398 hun- 
dreds is composed of three times the square of the tens by the units^ 
together with the two other parts. We may ascertain whether the 
figure 8 is too great, by forming the three parts which enter into 
39823, by means of the figure 8 and the number of tens 4 ; but it 
is much easier to cube 48, as has been done in the above table. Now 
the cube of 48 is 110592, which is greater than 103823 ; therefore 
8 is too great. By cubing 47 we obtain 103823 ; hence the pro- 
posed number is a perfect cube, and 47 is the cube root of it. 

Remark. The units figures could not be first obtained ; because 
the cube of the units might give tens, and even hundreds, and the 
tens and hundreds would be confounded with those which arise from 
other parts of the cube. 
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A-gain, extract the cube root of 47054 



3^X3=27 



47.954 


36 

1 






27 




36 




209 




37 




36 


87 


47954 


216 


259 


46656 


108 
1296 


111 


1298 


1369 




36 


37 




7776 


9583 






3888 


4107 



46656 



50653 



The number 47954 being below 1,000,000, its root contains only 
two figures, viz. tens and units. The cube of the tens is found in 
47 thousands J and we can prove, as in the preceding example, that 
3, the root of the greatest cube contained in 47, expresses the tens. 
Subtracting the cube of 3 or 27, from 47, there remains 20 ; bring- 
ing down to the right of this remainder the figure 9 from the part 
954, the number 209 hundreds, is composed of three times the 
square of the tens by the units, plus the number arising from the 
other two parts. Therefore, by forming three times the square of 
the tens, 3, which is 27, and dividing 209 by it, the quotient 7 will 
be the units of the root, or something greater. Cubing 37, we have 
50653, which is greater than 47954 ; then cubing 36, we obtain 
46656, which subtracted from 47954, gives 1298 for a remainder. 
Hence the proposed number is not a perfect cube ; but 36 is its 
root to within unity. In fact, the difference between the proposed 
number and the cube of 36, is, as we have just seen, 1298, which 
is less than 3(36)*+3x36+l, for in verifying the result we have 
obtained 3888 for three times the square of 36. 

212. Again, take for another example, the number, 43725658 
coQtainiDg more than 6 figures. 
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43.725.658 
27 



3^X3=27 I 167 



3i>»X 3=3675 



43 725 
42 875 



Rem. . 



8506 

43725658 

43614208 

111450 



352 




35 


352 


35 


352 


175 


704 


105 


1760 


1225 


1056 


35 


123904 


6125 


352 


3675 


247808 


42875 


619520 




371712 




43614208 



Now the required root contains more than one figure, and may 
be considered as composed of units and tens only, the tens being 
expressed by one or more figures. 

Since the cube of the tens gives at least thousands, it must be 
found in the part which is to the lefl of the last three figures, 658. 
I say now, that if we extract the root of the greatest cube contained 
in the part 43725, considered with reference to its absolute value, 
wc shall obtain the whole number of tens of the root ; for, let a be 
the root of 43725, to within unity ; then, the number of which 
a+1 is the root must be at least equal to 43726. Now, since 
a' X 1000 cannot be greater than 43725, nor (a+ 1)^X1000 less 
than 43726000, it follows that the proposed number itself, 43725658, 
is comprised between a^xlOOO and (a+ 1)^x1000; therefore 
the required root is comprised between that of a' X 1000, and 
(a+ 1)^X1000, that is, between ax 10 and (a+l)xl0. It is 
therefore composed of a tens, plus a certain number of units less 
than ten. 

The question is then reduced to extracting the cube root of 43725; 
but this number having more than three figores, its root will con* 
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tain more than one, that is, it will contain tens and units. To ob- 
tain the tens, point off the last three figures, 725, and extract the* 
root of the greatest cube contained in 43. 

The greatest cube contained in 43 ^is 27, the root of which is 3 ; 
this figure will then express the tens of the root of 43725, or the 
figure in the place of hundreds in the tolal root. Subtracting the 
cube of 3, or 27, from 43, we obtain 16 for a remainder, to the right ■ 
of which bring down the first figure 7, of the second period 725, 
which gives 167. 

Taking three times the square of the tens, 3, which is 27, and 
dividing 167 by it, the quotient 6 is the unit figure of the root of 
43725, or something greater. It is easily seen that this number is 
in fact too great ; we must therefore try 5. The cube of 35- is 
42875, which, subtracted from 43725, gives 850 for a remainder, 
which is evidently less than 3x (35)^+3x35+1. Therefore, 35 
is the root of the greatest cube contained in 43725 ; hence it is the 
number of tens in the required root. 

To obtain the units, bring down to the right of the remainder 850, 
the first figure, 6, of the last period, 658, which gives 8506 ; then 
take 3 times the square of the tens, 35, which is 3675, and divide 
8506 by it ; the quotient is 2, which we try by cubing 352 : this 
gives 43614208, which is less than the proposed number, and sub- 
tracting it from this number, we obtain 111450 for a remainder. 
Therefore 352 is the cube root of 43725658, to within unity. 
Hence, for the extraction of the cube root we have the following 

RULE. 

I. Separate the given number into periods of three fgures eacky be^ 
ginning at the right hand : the left hand period unU often contain Jess 
than three places of figures, 

II. Seek the greatest cube in the first period, at the lefi, and set its 
root on the right, after the manner of a quotient in division. Subtract 
the cube of this figure of the root from the first period^ and to the re* 

19 
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mainder hring doton the first figure of the next period^ and caU this 
number the dividend. 

III. Take three tirnes the square of the root just found for a dixu 
sorf and see how often it is contained in the dividend, and place the 
quotient for a second figure of the root. Then cube the figures of the 
root thus found, and if their cube be greater than the first two periods 
of the given number, diminish the last figure ; btdif it be less, subtract 
it from the first two periods, and to the remainder bring down the first 
figure of the next period, for a new dimdend, 

IV. Take three times the square of the whole root for a new divi- 
sor, and seek how often it is contained tn the new dividend : the quo- 
tient win be the third figure of the root. Cube the whole root and 
subtract the result from the three first periods of the given number, 
and proceed in a similar way for all the periods. 

Remark. If any of the remainders are equal to, or exceed^ 
three times the square of the root obtained plus three times this root, 
plus one, the last figure of the root is too small and must be aug- 
mented by at least unity (Art. 210). 

EXAMPLES. 

1. V48228544=:364. 

S. V27054036008=3002. 

8. V483249=78, with' a remainder 8697; 

4. V91632508641=4508, with a remainder 20644129 • 

5. V32977340218432= 32068. 

To extract the n** root of a whole number, 

> 213. In order to generalize the process for the extraction of roots, 
we will denote the proposed number by N, and the degree of the 
root to be extracted by n. If the number of figures in N, does not 
exceed n, the root will be expressed by a single figure, and is ob- 
tained immediately by forming the n^ power of each of the whole 
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ntinibers comprised between 1 and 10 ; for the ti'* power of 9 is the 

largest perfect power which can be expressed by n figures. 

"When N contains more than n figures, there will be more than 

■one figure in the root, which may then be considered as composed 

of tens and units. Designating the tens by a, and the units by ^, 

we have^Art. 204), 

n— 1 

that is, the proposed number contains the jf^ power of the tens, plus 
n times the product of the n—l power of the tens hy ike units, plus a 
series of other parts which it is not necessary to consider. 

Now, as the «'* power of the tens cannot give units of an order 
inferior to unity followed by n ciphers, the last n figures on the right, 
cannot make a part of it. They must then be pointed off, and tho 
root of the greatest n** power contained in the figures on the left 
should be extracted ; this root will be the tens of the required root^ 

IT this .part on the Idft should contain more than n figures, the n 
figures on the right of it, must be separated from the rest, and tho 
root of the greatest n'* power contained in the part on the left ex- 
tracted, and so on* Hence the following 

SUtE. 

I. Divide the- number N into periods of nfgures ench, begmning 
at the right hand.; extract the root of the greatest n*** power contained 
in the left hand period, and subtfaci the a^ power of this fgure from 
ike left hand period, 

H. Bring down to the right of the remainder corresponding to the 
^rst period, the ffst figure of the second period, and call this number 
ihe dividend, 

III. Form the n— 1 power of the first figure of the root, multiply ri 
by n, and see how often ihe product is contained in the dividend : the 
quotient tvtll be the second figure of the root, or something greater, 

IV. Haise the number thus formed to ihe n*** power, then subtract 
this restdtfrom the two first periods, and to the new remainder bring 
down the first figure of the third period : then divide the number thuM 
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foriMd hf n Ume8 Hie n— 1 power of the two figure* of (he root 
already founds and continue this operation unHl all the periods art 
brought down* 

m 

EXAMPLES. 

Extract the 4th root of 531441. 

53.1441 I 27 

2*= ie_ 

4x2'=32 I 371 
(27)*= 531441. 

We first divide off, from the right hand, the period of four figures, 
and then find the greatest fourth foot contained in 53, the first 
period to the left, which is 2. We next subtract the 4th power of 
2, which is 16, from 53, and to the remainder 37 we bring down 
the first figure of the next period. We then divide 371 by 4 times 
the cube of 2, which gives 11 for a quotient : but this we know is 
too large. By trying the numbers 9 and 8, we find them also 
too large : then trying 7, we find the exact root to be 27. 

214. Remabk. When the degree of the root to be extracted is a 
multiple of two or more numbers, as 4, 6, . . . ., <Ae root can be oh- 
tained hy extracting the roots of more simple degrees, successioehf. 
To explain this, we will remark that, 

(a')*=a» X a^ X a' X a'=fl=+*^^=a3 ^ *=a". 

and that m general (a'»)"=a"»Xa*Xa"X«" • • • =a'"'*" (Art. 13). 
Hence, the n** power of the m^ power of a number, is equal to the 
mn*** power of this number. 

Reciprocally, the mn^ root of a number is equal to the n* root of 
the m^ root of this nundfer, or algebraically 

For, let . . . ^/^az=a'y raising both membei-s to the n^ power 
there will result . . . \^=a^" ; for from the definition of a root, we 
have ( VK )"=K 
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Again, by raising both members to the m** power, we obtain 
«= {a'''y=a'"^. Extracting the mn^'^ root of both members, ^a=a^ ; 

but we already hate V'y/a^a' ; hence "V^= V^/cu 

In a similar manner we might find "^0== 'S/ V-fl. 
By this method we find that 

V256p:\/ V256 = Vl6=4 ; ^ 

V 2985984 = V V 2985984 = Vl728=12 ; 

V 1771561 =V 'V^ 1771561 =11 ; 

V 1679616 = Vl296=V Vl296=6, 

Remark. Although the successive roots may be extracted la 
any order whatever, it is better to extract the roots of the lowest 
degree first, for then the extraction of the roots of tho higher de« 
grees, which is a more complicated operation, is effected upon nun>- 
bers containing fewer figures than the proposed number* 

Extraction of Roots by approximation. 

215. When it is required to extract the n'* root of a number 
which is not a perfect power, the method' of (Art. 213), will give 
wily the entire part of the root, or the root to within unity. As to 
the fraction which is to be added, in order to complete the root, it 
cannot be obtained exactly, but we can approximate as near as we 
please to the required root. 

Let it be required to extract the n** root of the whole number a^ 

to within a fraction — ; that is, so near it, that the error shall be 

P 

1 
less than — . 
P 

We will observe that a can be put under the form • If 

19* 
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we denote the root of aj^ to within unity, by r, the number ^ 

or 0, will be comprehended between — and ^ — ; tliere- 

fore the Vo'wiU be comprised between the two numbers, 

r ^ r+1 „ r 

— and . Hence — is the required root, to within the 

f V T 

lEraction — . 
P 
Hence, to extract the n^ root of a whole number to wUhin afractton 

— , multiply the number by p" ; extract the n^** root of the product to 

mthin unityy and divide the result by p. 

216. Again, suppose it is required to extract the n** root of the 

traction -t-- 



. Multiply each term of the fraction by 

a a6*~* 
J"~* : it becomes -t-=— ; — , 

b b" 

Let r denote the n* root of aJ"~S to within unity ; 

«*"■"' <« Ml u 'AX.. ""a (''+^)" 

—= — or -r-, will be comprised between -7- and — — -^ 

Therefore, fl/ter having made the denomnator of the fraction a per* 
feet power of the n^ degree, extract the n^ root of the numerator^ to 
ioiihin unity, and divide the result by the root of the new denominator^ 
When a greater degree of exactness is required than that indi- 
cate by -Tt extract the root of aV"^ to within any fraction — ; 

f" , r ^ 

and designate this root by — • Now, since — is the root of the 
^ V P 

1 / 

numerator to within — , it follows, that -7- is the true root of 

P *P 

the fraction to within -r-. 

bp 
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217. Suppose it is required to extract the cube root of 15, to 
within — . We have 15x12'= 15x1728=25920. Now the 

cube root of 25920, to within unity, is 29 ; hence the required root 

. 29 5 

IS --r or 2 — . 
12 12 

Again, extract the cube root of 47, to within — . 

We have 47x20^=47x8000=376000. Now the cube root 

72 12 
of 376000, to within unity, is 72; hence V57=oq=3^> to 

within 25. 

Find the value of V25 to within 0,001. 
To do this, multiply 25 by the cube of 1000, or by 1000000000, 
which gives 25000000000. Now, the cube root of this number, is 

2920; hence V25=2,920 to within 0,001. 

In general, in order to extract the cube root of a whole number to 
wiihin a given decimal fraction, annex three times as many ciphers to 
the numbery as there are decimal places in the required root ; extract 
the cube root of the number thus formed to within unity , and point off 
from tJie right of this root tlie required number of decimals. 

218. We will now explain the method of extracting the cube root 
of a decimal fraction. Suppose it is required to extract the cube 
root of 3,1415. 

As the denominator 10000, of this fraction, is not a perfect cube, 
it is necessary to make it one, by multiplying it by 100, which 
amounts to annexing two ciphers to tlie proposed decimal, and we have 
3,141500. Extract the cube root of 3141500, that is, of the num- 
ber considered independent of the comma, to within unity; this 

gives 146. Then divide by 100, or VlOOOOOO, and we find 

V3,1415=l,46 to within 0,01. 
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Hence, to extract the cube root of a decimal number, we have 
the following 

RULE 

Annex cipliers to the decimal party if necessary, until it can he 
divided into exact periods of three figures each, observing thai the 
number of periods must be made equal to the number of decimal 
places required in the root. Then, exti^act the root as in entire num- 
bers, and point off as many places for decimals as there are periods 
in the decimal part of the number. 

To extract the cube root of a vulgar fraction to within a given 
decimal fraction, the most simple method is to reduce the proposed 
fraction to a decimal fraction, continuing the operation untU the num- 
ber of decimal places is equal to three times the number required 
in the root. The question is then reduced to extracting the cube 
root of a decimal fraction. 

219. Suppose it is requii-ed to find, the sixth root of 23, to 
within 0,01. 

Applying the rule of Art. 215 to this example, we multiply 28 
by 100', or annex twelve ciphers to 23, extract the sixth root of the 
number thus formed to within unity, and divide this root by 100, or 
point off two decimals on the right. 

In this way we will find that V23=l,68, to within 0,01. 

EXAMPLES. 

1. Find the V473 to within Jy. Ans. TJ. 

2. Find the VlQ to within ,0001. Ans. 4,2908; 
8. Find the Vl3 to within ,01. Ans. 1,53. 
4. Find the V3,00415 to within ,0001. Ans. 1,4429. 
6. Find the Vo,00101 to within ,01. Ans. 0,10. 
6. Find the V^J to within ,001. Ans. 0,824. 
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Formation of Powers and Extraction of Roots of Algebraic 
"Quantities. Calculus of Radicals, 

We will first consider monomials. 

220. Let it be required to form the fifth power of 2a^^. We 
.have 

(2aPP f = 2a^lr X 2a'ly' X 2a^^ X 20=^ X 2a^ J^, 

from which it follows, Ist* That the co-efficient 2 must be multi- 
plied by itself four times, or raised to the fifth power. 2d. Thai 
each of the exponents of the letters must be added to itself four 
times, or multiplied by 5. 

Hence, {2aWy=2Ka' ^ 532x5^32^15^10^ 

In like manner, {Sa'Pcy=z8\a''>^^PX' V=512a«3»c'. 

Therefore, in order to raise a monomial to a given power, raise 
the co-efficient to this powep, and multiply the exponent of each of the 
letters by the exponent of the power. 

Hence, reciprocally, to extract any root of a monomial, 1st. 
Extract the root of the co-efficient. 2d. Divide the exponent of each 
letter by the index of the root, 

V64aW'= Aa'bc' ; Vl6a^^^c*= 2a^^c. 

From this rule, we perceive, that in order that a monomial may 
be ^ perfect power of the degree of the root to be extracted, 1st. 
its co-efficient must be a perfect power ; and 2d. the exponent of 
each letter must be divisible by the index of the root to be extracted. 
It will be shown hereafter, how the expression for the root of a 
quantity which is not a perfect power is reduced to its simplest 
terms. 

• 

221. Hitherto, we have paid no attention to the sign with 
which the monomial may be affected ; but if we observe, that what- 
ever may be the sign of a monomial, its square is always positive, 
and that every power of an even degree, 2n, can be considered as 
the n'* power of the square, that is, a^''^(a^)\ it will follow that, 
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tvery power of a quantity^ of an even degree, whether positive or 
negative, is essentially positive. 

Thus, (=b2a»ft3c)*= + IBa'^y V. 

Again, as a power of an uneven degree, 2n4-l» is the product 
of a power of an even degree, 2w, by the first power, it follows 
that, every power of an uneven degree of a monomial, is ctffeded witii 
the same sign as the monomiaL 

Hence, ( + 4a**)'= + 64a« J^ ; ( _ 4a-bf= - 64a«i». 

From this it is evident, 1st. That when the degree of the root of 
a monomial is uneven, the root will be affeeted with the same sign 
BS the quantity. 

Therefore, 

2d. When the degree of the root is even, and the monomial a 
positive quantity, the root is affected eitker with +,ot — . 

Thus, V81^^= ±3a5' ; V64a"= =fc2<i». 

3d. When the degree of the root is even, and tlie monomiql nega^ 
live, the root is impossible ; for, there is no quantity which, raised lo 
a power of an even degree, can give a negative result. Therefore, 

V— a, V— 3| V— c, are symbols of operations which it is 

impossible to execute. They are, like V-^a, V—b, imagina» 
ry expressions (Art. 126). 

222. In order to develop (a+y+2^'» we will place y-\-z=zu, and 
we have 

(a+tt)^=a'+3a'tt4-3att^4-ir*, 

or by replacing « by its value, y-\-z 

(a+y+zy=a'+Sa\y+z)+Sa{y+zY+{y+zy, 

or performing the operations indicated 

(a-\-y+zy=cP+2a^y+2ah'\-Saf+eayz-\'^z^-]-f'{-2y^z-^ 

Syz^'+T^. 

When the polynomial is composed of more than three terms, as 
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a-^y+z+x •...;?, let, as before, m= the sum of all the terms aftei 
the first. Then, a-^u will be equal to the given polynomial, and 

{a+uy^a^+Saru+Sau'+u\ 

From which we see, that by cubing a polynomial, we obtain the 
cube of the first term, plus three times the square of the first term 
multiplied by each^ofthe remaining terms, plus other terms. 

It often happens that u contains a root of the leading letter, as in 
the polynomial ct^+ax+b, where u^ax-^-b. But since we suppose 
the polynomial arranged with reference to a, it follows that a will 
have a less exponent in u than in the first term. 

In this case also, the co-efficient of u, multiplied by the first term 
of u, will be irreducible with the remaining terms of the develop- 
ment, because that product will involve a to a higher power than 
the other terms : and when a does not enter tz, the product of that 
co-efiicient by all the terms of u, will be irreducible with all the 
other terms of the development. 

223. As to the extraction of roots of polynomials, we will first 
explain the method for the cube root ; it will afterwards be easy to 
generalize. 

Let N be the polynomial, and R its cube root. Conceive the two 
polynomials to bo arranged with reference to some letter, a, for ex- 
ample. It results from the law of composition of the cube of a po- ^ 
lynomial (Art. 222), that the cube of R contains two parts, which 
cannot be reduced with the others ; these are, the cube of the first 
term, and three times the square of the first term by the second. 

Hence, the cube root of that term of N which contains a, affect- 
ed with the highest exponent, will be the first term of R : and the 
second term of R will be found by dividing the second term of N 
by three times the square of the first term of R. 

If then, we form the cube of the two terms of the root already 
found, and subtract it from iV, and divide the first term of the re- 
mainder by 3 times the square of the first term of jR, the quotient 
will be the third term of the root. Therefore, having arranged 
the terms of iV, we have the following 
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RULE. 

I. Extract the cube root of the first term, 

II. Divide the second term of N by three times the square of ihe 
first term of R : the quotient wiU be the second term of R. 

III. Having found the tico first terms of R,form the cube of tlie 
binomial and subtract it from N ; after which, divide the first term of 
the remainder by three times the square of the first term of R: the 
quotient will be the third term of R. 

IV. Cuhe the three terms of the root found, and subtract the cube 
from N ; then divide the first term of the remainder by the divisor 
already used : the quotient will be the fourth term of the root, and (he 
remaining terms, if there are any, may he found in a similar manner* 

EXAMPLES. 

1. Extract the cube root of a:*— 6x^+15x^—2 0ar^-}-15ar*—6a;+l. 

a;«__6a:5_j_i5^4__20a:^+15r»-6x+l | a;^-2ar-f 1 
(x'-2ir)3=a;«-6ar^+12a;*- 8ar» 3x* 

Ist Rem. . ~. \ 3x*— 12a;3+, dz;c. 
(a:2_2a?+l)'^=x"-6x5+15a*-20r*+15ar^— 6a;+l. 

In this example, we first extract the cube root of x", wliich gives 
ar', for the first term of the root. Squaring x^, and multiplying by 
3, we obtain the divisor Sx^ : this is contained in the second term 
— 6x*, — 2x times. Then cubing the root, and subtracting, we find 
that the first term of the remainder 3a?*, contains the divisor once. 
Cubing the whole root, we find the cube equal to the given polyno- 
mial. 

Remask. The rule for the extraction of the cube root is easily 
extended to a root with a higher index. For, 
Let a'\'b-\'C-\- . . .y, be any polynomial. 
Let s=. the sum of all the terms afler the first. 
Then a+*= the given polynomial : and 

(a+5)"=a"+na'*'*5+ other terms- 
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That 18, the n^ power of apdynomialf is equid to Iho n^ power of 
ihejirsi term, plus n times the first term raised $0 ike powen n— 1, 
multiplied by each of the remaining terms ; + other terms of thedO' 
velopmenU 

Hence, we see, that the rule for the cuhe root will hecome the 
rule for the n^ root, hy first extracting the n'^ root of the first tenn^ 
taking for a divisor n times this root raised to the it— 1 power, and 
raising the partial roots to the n^ power, instead of to the cube. 

2. Extract the 4th root of 



16a*— 96a3aj+216aV— 216aa;^+81d». 



2a- 8c 



16a*- 96fl?»a;+216aV- 216a«=+81ii* 
(2a-3aj)*=16a*-96a'a?+216aV-216aa;»+81a*82a'=4x(2«y 

We first extract the 4th root of 16a*, which is 2a. We thea 
raise 2a to the third power, and multiply by 4, the index of the root : 
this gives th^ divisor d2a?. This divisor is contained in the second 
term — 96a^a:, —8a; times, which is the second term of the isoot. 
Raising the whole root to the 4th power, we find the power equal to 
the given polynomial. 

3. Find the cube root of 

sfi+631^ — 40ar'+96ff— 64. 

4. Find the cube root of 

15**-6«+a!«— 6«»— 20aj'+16«*+l. 

5. Find the 5th root of 

82«*-80«*+80a^-40«*+10«-l. 

Calculus of Radicals. 

224. When it is required to extract a certain root of a mononwd 

or polynomial which is not a perfect power, it can onty be indioslelf 

by writing the proposed quantity afler the sign VT^d placing over 
this sign the number which denotes the degree of the root to be ex- 
tracted. This number is called the index of the rooty or of the radieai. 

A radical expression may be reduced to its simplest termsy by 

30 
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observing that, Ae n*^ root of a product u equal to the product of the 
n^ roots of its dijerent factors. 

Or, in algebraic terms : 

Vabcd=!yaX V^X %/cX W« 
For, raising both members to the n'^ power, we have for the first, 
( V abcd):=>ahcd . . ., and for the second, 

(v^aX V^X V^X >/^" .)"=( V^)"- ( V^)'*-(\/c)"-('>/^)"-- • =a*cdf- 
Therefore, since the n^ powers of these quantities are equal, the 

iquantities themselves must be equal. 

Let us take the expression V54a*^c*, which cannot be replaced 
by a rational monomial, since 54 is not a perfect cube, and the ex- 
ponents of a and c are not divisible by 3 : but we can put it under 
the form 

V54a*^c*= V27i3^ V2a(r»=3a3 V^a^. 

In like manner, 

V8^=2V^; V48aW=2af^cV3^; 

Vi92aW^ V64a«c"x V3a^=2ac^ V^ab7 

In the expressions, ^dbS/2ad^^ ^SfoF^ 2a5*c VSac^ the quanti- 
lies placed before the radical, are called co-efficients of the radical. 

225. The rule of (Art. 214) gives rise to another kind of simpli- 
Gcation. 

Take, for example, the radical expression, Vi? ; from this rule 

we have, ST^-^S/ ^40*, and as the quantity affected with the 

radical of the second degree V» is a perfect square, its root can be 
extracted, hence 

Vi^= V2a. 
In like manner, 

V36a*^=V •/36flW"= V0a6. 



CALCULtTS OF RADICALS. 281 

In general, "Va^si WlycF^z Va ; that is, when the index of a 
radical is a multiple of any number n, and the quantity under the 
the radical sign is an exact 9)'^ power, we can, toithout changing the 
valite of the radical, divide its index by n, and extract the n*^ root of 
the qiuintity under the sign. 

• This proposition is the inverse of another, not less important, viz. 
toe can multiply the index of a radical by any number, provided toe 
raise tJie quantity under the sign to a power of which this number 
denotes the degree. 

Thus, Va= V a". For, a is the same thing as v a" ; hence, 

my m / mn y— — 

Va= V ya"= va". 

This last principle serves to reduce two or more radicals to the 
same index. 

For example, let it be required to reduce the two radicals 'V^ 

and V(a+^to the same index. 

By multiplying the index of the first by 4, the index of the se- 
cond, and raising the quantity 2a to the fourth power ; then multi- 
plying the index of the second by 8, the index of the first, and 
cubing a-i-b, the values of the radicals will not be changed, and 
the expressions will become 

226. Hence to reduce radicals to a common index, we have the 
following 

RULE. 

Multiply the index of each radical by the product of the indices of 
all the other radicals, and raise the quantity under each radical sign 
to a power denoted by this product. 

This rule, which is analogous to that given for the reduction of 

fractions to a common denominator, is susceptible of some modifi- 

o 
catbns. 



For ezainple» reduce the radicals W(h Wbh^ Va*+^, to the 
index* 

Km the nnmbeie 4, 6, 8, hare common factors, and 24 is the moet 
mofle multiple of the three numbers, it is <Hily necessary to multi* 
ply the first by 6, the second by 4, and the third by 3, and to raise 
the quantities under each radical sign to the 6thy 4th, and 3d pow- 
iia respectiyely, which gives 

In applying the above rules to numerical examples, beginners 
▼ery often make mistakes similar to the following, via^ : In reduc- 
ing the radicals ^2 and V^ to a common index, after having mul- 
tiplied the index of the first (3), by that of the second (2), and the 
index of the second by that of the first, then, instead of multiplying 
the txj^onicnt of the quantity under the first sign by 2, and the expo^ 
neni of that under the second by 3, they oflen multiply the quanlUy 
luder the first sign by 2, and the qaanHtjf under the second by 3^ 
ThuSfe they would have 

V2"=V2X2=V1^ and V3== V3x3 = V9. 

Whereas, they should have, by the foregoing rule, 

V2'=V(27=VT, and V1=V(3F=V27. 

Reduce V^2, S/4, Vj, to the same index. 

Addition and Subtraction efRa^^eah^ 
227. Two radicals are similarf when they have the same index» 

and the same quantity, under the «gn. Thus, 3 Vo^ and 7 Vo^ 
are similar radicals, as also 3a* V^» and 9c^ V^- 

Therefore, to add or subtract similar radicals, add or stibtract 
thetr eo-^jicienUf and prefix the sum or difference to the'co*nmon 
raUcdi. 

Thus, zVh+2Vh=:bVby 8V*-2Vi=V^ 

ZaVb±%pVh=:{Za±2c)Vb. 
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Sometimes when tjvo radicals are dissimilar, they can be reduced 
to similar radicals by Arts. 234 and 235. For example, 

ViBa^+h V75a=4b VTa+5h Vsi=9b VSa. 
VSo^i+iea*- VA*+2a^=2a Vh^^* Vb+2a 

=(2a— 5)V*+2a; 
3 V4a^+2 V2a=3 V2a+2 V2a=5 V2a. 

When the rs^dicals are dissimilar, and irreducible, they can only 
be added or subtracted by means of the signs + or — . 

Multiplication and Division. 

228. We will first suppose that the radicals have a common 
index. 

Let it be required to multiply or divide Va by Vb, We have 
Vax Vb= Vab, and Va-i- VJ=\/-t-. 

For by raising Va . "Vb and 'Vab to the n'* power, we obtain 

the same result ab ; hence the two expressions are equal. 

y/a " /a , , a 

In like manner, -^^ and \/ - raised to the n'* power give -t-« 

hence these two expressions are equal. Therefore we have the 
following 

RULE. 

Multiply or divide the quantities under the sign by each others and 
give to the product, or quotient^ the common radical sign. If they 
have co^efficients, first multiply or divide them separately. 

Thus, 

c a ca 

or, reducing to its simplest terms, 

20* 



8a V8?X2* V^t-eah V92^e=l2a*h*V2e. 

When the radicalB have not a common index, they should be re- 
duced to one. 

Pbr example, 8aV*xWV2c=15«3x' V§5v. 



1. Multiply VSxVT by V yXV-g- 

Ans. "VST 

2. Multiply 3 -v/iS by 8 VlO 

-Afw. 6V337500. 



3. Multiply 4V|. by aV^. 



'•/"27' 



2 'V^^x'v^^ 
4. Reduce ' . — ■ to its lowest terms. 

iVTx VT 

il»M. 4'V288. 

yvTxsvy 

6, Reduce ^ ^ ^= to its lowest terms. 



4VYX VT 

Am 



. wx 



2 ' 3 
' 6. Multiply VT, VT, and *\^ together. 

Aim. 'V648000. 
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r. Multiply V 4-» V^4- andC'Ve together. 



7. Multiply ^ g, ^ jj 



V 2^. 



8. MulUply (4V^+5\/|-) by (V^+2\/l). 



^*w. -3-+-^^^. 



9. Divide 4 V^ by ( ^/T+3^A|). 



il«- 1 



10. Divide 1 by *VT+ VT. 

*!/?"- V^+ ViA*- VF 
-An*. 1 

11. Divide *V^+*VT by *VT-*VT. 

a+54-2 Va^+2V^+2*A/aF 



ili». 



a-* 



Formation of Powers^ and Extraction of Roots. 
229. By raising ^a to the n^ power, we have 

(';/a)"=VflXV«X V« • • • =Vfl^ 
by the rule just given for the multiplication of radicals. Hence, 
for raising a radical to any power, we have the following 

RULE. 

Raise the quantity under the sign to the given power, and affect 
ihe resuU with the radical sign, having the primitive index. If U 
has a cO'ffficienU first raise it to Ihe given power. 

Thus, (S/4?)»= V(4a3)«= *vT6?=:2tf*V?'; 

(3V2^)«=3^V(2^'=243V3^=486aVi5^ 
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When the index of the radical is a multiple of the power, the re- 
sult can be reduced. 

For, *'/2a=V^^ V'^a (Art. 214): hence, to square V2a, we 
have only to omit the first radical, which gives (S/2a) = V2a. 

Again, to square Vsb, we have V^=^\^^ V^' hence 

Consequently, when the index of the radical is divisible by tlie ex^ 
ponent of the poioert perform this division, leaving the quantity under 
the radical unclianged. 

To extract the root of a radical, multiply the index of the radical 
by the index of the root to be extracted, leaving the quantity under the 
Sign unchanged. 

Thus, vVi3=''V^; \/vVc==V^. 

This rule is nothing more than the principle of Art. 176, enun- 
dated in an inverse order. 

When the quantity under the radical is a perfect power, of the 
degree of either of the roots to be extracted, the result can be re- 
duced. 

Thus, \/ Vs^ being equal to \/ VSa^ it reduces to V2a. 

In like manner, \/ 'V9^=\/ V9a^=^VSa. 

It is evident that Vv*='Vya ; because both expressions are 

equal to ""ValArt. 214). 

230. The rules just demonstrated for the calculus of radicals^ 
principally depend upon the fact that the n^ root of the product of 
several factors is equal to the product of the n'* roots of these fac« 
tors ; and the demonstration of this principle depends upon this : 
When the powers, of the same degree, nf two expressions are apial. 
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Ae expressions are also equal. Now this last proposition, which is 
true for absolute numbers, is not always true for algebraic expres- 
sions. 

To prove this, we will show that the same number can hare 
more than one square root, cube root, fourth root, SfC. 

For, denote the general expression of the square root of a by x, 

» 

and the arithmetical value of it by jp ; we have the equation ^^=a, 
or a*=jp^, whence a?=dbp. Hence we see that the square of jp, 
which is the root of a, will give a, whether its sign be + or —. 

In the second place, let x be the general expression of the cube 
root of a, an'd f the numerical value of this root ; we have the 
equation 

ic3=a, or ar*s=|>^. 

This equation is satisfied by making x^^p* 

Observing that the equation a^=|r* can be put under the form 
«?— p'rrrO, and that the expression ar*— jr* is divisible by «— |), (Art. 
69), which gives the exact quotient, a^'+pai+jr', the above equation 
can be transformed into 

(a?— p) (a:'+P^+l'')=0. 

Now, every value of x which will satisfy this equation will satis- 
fy the first equation. But this equation can be verified by suppos- 
ing «— 1}=0, whence x^=i'p ; or by supposing 

from which last we have 

«=--±_ V^Is; or x=v{ 2 ). 

Hence, the cvhe root of a, admits of three different algebraic «a- 
luec, m. 

V, !>( 2 j, and p( j. 

Again, resolve the equation ai*=p\ in which p denotes the arith- 
raetical value of \/a. This equation can be put under the form 
«•— p*=0. Now this expression reduces to (a;"— p*) {a^+p^y 
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Hence the equation reduces to («"— p*) (a?+l'')=0, and can 
be satisfied by supposing a?—j^=iO^ whence «=d=jj ; or by suppos- 
ing ar'+p*=0, whence a:=± V' — p^=±p v — 1. 

We therefore obtain four different algebraic expressions for the 
fourth root of a. 

For another example, resolve the equation .... aP=p* 
which can be put under the form jc^— |j^r=0. 

Now aj"— p* reduces to {^—P^) (^+1^)» 

therefore the equation becomes .... (sP—jP) (ar* 4-p')=0. 

But aP—jP=^Of gives 

And if in the equation a?+p'=zO, we make p^—p', it becomes 
i?—p'^=0 from which we deduce x=j/, and 

*=^ ( 2 ) 5 

or, substituting for p' its value, »jp, 

Therefore the value of x, in the equation aj"— p'=0, and conse- 
quently the 6th root of a, admits of six values, p, ap, a'p^ — p, 
— ap, — a'p, by making 

-1+ V-3 -1- V— 3 
«= 2 , a'= 2 . 

We may then conclude from analogy, that x in every equation of 
the form af*— a=0, or aT— p"*=0, is susceptible of m different va- 
lues, that is, the m'^ root of a number admits of m different alge^ 
hraic values, 

231. If in the preceding equations and the results corresponding 
to them, we suppose as a particular case a=l, whence p=l, we 
shall obtain the second, third, fourth, &c. roots of unity. Thus 
4-1 and —1 are the two square rooU of unity ^ because the equation 
ff*— 1=0, gives «==tl. 
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In like manner +1, , , are the three 

cube roots of unity, or the roots of o;^— 1=0. And 

+ 1,-1, + V— 1, — V— 1, are the four fourth roots of unity, 
or the roots of a;*— 1=0. 

232. It results from the preceding analysis, that the iniles for the 
calculus of radicals, which are exact when applied to absolute num- 
bers, are susceptible of some modifications, when applied to expres- 
sions or symbols which are purely algebraic ; these modifications are 
more particularly necessary when applied to imaginary expressions, 
and are a consequence of what has been said in (Art. 230). 

For example, the product of V — a by V —a, by the rule of 
(Art. 228), would be 

V —ax V — a= V+^. 

Now, VV" is equal to ±a (Art. 230) ; there is, then, apparent- 
ly, an uncertainty as to the sign with which a should be affected. 
Nevertheless, the true answer is — a ; for, in order to square ^m, 

it is only necessary to suppress the radical ; but the V —a x V— a 

reduces to ( V—a) , and is therefore equal to —a. 

Again, let it be required to form the product V —aX V — i, 
by the rule of (Art. 228), we shall have % 

V —ax V — b=i V+ab. 

Now, Vah^z-^ip (Art. 230), p being the arithmetical value of 
the square root of ab ; but I say that the true result should be — p 

or — Va^, so long as both the radicals V—a and \-—b are con- 
sidered to be affected with the sign +. 

For, '/^= y/a. V^ and V— ^= y/b. V^\ 
hence 

'/^X V^ = \/a. V^X V^X V^^ Vah{ V^)' 



1 
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Upon this principle we fiod the different powers of V— 1 to be, 
as follows : 

and ( V^y=( V^)^( -/^)^=-lX-l=+l- 

Again, let it be proposed to determine the product of V—o. by 

the V—b which, from the rule, will be *V+abf and consequently 
will give the four values (Art. 230). 

To determine the true product, observe that 

But *v3rx*v^=iu=(V^)'=(v v^irry = v^^ 

hence *'v/^.*V^= V^. V^. ' 

We will apply the preceding calculus to the verification of the 

expression , considered as a root of the equation 

a^— 1=0, that is, as the cube root of 1 (Art. 230). 
From the formula (a4-*)^=a'+3a'*+3a5*+*', 

we have ( 5 ) 

(^i)3+3(~i)^ vC:3+3(~i).( V^Y+( V^y 

*^ 8 

— 1+3 Vila— 3X —3— 3 V^_ 8 ^ 

= 8 """8"""^' 

«.l— V_3 
The second value, r , may be verified in thenne 

manner. 

Theory of Exponents. 

233. In extracting the n^ root of a quantity a"*, we have seen 
that when tii is a multiple of n^ we should divide the exponent m by 
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ft the index of the root ; hut when m is not divlsihle hy n, in which 
case the root cannot be extracted algebraically, it has been agreed 
to indicate this operation by indicating the division of the two ex- 
ponents. 

Hence, V aP'=-aT'y from a convention founded upon the rule for 
the exponents^ in the extraction of the root^ of monomials. In such 
expressions, the numerator indicates the power to which the quantitff 
is to be raised, and the denominator, the root to he extracted. 

Therefore, %/a''=a'^ ; \/a^=a*. 

In like manner, suppose it is required to divide a"* by a". We 
know that the exponent of the divisor should be subtracted from the 

a"*- 



exponent of the dividend, when fn>n, which gives — 

But when m<n, in which case the division cannot be effected alge- 
braically, it has been agreed to subtract the exponent of the divisor 
from that of the dividend. Let p be the absolute difference between 

n and m ; then will n=m+p, whence =0"^ ; but 



fjtn^ ' a«+# 



1 1 

reduces to -— ; hence a~^= 



aP ' a^ 

Therefore, the expression a~^ is the sjrmbol of a division which it 
has been impossible to perform ; and its true value la the quotient 
represented by unity divided by the letter a, affected with the ex- 
ponent p, taken positively. Thus, 

3 * 5 1 

The notation of fractional exponents has the advantage of giving 
an entire form to fractional expressions. 

From the combination of the extraction of a root, and an impos- 
sible division, there results another notation, viz. negative fractional 
exponents, 

21 
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In extracting the n* root of — . we have first ---■=11"*', hence 

Y/ — = Va~^=a"'«, by substituting a fractional exponent for 
the radical sign. 

Hence, a"y a"', a ^, are cimvefUionalexpressumsy founded up- 
on preceding rulesy and equivalent to Vfl"", — > V/ — . 

We may therefore substitute the second for the first, or recipro* 

cally. 

As a^ IS called a to the p power, when ji is a positive whole num. 

^ -^ m 

ber, so by analogy, a^^ a~^, a " , are called a to the — power, a to 

the —p power, a to the power, which has induced algebra- 

iafts to generalize the word power ; but it would, perhaps, be more 

m m 
« accurate to say, a, exponent — , exponent — p, exponent 

using the word power only when we wish to designate the product 
of a number multiplied by itself two or more times. 

Since ar^ and — are equivalent expressions, also aP and — ^— , 

Ve conclude that any factor may he transferred from the numerator 
Ho tlie denominator^ or from the denominator to the numeralar^ by 
changing the sign of its exponent. 

Multiplication of Quantities affected with any Exponents. 

a. a. 

234. In order to multiply a* by a', it is only necessary to add 

^ tu>o exponents^ and we have 



For, by (Art, 233), a* == «/«' ; «"* = V«* 

3 3. 
hence, a* X fl^ = V«^ X V^ » 
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or, performing the multiplication by the rule of. (Art. 228), 
Again, multiplying a * by a® , we have 

for, a * = ^~, a'= Vo*; 

hence 



m 



la general, multiplying a " by a« '; we have 

Therefore, in order to multiply two monomials affected with any 

exponents whatever, add, together the exponents of the same letter ; 

this rule is the same as that given in (Art. 41), for quantities affect. 

ed with entire exponents. 

From this rule we will find that 

^ _JL a. a u J. _a 

and 3a-'«3*x2a''*3*(r»=6a''^*V. 



Division, i 

235. To divide one monomial by another when both are affected^ 
with any exponent whatever, follow the rule given in Art. 50 for 
quantities affected with entire and positive exponents ; that is, sub* 
tract the exponents of the letters in the divisor from the exponents of^ 
the same letters in the dividend. 

For, the exponent of each letter in the quotient must be such^ 
that, added to that of the same letter in the divisor, the sum shall 
be equal to the exponent of the letter in the dividend ; hence the 
exponent in the quotient is equal to the difference between the ex- 
ponent in the dividend and that in the divisor. 
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Formation of Powers. 

236. To form the n*^ power of a monomial, affected with any 
exponent whatever, observe the rule given in Art. 220, viz. multt'^ 
ply the exponent of each letter by the exponent m of the power ; for, 
(o raise a quantity to the m^*^ power^ is the same thing as to multi- 
ply it by itself m — 1 times; therefore, by the rule for multi plica- 
tion, the exponent of ^ach letter must be added to itself m — 1 times, 
or multiplied by m. 

Thus, \a*) =a* ; \a^) =a^=a^ ; 

Extraction of Roots. 

237. To extract the n'* root of a monomial, follow the rule given, 
in Art. 220, viz. divide the exponent of each letter by tlie index of 
the root 

For, the exponent of each letter in the result should be such, 
that multiplied by n, the index of the root to be extracted, there 
will be produced the exponent with which the letter is affected in 
the proposed monomial ; therefore, the exponents in the result must 
be respectively equal to the quotients arising from the division of 
the exponents in the proposed monomial, by n, the index of the 
toot. 

Thus, >/?=«*; \/a^=a^i \/7^=a'^ 



V. 



ah ' =a*i ', 
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The last three rules have been easily deduced from the rule ibr^ 
multiplication ; but we might give a direct demonstration for theni|^ 
by going back to the origin of quantities affected with fractional, 
and negative exponents. 

We will terminate this subject by an operation which contains 
implicitly the demonstration of the two preceding rules. 

Let it be required to raise a" to the power; 

We say that, 



(«^r= 



m r mr 

a =a i 



For, by going back to the origin of these notations, we find tihal 

I ^'Y^-- V— i___ V— i— - V— 1— 



(^) 



( ;/a''y~ V ya> 



= \/\/-^=^= "V^=^=a 



tu 



The advantage derived from the use of exponents consists prin- 
cipally in this : The operations performed upon expressions of this 
kind require no other rules than those established for the calculus 
of quantities affected with entire exponents. Besides, this calculus 
is reduced to simple operations upon fractions, with which we are 
already familiar. 

238. Resiabk. In the resolution of certain questions, we shall 
be led to consider quantities affected with incommensurable expo- 
nents. Now, it would seem that the rules just established for com- 
mensurable exponents, ought to be demonstrated for the case in 
whicb the exponents are incommensurable ; but we will observe, 

that an incommensurable, such as v3 , VTl, is by its nature com- 
posed of an entire part, and a fraction which cannot be expressed 
exactly, but to which it is possible to approximate as near as we 
please, so that we may always conceive the incommensurable to be 
replaced by an exact fraction, which only differs from it by a quan- 

21* 
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tity less than any given quantity ; and in applying the rules to the 
aymhol which designates the incommensurable, it is nece^ary to un- 
derstand that we apply it to the exact fraction which represents it 
approximatively. 



EXAMPLBS. 



Reduce 



2^/2x(3)' 



to its simplest terms. 



Ans. 4 Vl . 



Reduce 



J(2)*V3); 



< U2)^ V^ 
( 2V2(3y 



to its sunplest terms. 



Reduce 




(4)'+ 



'^"•- air'^^- 



simplest terms. 



2v^2 



-X. \ to its SI 

.(f)* 5 

Ans. V -g-(yVT4-V:2l). 



Demonstration of the Binomial Theorem in the case of any 

Exponent whatever. 

239. Since the rules for the calculus of entire and positivp expo. 
njBnts may be extended to the case of any exponent whatever, it is 
natural to suppose that the binomial formula, which serves to deve- 
lop the »i'* power of a binomial when m is entire and positive^ will 
also effect this when m is any exponent whatever. In fact, analysts 
have discovered that this is the cose, and they have deduced im- 
portant consequences from it, both for the extraction of roots by cp- 
proximation^ and the development of algebraic expressions into series. 

The following is a modification of Euler's demonstration. 

We will remark, in the first place, that the binomial x+a can 

be put under the form x(l+ — j ; whence there results 
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(a \"* fl 

1+ — j =ar(l+2)"*, by making — =z. 

Therefore, if the formula 

, m— 1 „ m— 1 m— 2 _ . 

(l+2)'»=l+m2H-TO — - — z'+m. — - — . — g — z^+Ao. (A) 

is proved to be correct for any value of m, we may consider the 
fi>rmula 

tn—l ^ 
{x+a)'^=af^+maaf^^+tn . — -- — cra^' 

tn—l w— 2 ._ 

+m . — - — . — - — a'jf ~'+, &c. (B) 

a 
exact for any value of m. For, by substituting — for 2 in the 

X 

formula (A), and multiplying by af*, we obtain 

(a m—l fl* \ 

l+m—+m.—- — •^+» <^c-j» 

from' which, by performing the operations indicated, we obtain the 

formula (B). 

Now, wh^n m is a whole number, we have 

m—l »i— 1 m—2 

(l+s)'"=l+7n2+m. — r — z^+m, — - — . — - — 2^+, dec. 

P 

But, if m Is a fraction — , we do not know from what algebraic 

expression the development 

m—l m—l m— 2 

l+mz+m- — - — z'+m. — - — . — - — «^-|-, &c. ... is derived. 

Denoting this unknown expression by y, we have the equation 

m—l m—l m— 2 
yz=l+mz+m. — ^—ic^+m. — - — . — - — z^+y (fee (1). 

and it is now required to prove that y=(l+2)*. 

If m' is another fractional exponent, we shall have in like manner, 

m'-l ^ m'-l m'-2 , 

1/=: 1 +tn'z-\'m' • — 5 — z^+tn . — - — . — — — r*+, &c. . . (2. 
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Multiplying the equations (1) and (2), member by member, we 
shall have for the first member of the result yxf. As to the second, 
it would be very difficult to obtain its true form, by the conunon 
rule for the multiplication of polynomials ; but by observing that 
ihefoTm of a product does not depend upon the particular values of 
the letters which enter into its two factors (Art. 47), we see that the 
above product will be of the same form as in the case where m and 
m' are positive whole numbers. Now in this case we have 

1+mz+m . — - — r+ . . . rzi^l+t)", , 

l+m'z+m'. — - — 7^+ . . . =(l+z)"', 

whence 

(m— 1 \/ m'— 1 ^ \ 

l+mz+m. — - — ^r+ . . • jil+m'z+m* , — - — 2r+ j 

={l+z)^'=l+{m+m')z+{m+m') ««+ ; 

Therefore this form is true in the case in which m and m' are any 

quantities whatever, and we have 

mA-mf — 1 
j^=l+(m+iii>+(m+»i') .2«+ (3); 

Let m" be a third positive fractional exponent, we shall have 

Multiplying the two last equations member by member, we have 

3^y"=l+(in+OT'+m'>+(m+m'+m") ^ z'+ 

. p 

Suppose the fractional exponent m= — . Take as many exponents 

m, m', m", wi'", dec, as there are units in g ; we shall have, by raak* 
ing r equal to the sum of the exponents m+m' +m" +m"^ + » . • 

yyyy. . . ^l+rz+r.—^z'+r . •— . -3-*^+ . . . (4V 
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And by supposing m=m'=m'*=m'" ... in which case 

the equation (4) becomes 

mq—l tnq—l wig— 2 , 

l/fzzzl+mq.z+mq. — - — z-+mq. — - — . — ^~^+ • • • 

Now we have by hypothesis, m= — , or mq=p ; 

«— 1 P— 1 P— 2 

hence J(»— l+p.^+p.-^-^^+p. -2-.--g-2^+ . . . 

but p is a whole number, therefore the second member of this equa- 
tion is the development of (1 +«)'', which givesy'=(l+2;)p, whence 

y=:(l+z)^ =(l+r)" ; consequently 

wi— 1 tn—l »i— 2 

(l+zy=zl+mz+tn — - — 7^+m — — — • — - — i'^-f . . . 

m being any positive fraction. 

To demonstrate this formula, for the case in which m is a negative 

fraction or whole number, it is only necessary to suppose, »i'=— m, 

in the equation (3) obtained from the equations (1) and (2), for 

when jn+m'=0, the equation (3) reduces to ^'=1; whence 

1 

But since m is negative by hypothesis, m' or —w, must be posi. 
tive, and we have 

t/=.{l+zr% hence y= ^^^^^„, =(l+zy^'^={l+zr, 

and consequently 

m— 1 
{l+zy=zl+mz+m — — — 'Z + • • • or 

-m'-l (-m'-l)(-m'-2) , ^ 
(l+«)-^=l-.m'«-m' — a«-m'^ j-^-^j -V+,&c. 
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Applications of tlie Binomial Theorem. 

240. If in the formula (x+a)-r= 

/ a m— 1 tf* m— 1 m— 2 cr* \ 

«^(^+^-T+'"*~2~V+'"'~2~-^l~V "^•* 7 

1 1 

we make m= — , it oecomes (x+aV or va;+a= 

n ^ ' 

1 11 

or, reduclDg, Vx+a= 

i./ 1 a^l n-1 a« 1 n-1 2n-l c^ \ 

\ n * « « * 2n ' ar^ n ' 2n * 3n * aj^ / 

3n-l 
The fifth term can be found by multiplying the fourth by — - — 

a 

and by — , then changing the sign of the result, and so on. 

241. Remark. When the terms of a series go on decreasing in 
value, the series is called a decreasing or converging series ; and 
when they go on increasing in value, it is called a diverging sQvm, 

In a converging series the greater number of terms we take in 
the series, the nearer will we approximate to the true value of the 
proposed series. When the terms of the series arc altemaiejy 
positive and negative^ we can, by taking a given number of terms, 
determine the degree of approximation. 

For, let a—J+c— (Z+e— -y+ . . ., dec. be a decreasing series; 
^9 c, d . . . being positive quantities, and let x denote the numbei* 
represented by this series. 

The numerical value of a? is contained between any two consecu. 
live sums of the terms of the series. For take any two consecutive 
sums, 

«— i+c— d+e— /, and a— ^+c— d+c— /+^. 
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In the first, the terms which follow —f, are g—A, + A:— Z+ . . . 
but since the series is decreasing, the partial differences ^— A, 
k — Z, .... are positive lumbers ; therefore, in order to obtain the 
complete value of x, a certain positive number must be added to the 
sum a—h+c--d+e—f. Hence we have 

In the second series, the terms which follow -^g are — A+A:, 



--/+jn • . . • Now, the partial differences —A+A:, — Z+m . . ., 
are negative ; therefore, in order to obtain the sum of the series, a 
negative queyitity must be added to 

a—h+c—d+e-'f+g, 

or, in other words, it is necessary to diminish it. Consequently 

, a—h+c—d+e—f+g^x. 

Therefore, x is comprehended between these two sums. 
The difference between these two sums is equal to g. But since 
0? is comprised between them, their difference g must be greater than 
the difference between x and either of them ; hence, the error com* 
mitted by taking a certain number of terms^ a— b+c— d+e— f, for 
the value of x, is numerically less than the following term, 

242. The binomial formula also serves to develop algebraic ex- 
pressioiis into series. 

1 

Take for example, the expression , we have 

^ -=(i-zr'. 



1-2 

In the binomial formula, make m=— 1, a?=l, and a=— 2, it be- 
comes 

-1-1 -1-2 
— !• — - . 5 .(—2)—... 
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or, performing the operations, and observing that each term is com< 
posed of ah even number of factors affected with the sign — , 



• • • • 



The same result will be obtained by applying the rule for divL 
sicMi (Art. 55). 



l-« 



l+2+r»+r*+z*+ . . . 



1 

1st. remainder • +z 

2d +£" 

3d. • . . • +2^ 

4th +z^ 

■^ ... 

2 
Again, take the expression -r- r^-, or 2(1— 2)"^ 

We have ^ 2(l-s)-*= 

2[i^3.(-2)-3.:=^.(-2)«-3.::^.^:^ 

or 2(l-2)-^=2(l+32+62*+10r»+15iS*+ ) 

To develop the expression V2z—z' which reduces to 

(■-i)*='4K)4-ii^-K)'+-- 

_ 1 1 5 

hence V2i=?= V2^(l-^-i»«-^_. &c) 



EXAMPLES. 

1. To find the value of . t/.\a* ^^ ^^ equal (a+^)~* in an in- 
finite Bcrioii 
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2. To find the value of — ; — , in an infinite series, 

r+x 

Ans. r^x-] ~r • la"* ^^* 

T r r 

3. Required the square root of --^ — -j in an infinite series. 

Aim. i+-r+-5::r+-5:T-»'^«- 



* 



a" ' 2a* • 2a« 



4, Required the cube root of .^ « ^ . in an infinite senes. 



1 / 2a^ 5a?* 40aj« \ 



Method of Indeterminate Co-effixdents. Recurring Series 

243. Algebraists have invented another method of developing 
algebraic expressions into series, which is in general, more simple 
than those we have just consideredy and more extensive in its appli- 
cations, as it can be applied to algebraic expressions of any nature 
whatever. 

' Before considering this method, it will be necessary to explain 
what is meant by the term/Mnc/ion. 

Let a=b+c. In this equation, a, h and c, mutually depend oii 
each other for their values. For, 

<i=i+c, i=a— c, and c^a-^h. 

The quantity a is said to be o, function of h and c, h sl function of 
a and c, and c a function of a and &• And generally, when one 
quantity depends on others for its value, it is said to he a function cf 
those quantities on which it depends 

In order to give some idea of this method of development, we will 

a 
suppose it is required to develop the expression , ^ into a se- 

ries arranged according to the ascending powers of x. It is plain 

22 
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that the expression can be developed; for 



reduces lo 



a[a''\-Vx)~^ ; and by applying the binomial formula to it, we should 
evidently obtain a series of terms arranged according to the ascend* 
ing powers of «• We may therefore assume 

-r-77-=il+Ba?+Ca^+J9a»+£x*+Fx'+ .... (1) 

the co-efficients j1, By C, D, .|. • being functions of a, a\ V^ but in* 
dependent of x, it is required to determine these co-efHcients, wbicli 
are called indeterminate co-efficienls. 

For this purpose, multiply both members of the equation (1) by 
i^+h'x; arranging the result with reference to the powers of 
«, and transposing a, it becomes 



( Aa' 

0=) 

t —a 



Aa'+Ba: 



+Ay 



x+Ca! 
+Bh' 



aP+Ea' 

+Dhr 



i» "I" • • • ('vl* 



+CV 

Now if the values of -4, B^ Cj D^ . , . were determined, the 
equation (1) would be satisfied by any value given to x ; this must 
therefore be the case also in the equation (2). 

But by supposing a;=0, this equation becomes, 

0=ila'— a; 



Whence 



'-i-' 



a 



A being equal to --7, when a;=0, this must be the value of it when 



a 



X is any quantity whatever, since A is independent of x by hypothe- 
sis ; therefore whatever may be the value of c, the equation (2) 
reduces to 

ar*+ .••..; or, dividing by «, 






Ba' 


x+Ca' 


x»+Da' 


+Ay 


+Bh' 


+Ch' 


Ba: \ 


+C«' 


X +2>ii' 


+ AW 


+Bh' 


+cy 



*■+ 



(3). 



This equation being also satisfied by any value for x, by making 
ip=0, it becomes Ba'+AV^O. 
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AV a y ah' 
Whence 5= 7-, or ^= rX^—^ — ;a- 

As this must be the value of B whatever may be that of x^ we 
will suppress the first term Ba'+Ab' of the equation (3), which 
this value of B makes equal to zero, and divide by a? ; it thus be-. 
conaes 



^"^ ^ Jf-Bb'+Cb' 



x+Ea' 
+Db' 



Hi "J" • • » 



Making a;=0, there results 

Whence C= -r-»orC=-( ra)x-r=— ?r« 

In the same way we should find 

J9a'+C6'=0, 

Whence Z/= 7— , or 2>=— ;r-x — r= ?r- 5 «fi^ so on* 

It is easily perceived that any co-efficient is formed from that 

y 

which precedes it, by multiplying by — ;- ; therefore we have, 

CI 

a a ah' ah'^ ab'^ aV 



/a*+ ^/3 ^ — _#4 ^"t" ^'5 * • • • 



ci^b'x a! a'^ ' a'^ a'* ' a' 

244. By reflecting upon the preceding reasoning, we perceive, 
that the fundamental principle of the method of indeterminate co* 
efficients, depends upon this, viz., to/een an eqiuUion of the form' 
(i=M+Nx+Px^+QaP+ . . . (itf, iV, P, Q, . . . being independent 
of x), is verified by any value of x whatever^ each of the co-eJicieniM 
must necessarily be equal to 0. ^ 

For since these co-efficients are independent of x, when they are 
determined by any particular hypothesis made with respect to x, 
the values must answer for any value of x whatever. Now, mak- 
ing jc=0, we find 3f=0, and dividing the equation by 07, it reduces 
to 

0=JV+Paj+Qar»+ . . . 
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making x=0 in this equation, it becomes N=0, and dividing the 
equation hyx/it reduces to 0=:P+Qx+ • • • and so on. Hence we 
have 

lf=0, i\r=0, P=0, Q=0 . . . ; 

in thiB manner we obtain as many equations as there are co-effi- 
cients to be determined. 

This principle may be enunciated in another manner, viz. 

Wken an equation of the form 

a+hx+Gi^+daP+ . . . =a'+5'a?.+cV+«f«^+ . . . 

» satisfied by any value given to x, the terms involving the same 
powers in the two members are respectively equal ; for, by trans- 
posing all the terms into the second member, the equation will take 
the form 0=M+Px+Q!x^+ . . • , whence 

a'— a=0, h'—b=Of c'— c=0 . . . . , 

and consequently, 

d=af l^:=:hf c'^c, d'=zd • . . ., 

Every equation in which the terms are arranged with reference 
to a certain letter, and which is satisfied by any value which can be 
given to this letter, is called an identical equation^ in order to distin- 
guish it from a common equation, that is, an equation which can only 
be satisfied by giving particular values to this letter. 

• 245. The method of indeterminate co^efidents requires that we 
should know the form of the development, with reference to the ex- 
ponents of X, The development is generally supposed to be ar. 
ranged according to the ascending powers of x, commencing with 
the power a^ ; sometimes, however, this form is not exact ; in this 
case, the calculus detects the error in the supposition. 

For example, develop the expression -r -j. 

Sx — ar 

Suppose that ■^—-j^=A+Bx+Ca^+DaP'h . . . n 
whence, by clearing the fraction, and arranging the terms. 



aBCUBUN« sjuttsH. 25V 



«"+8C 






Sc'J' • • • f 



0=-l+3i!a?+3B 

-A I ^B 

whence (Art, 206), 

— 1=0, 3il=0, ZB—A=zO 

Now the first equation, —1=0, is absurd, and indicates that the 

1 

above form is not a suitable one for the expression -z -j i but 

if we put this expression under the form — X^ » and suppose 

that 

—X-^--=—(A+Bx+Cx'+Dx'+ ), 

it will become, afler the reductions are made, 



SA+SB 

9= ' 



x+SC 
^B 



a^+SD 



ar-f- • • •t 



-l-A 
which gives the equations . 

3A-1=0, 3B-A=0, 3C-B=0 . . ., 

whence A=-, B=-, C=-. D=- ... 

Therefore, 

that is, the development contains a term affected with a negative 
exponent. 

Recurring Series. 

246. The development of algebraic fractions by the method of 
indeterminate co-efficients, gives rise to certain series, called reeur* 
ring series. 

A recurring series is ike development of a raHonaJ fraction invoiv' 
ing X, made according to a fixed law, and containing the ascending 
fowers of X in lis different terms. 

21* 
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It has been ahown in Art. 243, that the development of the ex- 



pression 



is the series 






• •> 



lO 



a'+h'x """ a! a' a" a 

which each term is formed by multiplying that which precedes it 

This property is not peculiar to the proposed fraction ; it belongs 
to all rational algebraic fractions, and it consists in this, viz. : Every 
raiianal fraction involving x, may he developed into a series of terms, 
each of which is equal to the algebraic sum of the products which 
arise from multiplying certain terms of a particvUar expresstOHf by 
certain of the preceding terms of the series. 

The particular expression, from which any term of the series 
may be found, when the preceding terms are known, is called the 
scale of the series ; and that from which the co-efficient may be 
formed, the scale of the co-efficients. 

In the preceding series, the scale is j-x, and the series is call- 

b' 
od a recurring series of the first order, and ;r is the scale of the 



a 



co-efficients. 



a+bx 



Let it be required to develop — 7--^; — . , , into a series. 

a -f-^a?+car 

a'\-hx 
Assume — ^ ,, , , =il+ga?+Ca:'+Z>a^+JSa:*+ • . • 

Clearing the fraction and transposing, we have, 

* "j~ • • • 




x+Ca' 


s^+Da' 


x^+Ea' 


+BV 


+ Cb' 


+DV 


+ilc' 


+Bc' 


+Cc' 



which gives the equations 



Aa'— a=0, or A==--r 

V b 

Ba*+AV^ h =0, or B='--rA+-r 

a €t 
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Ca'+BV+Ac'=Q, or C= rB — r^ 

^ a a 

h' d 

Da'+C!/+Bcf=0, or Z>= rC rB 

a a 

V d 

Ea'+Z>y+Cc'=0, or JS= tD-^—C. 

a a 



Whence we perceive that the two first co-efficients are not ob- 

tained by any law ; but commencing at the third, each co-efficient 

is formed by multiplying the two which precede it respectively by 

V d , 

——7 and — — r» viz. that which immediately precedes the requir- 

V ^ , . d 
ed co-efficient by r> that which precedes it two terms by j^ 

and taking the algebraic sum of the products* Hence, 



\ a' a'/ 



is the scale of the co-efficients. 

From this law of the formation of the co-efficients, it follows that 
the third term of the scries, C^ is equal to 

I' d ^ 



a' 

h' ^ d 

or tX.B X riC^.A. 

a a 

In like manner, we have for Dj^ 

y d 



a a 

V . c 



or 



-X . Cs? T^ • Bx» 



a a 

Hence, each term of the required series, commencing at the 
third, is obtained by multiplying the two terms which precede, re. 
ipectively by 
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— — aj— — a^. 

and taking the mim of the products : henoe, this last expression is 
tbe 9caU of the series. 

247. Recurring series are divided into orders, and the order is 
estimated by the number of terms contained in the zcdk. 

Thus, the expression , j, gives a recurring series of thefir^ 

y 

order, the scale of which is -x. 

a 

The expression , - , ,, , ,^ will give a reeurring series rf the 

Mfcond order^ of which the scale will be 

V c' 



(-_^, ^^^y 



The series obtained in the preceding Art. is of the second order. 
In general, an expression of, the form 

a+hx+ca^+ . . . A:af~* 
af+l/x+c'!t'+ . . . k'ar' 

fgivea a recurnng series of the n^** orderf the scale of which is 

(~~* yXf — r* • . • — yX:j» 
a of » a / 

Reuark. It is here supposed that the degree of x in the numera- 
tor is less than it is in the denominator. If it was not, it would first 
be necessary to perform the division, arranging the quantities with 
reference to x, which would give an entire quotient, plus a fraction 
similar to the above. \ 

l--.x—Sa^+4x*+ai^ 
Thus, in the expression >^_5^^3^,^ ■ 

a?«+4aj3_3aja_a;+l i — r»+3i*— 5a?+2 



+7r*—8ar'+a? ) —a:— 7 



+ 18ar»— 84a:+15. 
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Performing the division, we find the quotient to be — x— 7> plus 
the fraction 

13a;2— 34a?+15 15=34ar+13a!2 

or 



-a:3+3aj2-5ir+2' 2— 5a?+3ar2— or^ • 



CHAPTER VI. 

Continued Fractions, Exponential Quantities, and 

Logarithms, 

55 

248. Having given a fraction of the form -r—ri, in which the 

149 

terms are large, and prime with respect to each other, we are una- 
ble to discover its precise value, either by inspection or by any 
mode of reduction yet explained. ^ The manner of approximating 
to the value of such a fraction gives rise to a series of numbers, 
which taken together, form what is called a continued fraction, 

65 

249. If we take, for example, the fraction-—— , and divide both 

149 

its terms by the numerator 65, the value of the fraction will not 
be changed, and we shall have 

65 _ 1 
149" 149' 



or effecting the division. 



65 
65 1 



149 2+19 
65* 
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19 



Nov, if we neglect the fractional part — of the denominator, 

we shall obtain — for the approximate value of the given fraction. 

But this value would be toa large, since the denominator used was 
too smaXl. 

19 

If, on the contrary, instead of neglectbg the part — , we were 

uO 

to replace it by 1, the approximate value would be — , which must 

be too small, since the denominator 3 is too large. Hence 

65 1 65 1 



149 ^2 149^ 3 

therefore the value of the fraction is comprised between — and — • 
If we wish a nearer approximation, it is only necessary to ope- 
rate on the fraction -^z as we did on the given fraction ^ ,^, and 

65 ° 149 

we obtain 

19 1 



hence 



65 


3 + 8 
19' 




65 


1 




149 


2 + 1 






3+8 
19 



8 
If now, we neglect the part — , the denominator 3 will be less 

than the true denominator, and — will be larger than the number 

which' ought to be added to 2; hence, 1 divided by 2+— will be 

3 

le9% than the value of the fraction : that is, if we reject the frac- 
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tkmol part afler the second reduction, we shall have 

65 3 
>7r. 



149-" 7 

If we wish to approximate still nearer to the value of the given 
fraction, we find 

8 1 





19. 


2 + 3 

8' 




and hy substituting 


this value. 


we have 






65 1 
149 2 


+1 
8+1 








2+ 


3 

li 



/ 



3 
Now, if we neglect the fractional part — , after the third redac* 

o 
Uon, we see that 2 will be less than the real denominator ; hence 

— will be larger than the number to be added to 3 : that is, 

1 7 
3+—=— is too large ; hence 

-ir=^-^ is too small, and 

7 7 



2 16 

2+-r-=-;r- is too small ; therefore 

7 7 

•—=7^ is too large, and hence 
16 16 

y 

65 



< 



149 ^16' 

Now, as the same train of reasoning may be pursued for the re* 
duetions which follo^, and as all the results are independent of par* 
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ticular numbers, it follows that, if we stop at an odd reductUmf M 
neglect thefraclional party the result will he too great ; biUifwestop 
at an even reduction, and neglect the fractional part, the resuU will 
he too small. 

Making two more reductions, in the last example, we have, 

65 _ 1 
149 ~ 2 +1 



3+1 



2+1 



2+1 



2. 
250. Let us take, as a general case, the continued fraction 

1 



a+l 




h+l 




c- 


fl 




d+l 



/+, &c. 

Hence we see, that a continued fraction has for its numerator the 
unit 1, and for its denominator a whole numher, plus a fraction which 
has I for its numerator and for its denominator a whole number pht 
a fraction, and so on. 



251. The fractions 






1 

a' 


1 

a+ I 
T' 


1 

a+l 
^+1 



c, dz^c. 

feure called approximating fractions, because each affords, in succes- 
aon, a nearer value of the given fraction. 

The fractions — , — , — , dec. are called integral fractions. 
When the continued fraction can be exactly expressed by a vulgar 
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iractioD, as in the numerical examples already given, the integral frac- 

.111 

tions — , -=-, — 5 &;c. will terminate, and we shall obtain an expres- 
a o c 

sion for the exact value of the given fraction by taking them all. 

252. We will now explain the manner in which any approximat. 

ing fraction may be found from those which precede it. 

1 1 

1- — = — Ist. app. fraction. 

1 h 

2. - — -- , = — , . , 2d. app. fraction. 

a + 1 ab+l '^^ 

T 

1 ^c+1 ^ , . 

3. , = ,,.,. — ; — 3d, app. fraction. 

a + 1 {ah+l)c+a '^'^ 

T+ 1 

c 

By examining the third approximating fraction, we see, that its 
numerator is formed by multiplying the numerator of the preceding 
fraction by the denominator of the third integral fraction, and add- 
ing to the product the numerator of the first approximating frac- 
tion : and that the denominator is formed by multiplying the deno- 
minator of the last fraction by the denominator of the third integral 
fraction, and adding to the product the denominator of the first ap- 
proximating fraction. 

We should infer, from analogy, that this law of formation is ge- 

, T. . . P Q R 

neral. But to prove it rigorously, let — , — , ^, be the three 

approximating fractions for which the law is already established. 
Since c is the denominator of the last integral fraction, we have 
from what has already been proved 

R _ Qc+P 

B/- ^'c+P' ' 

Let us now add a new integral fraction -r- to those already re- 

23 
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duced, and suppose o7 to express the 4th approximating fraction. 

R S 

It is plain that •=; will become ^ by simply substituting for c, 

c+--r-: hence, 
a 



S^ 
W 



_ ^V'^ d)'^^ _ {Qc+P)d+Q Rd+Q 
~" / 1 \ "" (Q'c+F)d+Q' "" Rd+Q! ' 



Hence we see that the fourth approximating fraction is deduced 
from the two immediately preceding it, in the same way that the 
third was deduced from the first and second ; and as any fraction 
may be deduced from the two immediately preceded in a similar 
manner, we conclude, that, the numerator of the n^ approximating 
fraction is formed hy multiplying ike numerator of the preceding frac- 
tion hy the denominator of the n^ integral fraction^ and adding to the 
product the numerator of the n—^ fraction ; and the denominator is 
formed according to the same law, from the two preceding denotma- 
tors. 

253. If we take the difference between any two of the consecu- 
tive approximating fractions, we shall find, afler reducing them to a 
common denominator, that the difference of their numerator^ will be 
equal to ±1 ; and the denominator of this difference will be the 
product of the denominators of the fractions. 

1 h 

Taking, for example, the consecutive fractions — , and , - 

we have, 

1 5 _ ai+1— ai _ +1 

a ab-^l ~~ a(aJ+l) ~ a{ah+l) ' 

h hc+l -1 



and 



ah+l {ab+l)c+a (a5+l)((ai+l)c+a)' 
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^ P Q R ^ 

To prove this property in a general manner, let pT* "^j »;> '^e 

three consecutive approximating fractions. Then 

P Q PCa^P'Q 



But 



Q R R'Q'-RQ: 



Q' R' Q!R 

. But J2=Qc+P and Rz=:Q;c+P' (Art. 235). 

Substituting these values in the last equation, we have 

Q R ^ {Q;c+P')(i^{(ic+P)Q! 

Q R rq; 



or reducing 



Q R P'Q-^PQ 



Q! R RQ! 

From which we see that the numerator of the difference 



P' Q* 

Q R 

k equal, with a contrary sign, to that of the difference Tv"" "57" 

That is, the difference between the numerators of any two consecutive 
approximating fractions, when reduced to a common denominator^ is 
Ike same with a contrary sign, as that which exists between the^ last 
numerator and the numerator of the fraction immediately fcttowing. 

But we have already seen that the difference of the numerators 
of the 1st and 2d fractions is equal to +1 ; also that the difference 
between the numerators of the 2d and 3d fractions is equal to — 1 ; 
hence the difference between the numerators of the 3d and 4th is 
equal to + 1 ; and so on for the following fractions. 

Since the odd approximating fractions are all greater than the 
true value of the continued fraction, and the even ones all less (Art. 
249), it follows, that when a fraction of an even order is subtracted 
from one of an odd order, the difference should have a plus sign ; 
and on the contrary, it ought to have a minus sign, when one of 
an odd order is subtracted from one q[ an even. 
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254. It has already been shown (Art. 249), that each of the ap. 
proximating fractions corresponding to the odd numbers, exceeds the 
true value of the continued fraction ; while each of those corres- 
ponding to the even numbers is less than it. Hence, the difference 
between any two consecutive fractions is greater than the difference 
between either of them and the true value of the continued frac- 
tion. Therefore, stopping at the n'* fraction, the result will be true 
to within 1 divided by the denommator of the n^ fraction, multipli- 
ed by the denominator of the fraction which follows. Thus, if Q 
and R are the denominators of consecutive fractions, and we stop 
at the fraction whose denominator is Q', the result will be true to 

within 7yn7* ^"^ sii^^^ a, 3, c, d, dz;c. are entire numbers, the de- 
nominator R will be greater than Q', and we shall have 

hence, if the result be true to within • ,„ it will certainly be trae 
to within less than the larger quantity 



that is, the approximate result which is obtained, is true to wUiUn 
unity divided by the square of the denominator of the last approxu 
mating fraction that is employed, 

829 

If we take the fraction -—rr we have 

347 

829 1 

=2+ 



347 • 2+1 



1+1 



1+1 



3+JL_ 
19- 
Here we have in the quotient the whole number 2, which may 
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either be set aside and added to the fractional part after its value 
shall have been found, or we may place 1 under it for a denomina- 
tor and treat it as an approximating fraction. 

Of Exponential Quantities. 

Resohdion of the Equation (f=b, 

255. The object of this question is, to find the exponent of the 
power to which it is necessary to raise a given number a, in order 
to produce another given number b» 

Suppose it is required to resolve the equation 2*=64. By rais- 
ing 2 to its different powers, we find that 2^=64 ; hence x=6 will 
satisfy the conditions of the equation. 

Again, let there be the equation 3'= 243. The solution is a;=5. 
In fact, so long as the second member ^ is a perfect power of the 
given number a, x will be an entire number which may be obtained 
by raising a to its successive powers, commencing at the first. 

Suppose it were required to resolve the equation 2*=6. By 
making a;=2, and a:=3, we find 2*= 4 and 2^=8 : from which we 
perceive that x has a value comprised between 2 and 3. 

Suppose then, that x=2+—, in which case «'>!. 

Substituting this value in the proposed equation, it beconies, 

_L ± -L 8 

2"*''=6 or 2^X2"=6; hence 2*^= 



2' 

/ 3 \" 
or [-T-) =2, by changing the members, and raising both to the 

gf power. 

To determine af, make successively a/=il and 2; we find 

/3\* 3 /3\^ 9 

(-— j =— less than 2, and ( ~j =— , which is greater than 2 , 

therefore of is comprised between 1 and 2. 

Suppose xf=l+-jp9 in which a;">l. 

23* 



■ 

By substituting this value in the equation (— j =2 

/3\i+-L 3 /3\± 

/ 4 v"' 3 

\Y) ~"2" ^y^^educing. 

4 
The two hjrpotheses a?"=l and a?"=2, give —which is less than 

o 

3 ^ /4\* 16 7 . . 3 

— , and ( — - ) ~'7r= 1 +"«■ which is greater than — ; therefore 

a/' is comprised between 1 and 2. 
Let x"s=l+ , there will result 

/4\,4J- 3 4 /4\JL 3 

(y) ^=y - Tx(y)'"'=-2' 

/Qv"" 4 
whence (— j =— by reducing. 

Making successively a/"=l, 2, 3, we find for the two last hypo- 

/9\^ 81 17 , 1 
theses ^—j =J54=^+64» ^^^^^ ^ '^"'^+'3'' ^^ 

/ 9 \ 3 729 217 , . , . 1 , ^ 

( — ) ="570""^ +"512"' which is >1+---: therefore a?"' is com- 
prised between 2 and 3. 

Let «'"=2+---, the equation involving x'" becomes 

I I 

/256\^ 9 
and consequently \"243 / ""fi"' 

Operating upon this exponential equation in the same manner 
as upon the preceding equations, we shall find two entire num- 
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bers k and k+1^ between which jP will be comprised. Making 

1 

a^=i-| — y x^ can be determined in the same manner as a:^, and 

so on. 

Making the necessary substitutions in the equations 

we obtain the value of x under the form of a continued fracticm 

1 

a:=2+ J 

1+— 
Hence we find the first three approximating fractions to be. 

L L 1. 

1' 2' T' 

and the fourth is equal to 

3x2+1 7 , 
-53^2+^=12 (^^- ^^^)' 

which is the value of the fractional part to within 

1 1 

(12)5 ^^ 144 (Art. 234). 

7 31 1 

Therefore aj=2+—=— to within -jtj, and if a greater de- 

gree of exactness is required, we must take a greater number of 
mtegral fractions. * 

EXAMPLES. 

« 

3* = 15 x= 2,46 to withm 0,01. 

10* = 3 a? = 0,477 0,001. 

2 

6» = — a? =- 0,25 0,01. 

o 
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Theory of Logarithms. 

256. If we suppose a to preserve the same value in the equaticm 

and y to be replaced by all possible positive numbers, it m plain that 
X will undergo changes corresponding to those made in y. NoW| 
by the method explained in the last Article, we can determiae for 
each value of y^ the corresponding value of aHf either exactly ox afi- 
proximatively. 

First suppose a>l. 

Making in succession x =0, 1, 2 , 3 , 4 , 5 , • • . &c 

there will result y=a»=l, a, a^, a', a*, a^ . . . &c. 

hence, every value of y greater than untty^ is produeed by the foi^ 
ers of %ihe exponents of which are positive numbers, entire orfraC' 
tional ; and the values of y increase with x. 

Make now x =0, —1, —2, '—3, —4, —5, . . . &c 

11111 
there will result y=a'=l, — , -^ -^, -^, -^> • • • ^^c. 

hence, every value of y less than unity, is produced by the powers <f 
a, of which the exponents are negative ; and the value of y dimxn' 
ishes as the value of x increases negatively. 

Suppose a<l or equal to the proper fraction -7. 

faking . . . . . a;=0, 1, 2, 3, 4, • . . &c 

/l\^ 1111 

we find . . . y=[-^) =1, -71 ^» -^f ^» • . . &c- 

Making a?=0, —1, ~2, --3, —4, 

/IvO 

we obtain . . y=(— j =1, a', a'*, «'^ a'*, . . . &c. 
That is, in the hypothesis a<l» all numbers are fi)rmed with 
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the difierent powers of a, in the inverse order of that in which they 
are formed when we suppose a>l. 

Hence, every possible positive number can be formed with any con* ■ 
stant positioe nun^er whatever, by raising it to suitable powers. 

Remark. The number a must always be different from unity, 
because all the powers of 1 are equal to 1. 

257. By conceiving that a table has been formed, containing in 
one column, every entire number, and in another, the exponents of 
ike powers to which it is necessary to raise an invariable number, Xo 
form all these numbers, an idea will be had of a table of logarithms. 
Hence» 

The logarithm of a number, is the exponent of the power to which 
U is necessary to raise a certain invariable number, in order to pro* 
duce thefrst number. 

Any number, except 1, may be taken for the invariable number ; 
but when once chosen, it must remain the same for the formation of 
all numbers, and it is called the base of the system of logarithms. 

Whatever the base of the system may be, its logarithm is unity, 
and the logarithm of lis 0. 

For, let a be the base : then 

1st, we have a* = a, whence loga=l. 
2d, a^=z\, whence log 1=0. 

The word logarithm is commonly denoted by the first three lettera 
hg, or simply by the first letter Z. 

We will now show some of the advantages of tables of logarithms 
in making numerical calculations. 

Multiplication and Division, 

258. Let a be the base of a system of logarithms, and suppose 
the table to be calculated. Let it be required to multiply together 
a series of numbers by means of their logarithms. Denote the num- 
\ets by y, y, y, y"' . . . &c., and their corresponding logarithms 
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by «, a/, «", «'", &c. Then by definition (Art. 257), we have 

(f^y, a"=y, a^'=y", fl^"=y'" . . . &c. 

Multiplying these equations together, member by member, and 
applying the rule for the exponents, we have 

0-**'+^'+^" . . . =y t/yY' or 

aj+a^'+ar^+x"' . . . =log y+ log 3^+ log y"+ logy"' . . . 

= log. yi/i/r\ 

that is, ike sum of the logarithms of any number of factors is equd 
to the logarithm of the product of those factors, 

259. Suppose it were required to divide one number by another. 
Let y and y' denote the numbers, and x and sf their logarithms. 
We have the equations 

a*=y and 0*'=/; 

y 



hence by divisicm 



»" 



y 

or X— a;'= log y— log y^^ log y, 

that is, the difference between the logarithm of the dividend and the 
logarithm of the divisor^ is equal to the logarithm of the quotienU 

Consequences of these properties, A multiplication can be per- 
formed by taking the logarithms of the two factors /rom the tables, 
and adding them together ; this will give the logarithm of the pro- 
duct. Then finding this new logarithm in the tables, and taking 
the number which corresponds to it, we shall obtain the required pro- 
duct. Therefore, by a simple addition, we find the result of a ma^ 
tiplieation. 

In like manner, when one number is to be divided by another, 
subtract the logarithm of the divisor from that of the dividend, then 
find the number corresponding to this difference ; this will be the 
required quotient. Therefore, by a simple subtraction^ we obtain the 
quotient of a division. 
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Formation of Powers and Extraction of Roots. 

260. Let it be required to raise a number y to any power de- 

m 
noted by — . If a denotes the base of the system, and x the loga- 
rithm of y, we shall have 

a*=y or y=a', 

m 
whence, rtiising both members to the power — , 

m m 

m« ^ —mm 

Therefore, log y " = — . a;= — . log y, 

that is, if the logarithm of any number he multiplied hy the exponent 
of the power to which the number is to be raised, the product will he 
equal to the logarithm of that power. 

As a particular case, take n=l ; there will result m,\ogy=z 
log tf* ; an, equation which is susceptible of the above enunciation- 

261. Suppose, in the first equation, m=l ; there will result 



— logy= log y" = log Vy , 
n 



that is, the logarithm of any root of a number is obtained hy divide 
ing the logarithm of the number by tlie index ff the root. 

Consequence. To form any power of a number, take the loga- 
rithm of this number from the tables, multiply it by the exponent 
of the power ; then the number corresponding to this product will 
be the required power. 

In like manner, to extract the root of a number, divide the loga- 
rithm of the proposed number by the index of the root, then the 
zmmbcr corresponding to the quotient will be the required root. 
Therefore, hy a simple multiplication, we can raise a quantity to a 
fower, and extract its root hy a simple division. 
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263* The properties just demonstrated are independent of any 
system of logarithms ; but the consequences which have been de- 
duced from them, that is, the use that may be made of them in nu- 
merical calculations, supposes the construction of a table, contain- 
ing all the numbers in one column, and the logarithms of these num- 
bers in another, calculated from a given hose. Now, in calculating 
this table, it is necessary, in considering the equation 0*:=^, to make 
y pass through all possible states of magnitude, and determine the 
value of X corresponding to each of the values of y, by the method 
of Art. 265. 

The tables in common use, are those of which the base is 10 
and their construction is reduced to the resolution of the equation 
10*=^. Making in this equation, y successively equal to the series 
of natural numbers, 1, 2, 3, 4, 5, 6, 7 . . ., we have to resolve the 
equations 

10'=1, 10'=2, 10'=3, 10'=4 . . . 

We will moreover observe, that it is only necessary to calculate 
directly, by the method of Art. 255, the logarithms of the prime 
numbers 1, 2, 3, 5, 7, 11, 13, 17 ... ; for as all the other entire 
numbers result from the multiplication of these factors, their loga- 
rithms may be obtained by the addition of the logarithms of the 
prime numbers (Art. 258). 

Thus, since 6 can be decomposed into 2 x 3j we have 

log 6= log 2+ log 3 ; 

in like manner, 24=2»x3 ; hence log 24=3 log 2+ log 3. 

Again, 360=2=^X3^X5; hence 

log 360=3 log 2+2 log 3+ log 5. 

It is only necessary to place the logarithms of the entire num- 
bers in the tables ; for, by the property of division (Art. 259), we 
obtain the logarithm of a fraction by subtracting the logarithm of 
the divisor from that of the dividend. 



/ 
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263. Resuming the equation 10'=j^y if we make 

jB=0, 1, 2, 3, 4f 5, . • • n— 1, n. 

we have 

y=l, 10, 100,1000, 10000,100000,... 10"", 10". 
And making 

a?=0, —1, —2, —3, —4, —5, . . . — (n— 1), — n. 
we have ^ 

11111 11 



y=i» 77T» 



10' 100 ' 1000' 10000 ' 100000' ' • • io"-»' 10" • 

From which we see that, the logarithm of a whole number wiU he* 
come the logarithm of a corresponding decimal by changing its sign 
from plus to minus, 

264. Resume the equation a'=^, in which we will first suppose 

a>l. 
Then, if we make y=l we shall have 

a«=l. 

If we make y<l we shall have 

1 
a-'=y or ^=y<l. 

If now, y diminishes x will increase, and when y hecomes 0, we ' 

1 
have 0"*=— =0 or flf= oo (Art. 112) ; but no finite power of a 

is infinite, hence a; = oo : and therefore, the logarithm of in a sys- 
tem of which the base is greater than unity, is an infinite number and 
negative, 

265. Again take the equation a*=.y^ and suppose the base a<l* 
Then making, as before, y=l, we have a'^=l. 

If we make y less than 1 we shall have 

a'=y<l. 

Now, if we diminish y, x will mcrease ; for since a<l its powers 

will diminish as the exponent x increases, and when y=0, x must 

24 
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be infinite, for no finite power of a fraction is 0. Hence, the loga- 
rithm of in a system of which the base is less than unity, is an in- 
finite number, and positive. 

Logarithmic and Exponential Series. 

266. The method of resolving the equation (f=h, OKpledned in 
Art. 255, is sufficient to give an idea of the construction of loga- 
rithmic tables ; but this method is very laborious when we wish to 
approxmiate very near the value of x. Analysts have discovered 
much more expeditious methods for constructing new tables, or for 
verifying those already calculated. These methods consist in the 
development of logarithms into series. 

Taking again the equation a'=y, it is proposed to develop the 
logarithm of y into a series involving the powers of y, and co-effi- 
cients independent of y. 

It is evident, that the same number y will have a different loga- 
rithm in different systems ; hence the log y, will depend for its 
value, 1st. on the value of y ; and 2dly, on a, the base of the sys- 
tem of logarithms. Hence the development must contain y, or some 
quantity dependent on it, and some quantity dependent on the base a. 

To find the form of this development, we will assume 

log y=A^By-\-Cf-\-Df+. &;c., 

in which A, B, C, &;c. are independent of y, and dependent on the 
base a. 

Now, if we make y=0, the log y becomes infinite, and is either 
negative or positive according as the base a is greater or less than 
unity (Arts. 264 & 265). But the second member under this sup- 
position, reduces to A, a finite number : hence the development can- 
not be made under that form. 

Again, assume 

logy=Ay+Bf+Cf^Dy'+, &c. 

If we make y=0, we have 

logy=d= 00 =0, 
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which is absurd, and hence the development cannot be made under 
the last form. Hence we conclude that, the logaritlvm of a numher 
cannot he developed in the powers of that numher. 
Let us now place for y, 1+y, and we shall have 

log {l'\-y)^Ay+Bf+Cf+Dt^+ &c (1), 

making y=0, the equation is reduced to log 1=0, which does not 
present any absurdity. 

In order to determine the co-efficients Ay B, C . , »f we will fol- 
low the process of Art. 243. Substituting z for y, the equation 
becomes 

log {l+z)=Az+Bz'+C7^+Dz*+ . . . (2). 

Subtracting the equation (2) from (1), we obtain 

log (1 +y)-log (l+z)=A{y^z)+B(f^^)+C{f-z^)+ . . . (3). 

The second member of this equation is divisible by y— 2? ; we will 
see, if we can by any artifice, put the first under such a form that it 
«hall also be divisible by y—z. 

We have, log (l+y)~ log {l+z)= log Y^=log (l +f^) ; 

y — * 

but since -r— — can be regarded as a single number u, we can de- 

1+2J ° ° 

(y — ^\ 
1+ J, in the same manner as 

log (1+y), which gives 

Substituting this development for log (l+y)-— log (I+2) in the 
equation (3), and dividing both members by y—z, it becomes 



A. 



^-^oT^y+^a+^y"^ 



l-fz • {\^zf ' (1+^)= 
=A-\-B{y+z)+C(f+yz-\-7?)+ . . . 

Since this equation, like the preceding, must be verified by all 



980 

values of y and 2, make 3r=<9 and there will result 
A 

Whencey clearing the fractioD, and transposing 



0:=A+2B 
-il+ A 



!/*+ • • • 



y+3C y'+U) f+5E 
+2B +8C +4i> 

Putting the co-efficients of the different powers of y equal to 
zero^ we obtain the series of equations 

A— il=0, 2B+A=0y 8C+25=0, 4Z>+3C=0 . . . ; 

whence 

. . _, A 2B A 3C A 

A=A, B=^—, c= — 3-=+y» ^= — i^^^T'' 

The law of the series is evident ; the co-efficient of the n'^ tenn 

A 

is equal to zp — , according as n is even or odd ; hence we shall ob- 

tain for the development of log {l+y)f 

log (i+ir)=^y— 2^+-3t/'-^ . . . 

If we substitute — y for y, we shall have 

log(l-y)=^(-y-^-^-^+&c.) (5). 

Hence, although the logarithm of a number cannot be developed 
in the powers of that number, yet it may he developed in the powers 
cf a number differing from it by unity. 

By the above method of development, the co-efficients By C, 2?, 
JEy &c. have all been determined in functions of A ; but the rela- 
tion between A and the base of the system is yet undetermined. 

The number A is called the modulus of the system of logarithms 
in which the log {l+y\ or log (1— y), is taken. Hence, 
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The modulus of a system of logarithms depends for its value on 
the base, and if a certain function of any number he multiplied by U, 
the product will be the logarithmi of that number augmented by unity. 

267. If we take the logarithm of 1 +y in a new system, and de. 
note it by V{1 4-y)> we shall have 

Y(l+y)=A'(3-^+^-^+^- &c.) (6) 

in which A' is the modulus of the new system. 

If we suppose y to have the same value as in equation (4)| we 
shall have 

V{l+y):\{l+y)::A':A, 

for, since the series in the second members are the same they may 
be omitted. Therefore, 

The logarithms of the same number, taken in two different systems* 
are to each other as the moduli of those systems, 

268. If we make the modulus A'=l, the system of logarithms 
which results is called the Naperian System, This was the first 
system known, and was invented by Baron Napier, a Scotch Ma-' 
thematician. 

With this modification the proportion above becomes 

V{l+y) : 1(1+^) 111: A 
or A.V{l+y)=\{l+y). 

Hence we see that, tfie Naperian logarithm of any number, muh 
ipUed by the modulus of another system^ will gvoefor a product the 
logarithm of the same number in that system, 

269. Again, A . ]\l+y)=\{l+y) gives 

Tha^is, the logarithm of any number divided by the modulus of the 

system, is equal to the Naperian logarithm of the same number. 

24* 
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270. If we take the Naperian logarithm and make ^=1, equa- 
tkn (6) becomes 

1111 

a series which does not converge rapidly, and in which it would be 
necessary to take a great number of terms for a near approxima- 
tion. In general, this series will not serve for determining the loga- 
rithms of entire numbers, since for every number greater than 2 
we should obtain a series in which the terms would go on increasing 
continually. 

The followmg are the principal transformations for converting the 
above series into converging series, for the purpose of obtaining the 
logarithms of entire numbers,jwhich are the only logarithms placed 
in the tables. 

First Transformation. 

Taking the Naperian logarithm m equation (6), making y= — , 
and observing that 

y(l +— ) =1'(1 +«)-!'«> it becomes 

i'(i+.)-i'.=|-^+4r-4r+ *- (7). 

This series becomes more converging as z increases ; besides the 
first member of this equation expresses the difference between two 
consecutive logarithms. 

Making z=l, 2, 3, 4, 5, &c. we have 

1111 

1'2=1--— +— — r+-r- &c. 



1111 

rs— 1'2= H h 

2 8^24 64^ 
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3 18^ 81 324 ^ 



• • • 



r5-i'4=l-l+ ' 



4 32 ' 192 1024 



B first series will give the logarithm of 2 ; the second series 
ive the logarithm of 3 by means of the logarithm of 2 ; the 
the logarithm of 4, in functions of the logarithm of 3 . • . &c. 
legree of approximation can be estimated, since the series are 
)sed of terms alternately positive and negative (Art. 239). 

Second Transformation. 
nuch more converging series is obtained in the following man- 
lie series 

a^ a!? aj* 
l'{l+x)=x--+---+ ... 

;ute — x for a; ; and it becomes 

a:* ar ar 
Vil-x)=-x------ 

itracting the second series from the first, observing that 

l+a? 
r(l+a.)-_l'(l-a;)=r--^, we obtain 

14- a? / aP a^ x^ aP \ 

V—.=2(x+-+-+-+-+ . . .) 

s series will not converge very rapidly unless a; is a very 

1-fa? . • 

fraction, in which case, will be greater than unity, but 

1 — X 

ffer very little from it. 

1-f-a? 1 

ce :; =1H — > 25 being an entire number ; 

1 — X z 

ye {l-\-x)z=(l—x)(z+l): whence ag= . 
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Hence the preceding series becomes I'f IH — J or 

l'(*+l)-l'.=2(-2^+3^jy + ^^^+ . . .) 

This series a^so gives the difference between two consecutive 
logarithms, but it converges much more rapidly than the series f ?)• 
Making successively z=l, 2, 3, 4, 5 . • ., we find 

, _ /I 1 1 1 X 

1'3-1'2=2(— +^-^+^^+;^-^+ . . .), 
l'5-r4=2(— +^-^+^-^+y-^ ). 



Let 2;= 100 ; there will result 

l'101=n00+2(^+3^+^+ . . .) ; 

whence we' see, that knowing the logarithm of 100, the first term 
of the series is sufficient for obtaining that of 101 to seven places 
of decimals. 

The Naperian logarithm of 10 may be deduced from the first and 
fourth of the above equations, by simply adding the logarithm of 2 
to that of 5 (Art. 258). This number has been calculated with 
great exactness, and is 2,302585093. 

There are formulas more converging than the above, which serve 
to obtain logarithms in functions of others already known, but the 
preceding are sufficient to give an idea of the facility with which 
tables may be constructed. We may now suppose the Naperian 
logarithms of all numbers to be known. 
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271. We have already observed that the base of the common 
system of logarithms is 10 (Art. 262). We will now find its 
modulus. 

\'{l+y) :\{l+y)::l:A (Art. 267). 

If we make y=9, we shall have 

no : 110 : : 1 : ^. 

But the 1'10= 2,302585093 ... and 110=1 (Art. 262); hence 

^= o «>noKQRnnQ =0,434294482 the modulus of the corajnon sys- 

tem. 

If now, we multiply the Naperian logarithms before found, by 
this modulus, we. shall obtain a table of common logarithms 
(Art. 268). 

272. All that now remains to be done is to find the base of the 
Naperian system. If we designate that base by e, we shall have 
(Art. 267), 

I'e : le : : 1 : 0,434294482. 

But Ve=:l (Art. 257) : hence 

1 : le : : 1 : 0,434294482, 

or 16=0,434294482. 

But as we have already explained the method of calculating the 
common tables, we may use them to find the number whose loga- 
rithm is 0,434294482, which we shall find to be 2,718281828 : 
hence 

e=2,718281828. 

We see from the last equation but one that, the modulus of tJie 
eommon system is equal to the common logarithm of the Naperian 
basCa 
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CHAPTER VII. 
General Theory of Equations. 

273. The most celebrated analysts have tried to resolve equa- 
tions of any degree whatever, but hitherto their efibrts have been 
unsuccessful with respect to equations of a higher degree than 
the fourth. However, their investigations on this subject have 
conducted them to some properties common to equations of every 
degree, which they have since used, either to resolve certain 
classes of equations, or to reduce the resolution of a given equa- 
tion to that of one more simple. In this chapter it is proposed to 
make known these properties, and their use in facilitating the 
resolution of equations. 

274. The development of the properties relating to equations of 
every degree, leads to the consideration of polynomials of a par- 
ticular nature, and entirely different from those considered in the 
first chapter. These are, expressions of the form 

in which m is a positive whole number; but the co-efficients 
A, B, C, . . . T, U, denote any quantities whatever, that is, entire 
or fractional quantities, commensurable or incommensurable. Now, 
in algebraic division, as explained in Chapter I, the object was 
this, viz : given two polynomials entire, with reference to all the 
letters and particular numbers involved in them, to find a third 
polynomial of the same kind, which, multiplied by the second, wouli 
produce the first. 

But when we have two polynomials, 

Aa;'"+Ba:«-i+Ca^-2 4. . . , ^.Taj+U, 
AV+BV-1+CV-2+ . . . +T'aj+U, 

which are necessarily entire only with respect to x, and in which 
the co-efficients A, B, C . . ., A', B', C . . ., may be any quantities 
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whatever it may be proposed to find a third polynomial, of the same 
form and nature as the two preceding, which multiplied by the second, 
wiU re-produce the first. 

The process for effecting this division is analogous to that for 
common division ; but there is this difference, viz. : In this last, the 
first term of each partial dividend must be exactly divisible by the 
first term of the divisor ; whereas, in the new kind of division, we 
divide the first term of each partial dividend, that is, the part affect- 
ed with the highest power of the principal letter, by the first term of 
the divisor, whether the co-efRcient of the corresponding partial 
^otient is entire or fractional ; and the operation is continued until 
a quotient is obtained, which, multiplied by the divisor, will cancel th0 
last partial dividend, in which case the division is said to be exact ; 
or, until a remainder is obtained, of a degree less than that of the 
divisor, with reference to the principal letter, in which case the di- 
vision is considered impossible, since by continuing the operation, 
quotients would be obtained containing the principal letter affected 
with negative exponents, or this same letter in the denominator of 
them, which would be contrary to the nature of the question, which 
requires that the quotient should be of the same form as the pro- 
posed polynomials. 

275. To distinguish polynomials which are entire with reference 
to a letter, x for ex^imple, but the co-efficients of which are any 
quantities whatever, from ordinary polynomials, that is, from poly- 
nomials which are entire with reference to all the letters and parti- 
cular numbers mvolved in them, it has been agreed to call the first 
entire functions of x, and the second, rational and entire polyno^ 
mials. 

General Properties of Equations. 

276. Every complete equation of the m^ degree, m being a po- 
litive whole number, may, by the transposition of terms, and by 
die division of both members by the co-efficient of xT, be put under 
the form 
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ar+?(xr~^+Qlx'^-'+ . . . +Ta?+U=0; 

P, Q, R . . . T, U, being co-efficients taken in the most general al- 
gebraic sense. 

Any expression, whatever the nature of it may be, that is^ numeru 
col or algebraic, real or imaginary, which, substituted in place of x 
in the equation, renders its first member equal to 0, is caUed a root of 
this equation, 

2t8. As every equation may be considered as the algebraic trans- 
lation of the relations which exist between the given and unknown 
quantities of a problem, we are naturally led to this principle, viz. 
EVERY EQUATION has at Uost One root Indeed, the conditions of 
the enunciation may be incompatible, but then we must suppose 
that we shall be warned of it by some symbol of absurdity, such as a 
formula, containing as a necessary operation, the extraction of an 
even root of a negative quantity ; yet there will still exist an ex- 
pression which, substituted for x in the equation, will satisfy it. We 
will admit this principle, which we shall have occasion to verify here- 
after for most equations. 

The following proposition may be regarded as the fundamental 
property of the theory of equations. 

First Property 
278. If B. is a root of the equation 

the first member of it is divisible by x—a; and reciprocally, j^ tf 
factor of the form x—a, will divide the first member of the proposd 
equation, Siis a root of it. 

For, perform the division, and see what takes place when the ope- 
ration is continued until the exponent of a;, in the first term of the 
dividend, becomes 0. 
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This operation is of the nature of that spoken of in Art. 274, 
since a, P, Q, • . • are any quantities whatever. 



+a 
+P 



aj»-» 



+P 






!>r-'+<^ 


ar^+..+ar'^ 


+ra 


+Pa*-* 


+Q 


+Qflr-» 


1 

■^ • . • 




+T 



By reflecting a little upon the manner in which the partial quo- 
tients are obtained, we shall first discover from analogy, and after- 
wards by a method employed several times (Arts. 59 & 127), a law 
of formation for the co-efficients of these quotients ; and we may 
conclude, 1st. that there will be m partial quotients, 2d. that the co- 
efficient of the m^^ quotient, that is of a;% must be 



a 



fit-i 



+Var-^+Q,a^^+ . . . +T, 



T being the co-efficient of the last term but one of the proposed 
equation. 

Hence, by multiplying the divisor by this quotient, and reducing 
it with the dividend, we obtain for a remainder 

ar+?ar'^-\-Q,tir-^+ . . . +Ta+U. 

Now, by hypothesis a is a root of the equation ; hence, this re* 
mainder is nothing, since it is nothing more than the result of the sub- 
stitution of a for X in the equation ; therefore the division is exacU 

Reciprocally, if a;— a is an exact divisor of x^+Faf^^+ . . ., the 
remainder a*"+Pa'^*+ . . . will be nothing ; therefore (Art. 276), 
a is a root of the equation. 

279. From this it results that, in order to discover whether a bi- 
Qomial of the form x— a is an exact divisor of a polynomial involy- 

36 
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iDg Xf it will be sufficient to see if the result of the substitution of a 
ibr x, is equal to 0. 

To ascertain whether a is a root of a polynomial involving x, 
which is placed equal to 0, it will be sufficient to try the divisi(Hi of 
it by X— a. If it is exact, we may be certain that a is a root of the 
equation. 

280. Remabk. By inspecting the quotient of the division in Art. 
378, we perceive the following law for the co-efficients : Each co» 
efficient is obtained by muUipI.ying that which precedes it by the root 
a, and adding to the product that co-efficient of the proposed equation 
which occupies the same rank as that which we wish to obtain in the 
quotient. 

Thus, the co-efficient of the 3d term, o^+P^+Qy is equal to 
(a+P)a+Q, or to the product of the preceding co-efficient a+P, 
by the root a, augmented by the co-efficient Q of the 3d term of the 
proposed equation. 

The co-efficient of the 4th term is 

(a»+Pa+Q)a+R, or a^+Prf'+Qa+R. 

This law should be remembered. 

Second Property. 

281. Every equation involving but one unknown quantity j has as 
many roots as there are units in the exponent of its degree, and no 
more. 

Let the proposed equation be 

a!^+Paj^*+Qaf»-*-f. . . . +Tj?+U=0. 

Since every equation has at least one root (Art. 277), if we de- 
note that root by a, the first member will be divisible by a;— J, and 
we shall have the identical equation 

af»+PaJ^»+ . . . =^(x-^a) (ar-»4-P'af"-^+ ...)... (1)^ 

But by supposing 

3i^-^+?'x^-^+ . . . =0, 

we obtain an equation which has at least one root. 
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Denote this root by ^, we have (Art% 278), 

ar"*+P'a:^*H =(x—h) {af^^+?"af^+ . . .)• 

Substituting the 2d member for its value, in equation (1), and we 
have, 
a?'"+Paf*-*+ . . . ={x-a) (a?— J) (a^-«+P"«'^+ ...)... (2). 

Reasoning upon the polynomial a^~*+P"^c'*~'+ • • • as upon the 
preceding polynomial, we have 

and by substitution 

ar+?af^'+ . . . =z{x'-'a) (x-h) (x-c) («•»-«+ ...).•. (3). 

Observe that for each indicated factor of the first degree with 
reference to a?, the degree of a; in the polynomial is diminished by 
unity ; therefore, after m— 2 factors of the first degree have been 
divided out, the exponent of x will be reduced to w— (m— 2), or 2 ; 
that is, we shall obtain a polynomial of the second degree with refe- 
rence to a;, which can be decomposed into the product of two factors 
of the first degree, (a;— A;) (x—l) (Art, 142). Now, as the m— 2 
factors of the first degree have already been indicated, it follows 
that we have the identical equation, 

aj™+Paf^*-f. • • • ={X'^a) («— 3) (x—c) . . . (x—k) {x—l). 

From which we see, that the first member of the ^(yposed equtu 
Hon is decomposed into m factors of the first degree. 

As there is a root corresponding to each divisor of the first de- 
gree (Art. 278), it follows that the m factors of the first degree 
«— a, x—h, x—c . . ., give the m roots a, h, c, . . for the proposed 
equation. 

Hence, the equation can have no other roots than a, ^, c . . • 1:, I, 
since if it had a root a, different from a, ^, c • • . Z, it would follow 
that it would have a divisor x^Uy different frcma a?~fl, a?— ^, 
ai— c . • . x—I, which is impossible. 

Finally, every equation of the m^^ degree has m rootSf and can 
^ave no more. 
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282. There are some equations in which the number of roots is 
apparently less than the number of units in the exponent of their 
degree. They are those in which the first member is the product 
of equal factors, such as the equation 

J[a;-a)*(«-3)3(«-c)«(aj-d)=0, 

which has \mi four different roots, although it is of the 10th degree. 

It is evident that no quantity a, different from a, 5, c, (2, can veri- 
fy it ; for if it had this root a, the first member would be divisible 
by «—a, which is impossible. 

But this is no reason why the proposed equation should not have 
ten roots, /our of which are equal to a, three equal to hj two equal 
to c, and one equal to d* 

283. Consequence of the second prc^erty. 

The first member of every equation of the m^ degree, having m 
divisors of the first degree, of the form 

if we multiply these divisors together, two and tuooy three and 
three • . ., we shall obtain as many divisors of the second, third, &c., 
degree with reference to a?, as we can form different combinations of 
m quantities, taken two and two, three and three, &c. Now the 
number of these combinations is expressed by 

m— 1 «i— 2 
m . , m . - . . . (Art. 201). 

m — 1 
Thus, the proposed equation has m . — - — divisors of the se- 

m— 1 fn— 2 
cond degree, m . — - — . — 5 — divisors of the third degree, and 

soon. 

Composition of Equations. 

284. If in the identical equation 

a!»+Paf*-*+ . . . =(a?— a)(aj— J) (a?— c) . . . («— Z), 
we perform the multiplication of four factors, we have 
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a 
b 
c 
d 



aP+ab 


a^—'obc 


x+abcd^ 


+ac 


-abd 




+ad 


—acd 




+bc 


-bed 


\ 


+bd 


' ( 


+cd 




) 



=0. 






If we perform the multiplication of the m factors of the second 
member, and compare the terms of the two members, we shall find 
the following relations between the co-efficients P, Q, R, • • • T, U, 
and the roots a, ^, c, • . . A:, 2^ o? the proposed equation, viz. 

—a—b—c . . . — A:--Z=P, or a+b+c+ . . . +k+l=—F; 

ab+ac+ . . • +kl=Q 

^-abc—abd . . • — tA;Z=R, or abc+abd +i^Z=— R ; 



dtabcd . . • kl=\Jf or alfcd . . . kl=:dtz\J. 

The double sign has been placed in the last relation, because the 
product —ax — ^X — c • . • X —Z will be plus or minus according 
as the degree of the equation is even or odd. 

Hence, 1st. The algebraic sum of the roots, taken with contrary 
signs, is equal to the co-efficient of the second term ; or, the alge- 
braic sum of the roots themselves, is equal to the co-efficient of the 
second term taken with a contrary sign. 

2d. The sum of the products of the roots taken two and two, 
with their respective signs, is equal to the co-efficient of the third 
term. 

The sum of the products of the roots taken three and three with 
their signs changed, is equal to the co-efficient of the fourth term ; or 
the cow3fficient of the fourth term, taken with a contrary sign, is 
equal to the sum of the products of the roots taken three and three; 
and so on. 

Finally, the product of all the roots, is equal to the last term ; 

tliat is, the product of all the roots, taken with their respective signs, 

25* 
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is equal to the last term of the equation, taken with its sign, 
when the equation is of an even degree^ and with a contrary sign, 
when the equation is of an odd degree. If one of the roots is equd 
to 0, the absolute term will be 0. 

The properties demonstrated (Art. 142), with respect to equa- 
tions of the second degree, are only particular cases of the above. 
The last term, taken with its sign, is equal to the product of tlie 
roots themselves, because the equation is of an even degree. 



Remarks on the Greatest Common Divisor. 

285. It has been observed in (Art. 66.) that the greatest com- 
mon divbor of two polynomials, is the greatest polynomial, with 
reference to the exponents and co-efficients, that will exactly di- 
vide the proposed polynomials. 

If two polynomials be divided by their greatest common divisor, 
the quotients will be prime with respect to each other ; that is, they 
will no longer contain a common factor. 

For, let A and B be the given polynomials, D their greatest 
common divisor, A' and B' the quotients after division. Then 

^=A' and l=W 
or, A=A'xD ^nd B=B'xD: 

now if A' and B' had a common factor J, it would follow that 
JxD would be a divisor, common to the two polynomials, and 
greater than D, either with respect to the exponents or the co- 
efficients, which would be contrary to the definition. 

Again, since D exactly divides A and B, every factor of D will 
have a corresponding factor in both A and B. Hence, 

1st. The greatest common divisor of two polynomials contains as 
factors, all the particular divisors common to the two polynomials^ 
and does not contain any other factors. 



GREATEST COMMON DIVISOR. S95 

286. We will now show that the greatest common divisor of 
tviro polynomials will divide their remainder after division. 

Let A and B be two polynomials, D their greatest common di- 
visor, and suppose A to contain the highest exponent of the letter 
with reference to which they are arranged. Thega, 

^=A' and 4=B'; 

or, A=A'xD and B=B'xD. 

Let us now represent the entire part of the quotient by Q and 
the remainder by R, and we shall have 

A A'xD^Q. R 



B B'xD ^'B'xD 
or, A'xD = B'xDxQ+R 

hence. A'=B'xQ+g-. 

But A' is an entire quantity, hence the quantity to which it is 

R 
equal is also entire : and since B'Q is entire, it follows, that — is 

entire ; that is, D will exactly divide R. 

We will now show that if D will exactly divide B and R that 
it will also divide A. For, having divided A by B we have 

AdlB X Q+R, and by dividing by D, we obtain 

A B _ R 



But since we suppose B and R to be divisible by D, and know 
Q to be an entire quantity, the second part of the equality is entire ; 
hence the first part, to which it is equal, is also entire ; that is, A 
is exactly divisible by D. Hence, 

2dly . The greatest common divtsar of two polynomials is the same 
as that which eocists between the least polynomial and their remainder 
cfter division. 
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These piiDci[de8 being established, let us soj^ose that it b le- 
qnired to find the greatest common divisor between the two poly- 
nomials 

— 3^+3a^— ii26+a», and 4**-5aJ+a». 

First Operation, 
— 12^4- 1211^— 4c^&+ 4g3 || 4y— 5g^+g» 



Ist. Rem. — ^aii^—d^h + Atfi 

— 12a^— 4a2*-f 16fl3 



-3d, -3a 



2d. Rem — 19a2* + 19fl3 

or, 19a2(— d+a). 

Second Operation, 



4^-_5ad+a2 



—ad -ho^ 



— d +a 
— 4d+a 



0. 



Hence, — d+a» or a — d, is the greatest common divisor. 

In the first operation we meet with a difficulty in dividing the 
two polytiomials, because the first term of the dividend is not 
exactly divisible by the first term of the divisor. But if we 
observe that the co-efficient 4 of this last, is not a factor of all the 
terms of the polynomial 

4b^—5ab+a\ • 

and that therefore, by the first principle, 4 cannot form, a part of 
the greatest common divisor, we can, without afifecting this com- 
mon divisor, introduce this factor into the dividend. This gives 

— 1253+12a52— 4a25+4a3, 

and then the division of the first two terms is possible. 

Efifecting this division, the quotient is —3d, and the remainder is 

— 3od2— a2d+4a3. 

As the exponent of d in this remainder is still equal to that of 
the divisor, the division may be continued, by multiplying this 
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remainder by 4, in order to render the division of the first term 
possible. 

This done, the remainder becomes —I2ah'^ — 40^5 + 160^, which 
divided by Ab^—5ah+a^f gives the quotient —3a, which should 
be separated from the first by a comma, having no connexion with 
it; and the remainder is — l9a^h-\-l9a^. 

Placing this last remainder under the form I9a^{—b+a), and 
suppressing the factor 19a^, as forming no part of the common 
divisor, the question is reduced to finding the greatest common 
divisor between ^b^—bab+a^f and — ft+o. 

dividing the first of these polynomials by the second, we obtain 
an exact quotient, — 45+a; hence — b-^-a, or a — &, is the 
greatest common divisor required. 

287. In the above example, as in all those in which the expo* 
nent of the principal letter is greater by unity in the dividend thaa 
in the divisor, we can abridge the operation by multiplying every 
term of the dividend by the square of the co-efficient of the first 
term of the divisor. We may easily conceive that, by this means, 
the first partial quotient obtained will contain the first power of 
this co-efficient. Multiplying the divisor by the quotient, and 
making the reductions with the dividend thus prepared, the result 
will still contain the co-efficient as a factor, and the division can 
be continued until a remainder is obtained of a lower degree than 
the divisor, with reference to the principal letter. 

Take the same example as before, viz., -^Sb^+Sab^-^a^b+a^ 
and 452— ba5+«^ ; and multiply the dividend by the square of 
4=16 : and we have 



First Operation. 



— I2ab^— 4fl2^+16«3 



\ 4b^-5ab+a^ 
-I25-3a 



1st. Rem. -19fl25+19a3 

or, I9a^(-b+a), 
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Second Operation, 

45^--5o5+o^ || ~> b+a 
— ab+a^\ -— 4&+g 
2d. Rem. — 0. 

Remark 1. When the exponent of the principal letter in the 
dividend exceeds that of the same letter in the divisor by two, 
three, &c., units, multiply the dividend by the third, fourth, &c., 
power of the co-efficient of the first term of the divisor. It is 
easy to see the reason of this. 

2d. It might be asked if the suppression of the factors, comnyn 
to all the terms of one of the remainders, is absolutely necessary, 
or whether the object is merely to render the operations more 
simple. Now, it will easily be perceived that the suppression of 
these factors is necessary; for, if the factor 19a^ was not sup- 
pressed in the preceding example, it would be necessary to mul- 
tiply the whole dividend by this factor, in order to render the first 
term of the dividend divisible by the first term of tlje divisor ; but 
then, a factor would be introduced into the dividend which was also 
contained in the divisor ; and consequently the required greatest 
common divisor would be combined with the factor 19a^, which 
should not form a part of it. 

288. For another example, it is proposed to find the greatest 
common divisor between the two polynomials, 

a^+3a^+Aa^^-6ab^+2b^ and 4a^+2ai^-2b\ 

or simply, 2a^+ab—b\ since the factor 2b can be suppressed, 
being a factor of the second pol3riiomial and not of the first. 



First Operation. 
Sa*+24a^-\-32a^^—4SaP+l6b^ 



+20S354-36fl262-48a^4- 1664 



\ 2a'^+ab-b^ 



4a^+l0ab+l3b^ 



+ 26aH^—38aP+\6b^ 
Ist. Rem. —5\ab^+2m 

or, -*3(51a-.29i). 
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Second Operation. 

Multiply by 2601, the square of 51. 
5202a2+2601a5— 260U2 



5202a^-2958ab 



51a— 29b 
102a+ 109ft 



1st. Rem. +5559aft— 2601*2 

5559q&- 3161*2 
2d. Rem. + 560*2. 



(The exponent of the letter a in the dividend, exceeding that of 
the same letter in the divisor by tu)o units, we multiply the whole 
dividend by the cube of 2, or 8. This done, we perform three 
consecutive divisions, and obtain for the first principal remainder, 

~51a*3+29**. 

Suppressing P in this remainder, it becomes — 51a+29* for a 
new divisor, or, changing the signs, which is permitted, Slo— 29*: 
the new dividend is 2a2+a*-— *2. 

Multiplying this dividend by the square of 51, or 2601, then 
effecting the division, we obtain for the second principal remain- 
dor, +560*2, which proves that the two proposed polynomials are 
prime with respect to each other, that is, they have not a common 
factor. In fact it results from the second principle (Art. 286), 
,that the greatest common divisor must bo a factor of the remain- 
der of each operation ; therefore it should divide the remainder 
560*2 ; but this remainder is independent of the principal letter a ; 
hence, if the two polynomials have a common divisor, it must be 
independent of a, and will consequently be found as a factor in the 
co-efficients of the different powers of this letter, in each of the 
proposed polynomials ; but it is evident that the co-efficients of 
these polynomials have no^ a common factor. 
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289. — Remark. The rule for the greatest common divisor of 
two polynomials, may readily be extended to three or more poly- 
nomials. For, having the polynomials A, B, C, D, &c., if we 
find the greatest common divisor of A and B, and then the greatest 
common dinsor of this result and C, the divisor so obtained will 
evidently be the greatest common divisor of A, B, and C ; and 
the same process may be applied to the remaining polynomials. 

290. We shall now ofier a few remarks to serve as further 
guides in determining the greatest common divisor. 

Let A be a rational and entire polynomial, supposed to be 
arranged with reference to one of the letters involved in it, a, for 
example. 

If this polynomial is not absolutely primes that is, if it can be de« 
composed into rational and entire factors, it may be regarded as 
the product of three principal factors, viz. 

1st. Of a monomial factor A^, common to all the terms of A 
This factor is composed of the greatest common divisor of all the 
numerical co-efficients, multiplied by the product of the literal 
factors which are common to all the terms. 

2d. Of a polynomial factor A^, independent of a, which is com- 
mon to all the co-efficients of the different powers of a, in the 
arranged polynomial. 

3d. Of a polynomial factor A^, depending upon a, and in which 
the co-efficients of the different powers of a are prime with each 
other ; so that we shall have 

A =1 A. X Aj X A—. 

Sometimes one or both of the factors A^, A^, reduce to unity, 
but this is the general form of rational and entire pol3n[iomial8. It 



GREATEST COKICON DIVISOR. . 301 

follows from this, that when there is a greatest common divisor of 
two polynomials A and B, we shall have 

D=D,.D,.D3; 

D, denoting the greatest monomial common factor, D^ the greatest 
polynomial factor independent of a, and D3 the greatest polynomial 
factor depending upon this letter. 

In order to obtain D^,Jind the monomial factor Aj common to all 
the terms of A, This factor is in general composed of literal fac- 
tors, which are found by inspecting the terms, and of a numerical 
co-efiicient, obtained by finding the greatest common divisor of the 
numerical co-efficients in A. 

In the sam^ way, find the monomial B, cofnmon to all the terms of 
B; then determine the greatest factor Dj common to A, andB^. 

This factor D,, is set aside, as forming the first part of the re- 
quired common divisor. The factors A j and B j are also suppressed 
in the proposed polynomials, and the question is reduced to finding 
the greatest common divisor of two new polynomials A' and B' 
which do not contain a common monomial factor. It is then to be 
understood that the process developed below, is to be applied to 
these two polynomials. 

291. Several circumstances may occur as regards the number 
of letters that may be contained in A' and B'. 

\sL When A! and B' contain but one letter a. 

When A' and B' are arranged with reference to a, the coeffi- 
cients will necessarily be prime with each other; therefore in this 
case, we shall only have to seek for the greatest common factor de- 
pending upon a, viz. D,. 

In order to obtain it, we must first prepare the polynomial of tlie 

highest degree, so that its first term may be exactly divisible by 

the first term of the divisor. This preparation consists in muUip^ 

ing the whole dividend by the co-efficient of the first term of the dwt- 

soTf or by a factor of this co-efficient, or by a certain power of it, in 

26 
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order that we may be able to execute several operations^ without 
any new preparations (Art. 68). 

The division is then pefformed^ amUnuing the operation uniUa 
remainder is obtained of a lower degree than the divisor. 

^ there is a factor common to aH the co-efficients of the remamder, 
it must he suppressed^ as it cannot form a part of the required divi- 
sor ; after which, we operate with the second polynomial^ and this 
remainder^ in the same way we did with the polynomials A! and B* 

Continue this series of operations untU a remainder is obtained 
which wiU exactly divide the preceding remainder^ this remainder 
will be the greatest common divisor D3 of A' and B' ; and D, xD, 
will express the greatest common divisor of A and B ; or^ continMe 
the operation until a remainder is obtained independent qfa, that is^ 
a numerical remainder, in which case, the two polynomials, A' and 
B' will be prime with each other. 

2d. When A' and B' contain two letters a and b. 

After having arranged the polynomials with reference to a, we 
first find the pol3momial factor "which ]s independent q/* a, if there 
is one. 

To do this, we determine the greatest common divisor A^ of all 
the co-efficients of the different powers of a in the polynomial A'. 
This common divisor is obtained by applying the rule for finding 
the greatest common divisor of several polynomials, as well as the 
rule for the last case, since these co-efficients contain only one let- 
ter b. In the same way we determine the greatest common divisor Bj 
of all ike co-efficients ofW. Then comparing A^ and 'Q^^ we set 
aside their greatest common divisor D^, as forming a part of the re- 
quired greatest common divisor ; and we also suppress the factors 
A J and B^, in A' and B'; which produces two new polynomials A" 
and B", the co-efficients of which are prime with each other, and to 
which we may consequently apply the rule for the first case. 

Care must always be taken to ascertain, in each remainder, whether 
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the co-efficients of the different powers of the letter sl, donci contain a 
common factor, which must he suppressed, as not formmg a part of 
the common divisor. We have already seen that the suppression 
of these factors is absolutely necessary (Art. 68). 

We shall in this way obtain the common divisor Ds > of A" and B", 
and D, x^a X^s* for the greatest common divisor of the polyno- 
mials A and B. 

Remark. In applying the rule for the first case to A'' and B'% 
we could ascertain when these two polynomials were prime with 
each other, from this circumstcuice, viz : a remainder would he oh* 
Udned which would he either numerical, or a function of h, hut inde- 
pendent of a. The greatest common divisor of A and B would th^i 
beDjXD,. 

3d. When A' and B' contain three letters, a, b, c. 

After arranging the two polynomials with reference to a, we de 
termine the greatest common divisor independent of a, which is done 
by applying to the co-efficients of the different powers of a, in both 
polynomials, the process for the second case, since these polyno- 
mial co-efficients contain but two letters^ h and c. 

The independent polynomial D^ being thus obtained, and the fac- 
tor A3 and B^, which have given it, being suppressed in A' and Iff, 
there will result two polyniomials A" and B", having their co-effi- 
cients prime with each other, and to which the rules for the preced- 
mg cases may be applied, and so on. 

EXAMPLES 

1. Let there be the two polynomials 

ir»(P— (r»(i*— aV+c*, and 4a^d— 2ac^+2c'— 4ac<J. 

The second contains a monomial factor 2. Suppressing it, and 
arranging the polynomials with reference to d, we have 

(a'-(r')(P-aV+c*, and (2(r»-2ac)i-ac«+c*. 
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It is first necessary to ascertain whether there is a common divi^ 
8or independent of J. 

By considering the co-efficients a?— c*, and —c^f^'^-c^^ of the 
first polynomial, it will be seen that —d?&'\-^ can be put under the 
fi>rm ^(?{c?-^<?) ; hence o^—c^ is a common factor of the co-effi. 
cients of the first polynomial. In like manner, the co-efficients of 
the second, 2a^— 2ac, and —ac^+c^, can be reduced to 2a(a— c), 
and ''(?{a—'C)\ therefore a^c is a common factor of these co. 
efficients. 

Comparing the two factors a*— (T* and a— c, as this last will di- 
vide the first, it follows that a— c is a common factor of the propos- 
ed polynomials, and it is that part of their greatest common divisor 
which is independent of d. 

Suppressing a*— c* in the first polynomial, and a— c in thfe second, 
we obtain the two polynomials d^-^(? and 2a£i— c*, to which the or- 
dinary process must be applied. 






2(wi— c» 



2<w«+(r» 



+2ac*J— 4aV 
-4aV+c*. 



Explanation, After having multiplied the dividend by 4a^, and 
performed two consecutive divisions, we obtain a remainder 
— 4aV4-c*, independent of the letter d ; hence the two polynomials 
d^—<?j and 2a(Z— c*, are prime with each other. Therefore the 
greatest common divisor of the proposed polynomials is a— c. 

Again, taking the same example, and arranging with reference 
to a, it becomes, after suppressing the factor 2 in the second poly- 
nomial, 

((P-cr»)a«-c^cP+c*, and 2(ia^-(2cd+(r»)a+c». 

It is easily perceived, that the co-efficient of the different powers 
of a in the second polynomial are prime with each other. In the 
first polynomial, the co-efficient — c^d^+c*, of the second term, or 
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of a*, becomes — <r'((P--i^) ; ^whence (P— c* is a common factor of 
the two co-efficients, and since it is not a factor of the second poly- 
nomial, it may be suppressed in the first, as not forming a part of 
the common divisor. 

By suppressing this factor, and taking the second polynomial for 
a dividend and the first for a divisor, (in order to avoid preparation), 
we have 



Ist. 2<ia«— 2cd a+c" 



|a«-c« 



2<2 



Rem. . . — 2cd|a+2(ic« 

or, a— c, 

by suppressing the common factor (— 2c(2— c*) ; 



2d. a« -c« 






|a— c 



a-\'C 



Explanation. Afler having performed the first division, a re- 
mainder is obtained which contains — 2c(2— c*, as a factor of its 
two co-efficients ; for 2dc'+(r'=— c(— •2crf— c*). This factor be- 
ing suppressed, the remainder is reduced to a— -c, which will exact- 
ly divide a*— c*. 

Hence a~c is the required greatest common divisor. 

292. There is a remarkable case, in which, the greatest common 
divisor may be obtained more easily than by the general method ; 
it is when one of the two polynomials contains a letter which is not 
contained in the other. 

In this cose, as it is evident that the greatest common divisor is 
independent of this letter, it follows that, by arranging the polyno- 
mial which contains it, with reference to this letter, Ae required 
common divisor mil he the same as thai which exists between the co- 
efficients of the different powers of the principal letter and the second 

polynomial^ which, by hypothesis^ is independent of it.' 

26* 



By this method, we are led to determine the greatest common 
divisor between three or more polynomials ; but they will be more 
simple than the proposed polynomials. It often happens, that some 
of the co-efficients of the arranged polynomial are monomials, or, 
that we may discover by simple inspection that they are prime with 
each other ; and, in this case, we are certain that the proposed po- 
lynomials are prime with each other. 

Thus, in the example of Art. 291, treated by the first method, 
after having suppressed the common factor a— c, which gives the 
results, 

d^—c^ and 2a(f— c^ 

we know immediately that these two poljmomials are prime with 
each other ; for, since the letter a is contained in the second and 
not in the first, it follows from what has just been said, that the com- 
mon divisor must divide the co-efficients 2d and ~c^, which is evi- 
dently impossible ; hence, d^c. 

2. We will apply this last principle to the two polynomials 

Sbcq +3 Omp + 1 8bc + bmpq^ 
and 4adq^A2fg-{-2^d—'7fgq. 

Since q is the only letter common to the two polynomials, which, 
moreover, do not contain any common monomial factors, we can ar- 
range them with reference to this letter, and follow the ordinary 
rule. But as i is found in the first polynomial and not in the second, 
if we arrange the first with reference to h, which gives 

{'iicq-\-l&c)b+SOmp+bmpq, 

the required greatest common divisor will be the same as that which 
exists between the second polynomial and the two co-efficients 

3cq-\-l8c and '60mp+5mpq. 

Now the first of these co-efficients can be put under the form 
3c(^+6), and the other becomes 6mp{q-{-6) ; hence ^+6 is a com- 
mon factor of these co-efficients. It will therefore be sufficient to 
ascertain whether q-\-6, which is a, prime divisor, is a factor of the 
second polynomial- 
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Arranging this pol;y'nomial with reference to q, it becomes 

{4ad-^7fg)q^42fg+24ad ; 

as the second part 24ad—42fg is equal to 6(4ad—7fg), it fol- 
lows that this poljmomial is divisible by q+6, and gives the quo- 
tient 4ad—-lfg. Therefore <7+6 is the greatest common divisor 
of the proposed polynomials. 

293. Remark. It may be ascertained that q+% is an exact di- 
visor of the polynomial {4ad—lfg)q-\-24ad—42fg, by a method 
derived from the property proved in Art. 261. 

Make q+Q=0 or ^^s— 6 in this polynomial ; it becomes 

{4ad--lfg) X -6+24a(?-42/^, 

which reduces to ; hence q+Q is a divisor of this polynomial. 

This method may be advantageously employed in nearly all the 
applications of the process. It consists in this, viz : after obtain- 
ing a remainder of the first degree with reference to o, when a is 
the principal letter, make this remainder equal to 0, and deduce the 
value of ti from this equation. 

If this value, substituted in the remainder of the 2d degree, de- 
stroys it, then the remainder of the 1st degree, simplified Art. 68, 
is a common divisor. If the remainder of the 2d degree does not 
reduce to by this substitution, we may conclude that there is no 
common divisor depending upon the principal letter. 

Farther, having obtained a remainder of the 2d degree with 
reference to a, it is not necessary to continue the operation any 
farther. For, 

Decompose this polynomial into two factors of the \st degree, 
which is done by placing it equal to 0, and resolving the resulting 
equation of the second degree. 

When each of the values of a thus obtained, substituted in the 
remainder of the 3d degree, destroys it, it is a proof that the remain- 
der of the 2d degree, simplified, is a common divisor ; when only 
one of the values destroys the remainder of the 3d degree, the com- 
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mon divisor is the factor of the Ist degree with respect to a, which 
corresponds to this value. 

Finally, when neither of these values destroys the remainder of 
tlie dd degree, we may conclude that there is not a common divisor 
depending upon the letter a. 

It is here supposed that the two factors of the 1st degree witL 
reference to a, are rational, otherwise it would he more simple to 
perform the division of the remainder of the 3d degree hy that of 
the second, and when this last division cannot be performed exactly^ 
we may be certain that there is no rational common divisor, for if 
there was one, it could only be of the first degree with respect to 
0, and should be found in the remainder of the second degree, which 
is contrary to hypothesis. 

3. Find the greatest common divisor of the two polynomials 

6a:*— 4a^-lla?-.3a!*— 3a;— 1 

and 4a?*+2aP— 18ar»+3a: — 6 

Ans. 2ar*— 4a*+«— 1. 

4. Find the greatest common divisor of the polynomials . 

20x«- 12ar'+ 16a:*- 15a:'+14a:^- 15a:+4. 

and 15a:*- 9ar*+47ar'-21a; +28. 

Ans, 50:^- 3a;4-4. 

5. Find the greatest common divisor of the two polynomials 

5a*3»+2a3^'+ca2-3a»i*+ica 

and a^+5a'd-a'lr'+5(^bd. 

Ans. a^+ab. 

Transformation of Equations. 

"Die transformation of an equation consists in changing its 
form without affecting the equality of its members. The object of 
a transformation, is to change an equation from one fonii to another 
that is more easily resolved. 
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First Transformation. 

To make the second term disappear from an equation. 

294. The difficulty of resolving an equation generally dimi- 
nishes with the number of terms involving the unknown quan- 

tity; thus, the equation «*=jp, gives immediately a?=± V^, 
whilst the complete equation a;'+P^+?=^ requires preparation 
before it can be resolved. 

Now, any equation being given, it can always be transformed. 
into another, in which the second term is wanting. 

For, let there be the general equation 

a;"+Pa:"-^4-Qx*^»+ . . . +Ta;+U=0. 

Suppose a;=u+^9 ^ being unknown, and d an indeterminate qtcan' 
tity ; by substituting u+x' for x, we obtain 

(tt4.a/)«+P(tt4.a/)'»-»+Q(M+aj')'^+- +T(tt+a;')+U=a; 

developing by the binomial formula, and arranging according to the 
decreasing powers of w, we have 

m— 1 






u 



f»l— I 



+m.- 

+(m-l)Pa?' 
+Q 



u 



mr-Z 



+ 



« • 



y=o. 



' "P • • • 

+T«' 
Since a/ is entirely arbitrary, we may dispose of it in such a way 



that wo shall have wia/+P=0 ; whence a;'= 



m 



. Substituting this 



value of a/ in the last equation, we shall obtain an equation of the 
form, 

tt'"+Q'tt"*-*+R'tt'^'+ . . . +T'tt+U'=0. 

in which the second term is wanting. 

If this equation was resolved, we could obtain the values of j 



i 
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corresponding to those ofu, by substituting each of the values oft 

P 

in the equation a?=tt+«'» or a?=tt . 

m 

Whence we may deduce the following general rule : 

In order to mak^ the second terni of an equation disappear, su^ 

stUutefor the unknoum quantity a new unknown quanHty, united toith 

the co-efficient of the second term, taken wiih a contrary sign, and <2t. 

vided by the exponent of the degree of the equation. 

Let us apply the preceding rule to the equation 3i?-^px:s=^q. If 

we take a;=ti — ^, it becomes \u — ^j +l>(w — 9")=?> ^^» ^^ 

f 
performing the operations, and reducing, u^ — 2~^^' ^^ equation 



u^zdz^ -r+qt consequently we obtain for the two corres- 



gives 

ponding values of x, 



^=p±^/l~^. 



4+'- 

293. Instead of making the second term disappear, an equation 
may be required, which shall be deprived of its third, fourth, &c. 
term ; this can be obtained by placing the co-efficient of tt""', 
tt"*^ . . . equal to 0. For example, to make the third term disap- 
pear, we make in the above transformed equation 

m— 1 

m — 5 — x'^+^m-^ l)Pa;'+Q=0 ; 

from which we obtain two values for x\ which substituted in the 
transformed equation reduces it to the form 

Beyond the third term it will be necessary to resolve equations 
of a degree superior to the second, to obtain the value of a?': thus to 
cause the last term to disappear, it will be necessary to resolve the 
equation 



TRANSFORMATION OF EQUATIONS. 311 

x'^+?3f^'+ . . . Ta/+U=:0, 

which is nothing more than what the proposed equation becomes 
when af is substituted for x, 

P 

It may happen that the value x'= which makes the second 

term disappear, causes also the disappearance of the third or some 
other term. For example, in order that the second and third terms 
may disappear at the same time, it is necessary that the equation 

P 

x'= should affree with 

m ^ 

m— 1 _ 

m — -— a;'«+(m— l)Pa;' +Q=0. 

P . 

Now if in this last equation, we replace a/ by it becomes 

OT-1 P pa ^ ^ 

m— ^— .— -(m-l)~+Q=0, or (m-l)P^-2mQ=0; 

therefore, whenever this relation exists between the co-efficients P 
and Q, the disappearance of the second term involves that of the 
third. 

Remarks upon the preceding Transformation, Formation of 

derived Polynomials. 

296. The relation a;=M+a;', of which we have made use in the 
two preceding articles, indicates that the roots of the transformed 
equations are equal to those of the proposed, diminished or increased 
by a certain quantity. Sometimes this quantity is introduced in 
the calculus, as an indeterminate quantity, the value of which is 
afterwards fixed in such a manner as to satisfy a given condition ; 
sometimes it is a particular number of a given value, which expresses 
a constant difference between the roots of a primitive equation and 
those of another equation which we wish to form. 

In short, the transformation which consists in substituting u+af 
for a?y in an equation, is of very frequent use in the theory of equa- 
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tions. Now there is a very simple method of obtaining, in practice, 
the transformation which results from this substitution. 

To show this we shall invert the order of the terms in u+sf, that 
is, for X substitute a; +m in the equation 

it becomes, by developing and arrangbg according to the ascending 
powers of u^ 



of"" 4-ma;'"*"* 



4.Pa^«-»+(m-l)Pa/ 
+Qx''»-^4-(m--2)Qa;' 

"7" • » • "7" • • • 

+TiB' +T 



wi— 2 



•»— 3 



m— 1 

u+m — - — af"^^ 

+(m— 1)— ^^ — Pa/"^ 

m— 3 
+(w-2)— ^— Qar'"-* 

+ ... 



tt^H tt"=0 



If we observe how the co-efficients of the different powers of u 
are composed, we shall see that the co-efficient of m* is nothing more 
than what the first member of the proposed equation becomes when 
x' is substituted in place of or ; we shall hereafler demote it by X'. 

The co-efficient of m* is formed by means of the preceding, or 
X', by multiplying each of the terms of X' by the exponent of a' 
in this term, and then diminishing this exponent by unity ; we shall 
call this co-efficient Y'. 

The co-efficient of v^ is formed from Y' by multiplying each of 
the terms of Y' by the exponent of of in this term, dividing the pro- 
duct by 2, and then diminishing the exponent by unity. By calling 

Z' 

this co-efficient — it is evident that Z' is formed from Y' in the 

same manner that Y' is formed from X'. 

In general, the co-efficient of any term in the above transformed 
equation, is formed from the preceding one, by multipl3ring each of 
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its terms by the exponent of a;' in this term, dividing the product by 
the number of co-efficients preceding the one required, and then di- 
minishing the exponents of a^ by unity. 

Z' V 

This law, by which the co-efficients X', Y', — , — -• are deriv- 

2 2.3 

ed from each other, is evidently entirely similar to that which 
regulates the different terms of the formula for the binomial 
(Art. 203). 

The expressions Y', Z', V, W ... are called derived polyno- 
mials of X', because 71 is deduced or derived from Y', as Y' is de- 
rived from X' : V is derived from Z', as Z' is derived from Y', and 
so on. Y' is called tlie> first derived polynomial, 71 the second, ^. 
Recollect that X' is what the first member of the proposed equa- 
tion becomes, when af is substituted for x. 

The co-efficient of the first term of the proposed equation has 
been supposed equal to unity ; if the equation were not reduced to 
this form, the law of formation for the co-efficients of the trans- 
formed equations would be entirely the same, and the co-efficient 
of tt"* would be equal to that of af . 

297. To show the use of this law in practice, let it be required 
to make the co-efficient of the second term of the following equa- 
tion disappear. 

a;*-12a?+17ar»-.9a?+7=0. 

12 

According to the rule of Art. 294, take a?=tt+— , or x=S+Ut 

which will give a transformed equation of the 4th degree, and of 
the form 

Z' V 

and the operation is reduced to finding the values of 

Z' V 



X' Y' 



2* 2.8* 
27 
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Vow it fi^Ilows from the preceding law» that 

X' = (8)*-12.(8)»+17.(3)»-.9.(3)»+7, or 'X' =-110; 
Y' =4 . (8)»- 36 • (8)«+34 . (3)» - 9, or . . Y' = - 123 ; 

Z' Z' 

y =6,(8)«-.86.(3)»+17, or — =- 8T; 

t:?-*-^^)*-^^ 273=^- 

Therefpre th^ transformed equation becomes 

i^-.37i^—128ii-. 110=0. 

^Lgam, iBBiiflfonn the equation 

4aj»— 6a!»+7aj-9=0 

into another, the roots of which exceed the roots of the proposed 
equation by unity 

Takett=a;+1; there will result «=— 1+ti, which gives the? 
transformed equation 

Z' 

X'+Y'tt+-^+4M?=:0. 

X' = 4.(-l)'- 6.(-l)«+7.(-iy-9, or X' =-26f 
r =ia,(-l)a-10.(-iy+7 Y' = 29; 

tf' , Z' 

-=i2.(-iy- 6. -2 =-^'^' 

= 4 = A. 

2.8 2.3 

Therefore the transformed equation becomes 

4i^-17«*+29«-r-25=0. 

The following examples may serve the student for exercises : 

Make the second term vaiiish jOronx^the following equations. 

1st. a»— 10«*+7<F»+4a?-.9=0. 

Aru. M»-88tt»-118ti?»-162tt-78=0. 

2d. 8a!'+15«*+26a?— 8=0. 

-. , 152 
Ana. 8ir» 5— =0. 
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Transfornd the equati<m 8a^— 130^+7^*— 8a;—- 9=0 ilt6aiK)ther» 
the roots of which shall be less than the roots of the ]plK)poM hy 

1 



the fraction » 

3 



. «5 102 



We shall frequently have occasion for the law of formation of 
derived polynomials. 

298. These polynomials have the following remarkable proper- 
ties. 

Let X or af*+Vaf^^+Qsxf^^ ... =0, be the proposed ^uattolD, 
and 0, h, c, Z, its m roots, we shall then have (Art. 291), 

a;*+Paf^*+ . . . =(«—«) («— ft) («— c) . . . (a?— Z). 

Substituting af+u (or to avoid the accents), x+u in the place of 
X; it becomes, 

(at+tt)«+P(«+tt)"-»+ . . . =(a;+tt— tf) (x+u—h) . . . ; 

or changing the order of the terms in the second member, and re- 
garding x^Oy x—hy . • . each as a single quantity, 



1 n I 



(as+uy+?{x+uy^^ . . . =(tt+a;— a) (u+x—b) . . . (u+x^b). 

Now, by performing the operations indicated in the two members^ 
We shall, by the preceding Article, obtain for the first member, 

MP 

X being the first member of the proposed equation, and Y, Z • . • 
^e derived polynomials of this member. 

With respect to the second member, it follows from ArU 394) 

Ist. That the part involving ^i^ or the last term, is equal to the 
firoduct (a?— a) (x—b) . . . («— Z) of the factors of the proposed 
^nation ; 

2d. The co-efficient of « is equal to the sum of the products of 
Aese m factors taken m— 1 and m^l. 
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Sd* The co-efficient of u^ is equal to the sum of the products of 
these m factors taken m— -2 and m—Q ; and so on. 

Moreover, the two members of the last equation are identical ; 
therefore, the co-efficients of the same powers are equal* Hence 

X=(«— a) {x—h) {x—c) . . . {x—l)y 

which was already known. Hence also, Y, or the first derived po- 
lynomial, is equal to the sum of the products of the m factors of the 
first degree in the proposed equation^ taken m— 1 and m— 1; w 
equal to the sum of all the quotients that can be obtained hy dividing 
X hy each of the m factors of the first degree in the proposed equa- 
Uan ; that is^ 

XXX X 



Y=- — + — r+ + . . . 



x—a x—o x—c a:—/ 

Z 

— or the second derived polynomial, divided by 2, is equal to the 

sum of the products of the m factors of the proposed equation taken 
m— 2 and m— 2, or equal to the sum of the quotients that can be 
obtained by dividing X by each of the factors of the second degree; 
that is, 

Z X X X 

+ 



2 (a;-a) («-*) • («-.«) (a?-c) "^ {x^k) {x-l)' 
and so on. 

Second Transformation, 
To make the denominators disappear from an equation, 

299. Having given an equation, we can always transform it ini 
another of which the roots will be equal to a given multiple or <i 
multiple of those of the proposed equation. 

Take the equation 

ar+?!xr-^+Qaf^^+ . . . Ta?+U=0, 
and denote by y the unknown quantity of a new equation, of whic?^ 
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« 

the roots are K times greater than those of the proposed equ^tUH|> 

and multiplying every term by K**, we have 

an equation of which the co-efficients are equal to those of the pro- 
posed equation multiplied respectively by K*, K*, K^ K^, K*, d^c* 

This transformation is principally used to make the denominators 
disappear from an equation^ when the eo-efident of the first term is 
unitif. 

To fix the ideasy take the equation of the 4''' degree 

y 

if in this equation we make x=--^^ y being a new unkqown nj^A K 

A. 

an indeterminate quantity, it becomes 

^ aK , tS? , e¥? gK^ 

N0W9 tiiiere may be two cases, 

1st. Where the denominators 3, (2, /, hf are prime wUh eaoli 
other ; in this hypothesis, as K is altogether arbitrary, take Ks=hdfkf 
the product of the denominators^ the equation will th^ beoome 

y*+«4f A . f+cl^df'h^ . y'+ePdy^h^ . y+^M<2*/W=0, 

an equation the co-efficients of which are entire, and that of its firsi 

term unity. 

y 
We have besides, the equation ^^TJfTf to determine tl^ values 

of X corresponding to those of y. 

2d. When the denominators contain cocnraon &ctOfs, we shaU 

evidently render the co-efficients entire by taking for E the small. 

est multiple of all the denominators. But we can simptify tbis 

4tiU more, by observing, that it is reduced to li^tenwoing S jn 

27* 



818 ALGEBRA. '' 

■acb a mlmner that E>, K', K*.. • shall contain the prune fac- 
tors which compose h^ d^f, h, raised to powers at least equal to those 
which are found in the denominators. 
Thus, let the equation 

6 5 7 13 ^ 

'^ T^^12 IsiP 9000 

Take «=rr-, it becomes 
k - 

^"'e^'^ 12 ^"" ISO^^OOOO""^* 

First make iS:=9000, which is a multiple of all the other deno- 
minators, it is. clear that the co-efficients become whole numbers. 

But if we decompose 6, 12, 150 and 9000 into their factors, we 
find 

6=2x8, 12=2»X3, 150=2x3x5^ 9000=23x3^X5'; 

and by simply making A:=2 X 3x5, the product of the different sim- 
ple factors, we obtain 

j5r'=2'X3'X5^ P==2^x^^X^^ ifc*=2*x3*X5*, 

whence we see that the values of A:, A:*, P, A:*, contain the prime 
factors of 2, 3, 5, raised to powers at least equal to those which 
enter in 6, 12, 150 and 9000. 

Hence the hypothesis A:=2x3x5 is sufficient to make the 
denominators disappear. Substituting this value, the equation 
becomes 

5.2.3.5 3 5.2^3^y 7.2'.3^53 13.2*.3*.5* 
^ 2J^ ■*" 2^3 ^ 2.3.5« ^ ¥^^^^^^' 
whidh 'reduces to 

y*-5.5jr*+5.3.5V-7.22.3«.5y-13.2.3^5=0; 

or y*-25y3^3752^_1260y-1170=0. 

Hience, we perceive the necessity of taking k as small a number 
as possible : otherwise, we should obtain a transformed equation, 
having its co-efficients very great, as may be seen by* reducing 
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ie transformed equation resulting from the supposition A;=9000 in 
the preceding equation. 
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, 7 ^ 11 25 y 

whence 

3^-lV+ll3(-75=0; 

«:. . 13 . 21 , 32 ^ 43 1 

^d-a^-TT;**^-!::*^— iT^rr^— ^7^«-— S7r7r=0; «=; 



12 '40 225 600 800 "" ' 2^.3.5' 

y 

^^^=60 
whence 

j/J— 65y*+18903^— 3072(y--928800y+972000r=0. 

300. The preceding transformations are those most frequently 
used ; there are others very useful, of which we shall speak as they 
present themselves ; they are too simple to be treated of separately. 

In general, the problem of the transformation of equations should 
he considered as an application of the problem of elimination be- 
tween two equations of any degree whatever, involving two un- 
known quantities. In fact, an equation being given, suppose that 
we wish to transform it into another, of which the roots have, with 
those of the proposed equation, a determined relation. 

Denote the proposed equation by F(a?)=0, (enunciated function 
of a? equal to zero), and the algebraic expression of the relation 
which should exist between x and the new unknown quantity y, by 
F' (a;,y)=0 ; the question is reduced to finding, by means of these 
two equations, a new equation involving y, which will be the re- 
quired equation. When the unknown quantity x is only of the first 
degree in F'(a?, 3/)=0, the transformed equation is easily obtained, 
but if it is raised to the second, third . . . ppwer, we must have re- 
course to the methods of elimination. 



320 ALGEBRA. 

EliminaHon. 

301. To eliminate between two equations of pxxy degree what* 
ever, involving two unknown quantities, is to obtain, by a series ol 
operations, performed on these equations, a single eqtiatum which 
contains but one (ftke unknown pumtitieSf and which gives all the 
▼alues of this unknown quantity that will, taken in connection with 
the corresponding values of the other unknown quantity, satisfy at 
the same time both the given equations. 

This new equation, which is a function of one of the unknown 
quantities^ is called the final equatijonj and the values of the unknown 
quantity found from this equation, are called compatible values. 

Of all the known methods of elimination, ihe method of the com- 
mon divisoTf is, in general, the most expeditious ; it is the method 
which we are going to develop. 

Let F(«, y)=0 and F'(a?, y)=0 be any two equations whatever, 
or, more simply, 

A=0, B=0. 

Suppose the final equation involving y obtained, and let us try to 
discover some property of the roots of this equation, which may 
serve to determine it. 

Let If = a be one of the compatible values of ^ ; it is clear, that 
since this value satisfies the two equations, at the same time as a 
certain value of x, it is such, that by substituting it in both of the 
equations, which will then contain only x, the equations toiU admit of 
at least one common value of x ; and to this common value there 
will necessarily be a corresponding common divisor involving x. 
Art. 279. This common divisor will be of the first, or a higher 
degree with respect to x, according as the particular value of y=^a 
corresponds to one or more values of x. 

Reciprocally, every value of y, which^ substituted in the two equa- 
tions, gives a common divisor involvmg x, is necessarily a compalxbh 
ffaluCf because it then evidently satisfies the two equations at the 
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some time with the value or values of x found from this common di- 
visor when put equal to 0. 

302. We will remark, that, before the substitution, the first mem 
hers of the equations cannot, in general, hace a common divisor, which 
is a function of one or both of the unknown quantities. 

In fact, let us suppose for a moment that the equations A=:0, 
B=0, are of the form 

A'xD=0, B'xl>=0. 

D being a function of x and y. 

Making separately D=0, we obtain a single equation involving 
two unknown quantities, which can be satisfied with an infinite num^ 
her of systems of values. Moreover, every system which renders 
D equal to 0, would at the same time cause A'D, B'D to vanish, and 
would consequently satisfy the equations A=0, B=0. 

Thus, the hypothesis of a common divisor of the two polynomials 
A and B, containing x and y, would bring with it as a consequence 
that the proposed equations were indeterminate. Therefore, if there 
exists a common divisor, involving x and y, of the two polynomials 
A and B, the proposed equations will be indeterminate, that is, they 
may be satisfied by an infinite number of systems of values of x 
and y. Then there are no data to determine a final equation in y, 
since the number of values of y is infinite. 

If the two polynomials A and B were of the form A'xD> B'xD> 
D being a function of x only, we might conceive the equation D=0 
resolved with reference to x, which would give one or more values 
for this unknown. Each of these values substituted in A'xD=0 
and B'xD=0, at the same time with any arbitrary value of y, would 
verify these two equations, since D must be nothing, in consequence 
of the substitution of the value of or. Therefore, in this case, the 
proposed equations would admit of t^L finite number of values for x, 
but of an infinite number of values for y ; then there could not exist 
a final equation in y. 

Hence, when the equations A=0, B=0, arc determinate, that is, 
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when they only admit of a limiied number of systems of values for 
X and y, their first members cannot have a, function of these unknown 
quantities for a common divisor^ unless a particular substitution has 
been made for one of them. 

303. From this it is easy to deduce a process for obtaining the 
Jinal equation involving y. 

Since the characteristic property of every compatible value of 
y is, that being substituted in the first members of the two equations, 
it gives them a common divisor involving x, which they had not be- 
fore, (unless the equations are indeterminate, which is contrary to 
the supposition), it follows, that if to the two proposed pol3aiomials, 
arranged with reference to x, we apply the process for the greatest 
common divisor, we generally shall not find one ; but, by continuing 
the operation properly, we shall arrive at a remainder independent 
of X', and which is a fimction of y^ which, placed equal to 0, will 
give the required final equation ; for every value of y found from 
this equation, reduces to nothing the last remainder of the operation 
for finding the common divisor ; it is, then, such, that substituted in 
the preceding remainder, it will render this remainder a common di- 
visor of the first members A and B. Therefore, each of the roots 
of the equation thus formed is a compatible value of y. 

304. Admitting that the final equation may be completely re- 
solved; which would give all the compatible values, it would after- 
wards be necessary to obtain the corresponding values of a?. Now 
it is evident that it would be sufficient for this, to substitute the dif. 
ferent values of y in the remainder preceding the last, put the poly- 
nomicd involving x which results from it equal to 0, and find from it 
the values of x ; for these polynomials are nothing more than the 
divisors ilivolving x, which become common to A and B. 

But as the final equation is generally of a degree superior to the 
second, we cannot here explain the methods of finding the values of 
y. Indeed, our design was principally to show that, two equations 
of any degree being given, we can, without supposing the resohUion 
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of any equation^ arrive at another equation^ containing only one of 
ihe unknoum quantities which enter into the proposed eqtuOions. 

Of Equal Roots. 

305. An equation is said to contain equal roots, when its first 
member contains equal factors. When this is the case, the derived 
polynomial, which is the sum of the products of the m factors taken 
m— 1 andm— 1 (Art. 298), contains a factor in its different parts, 
which is two or more times a factor of the proposed equation. 

Hence, there must he a common divisor betaeen the first member of 
the proposed equation and its first derived polynomial. 

It remains to ascertain the manner in which this common divisor 
is composed of the equal factors. 

306. Having given an equation^ it is required to discover whether 
a has equal rootSf and to determine these roots if possible. 

Let X denote the first member of the equation- 

a;"+Paj^»+Qaf^2+ . . . +Taj+U=0, 

and suppose that it contains n factors equal to a;— a, n' factors equal 
to x—bf n" factors equal to x—c . . ., and contains also the simple 
factors x-^Pj x-^q, «— r . . . ; so that we may have 

X=(«-a)"(a?— 5)»'(a?-c)"" . . . (x—p) (x-^q) (a?— r) . . . 

With respect to Y, or the derived polynomial of X, we have 
seen (Art. 298), that it is the sum of the quotients obtained by divid* 
ing X by each of the m factors of the first degree in the proposed 

equation. Now, since X contains n factors equal to a;— a, we shall 

X 

h%ve n partial quotients equal to ; the same reasoning applies 

x^^a 

to each of the general factors, «— ^, x—c. • • • Moreoyer we can 
form but one quotient equal to 

XXX 

«— p x^q x^r 

TheMfoM, T ito^neoessarilj of the frrift 



• • • 
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,, nX . n'X n"X XXX 

Y= + r+ + . . • + + + + 

x—a x^o x—c x—p X'-q a?— r 

From this composition of thq polynomial Y, it is plain that 

(x-a)-S {x^hy-^ (a-c)""-^ . . 

are factors common to all its terms ; hence the product 

(ir-a)»-*X(a?-^)"'~*X(a?— c)"''"^ . . . 

is a common divisor of Y ; moreover, it is evident that this product 
will also divide X, it is therefore a common divisor of X and Y ; and 
it is their greatest common divisor. For, the prime factors of X 
are a?— a, x—h^ x—c , . . and a?— p, x—q, x—r . . . ; now x—p, 
x—qyX—rf cannot divide ^, since some one of them will be want- 
ing in each of the parts of Y, while it will be a factor of all the 
other parts. 

Hence, the greatest common divisor of X and Y is 

D=(a?—a)"-i(a;— *)"'-! (a?— c)""-i . . .; 

that is. Hie greatest common divisor is composed of the product of those 
factors tphich enter two or more times in the proposed equation, each 
raised to a power less by unity than in the given equation, 

307. From the above we deduce the following method : 

To discover whether an equation X==0 contains any equal roots, 
form Y or the derived polynomial of X ; then seek for the greatest 
common divisor between X and Y ; if one cannot be obtained, the 
equation has no equal roots, or equal factors. 

If we find a common divisor D, and it is of the first degree, or of 
the form a;— »A, make a?— ^=0, whence x=h ; we may then concJude, 
that the equation has two roots equal to h, and has but one species of 
equal rootSj from which it may be freed by dividmg X by (a:— A)". 

If D is of the second degree with reference to a?, resolve the equa- 
tion D=0 ; there may be two cases ; the two roots will be equal, 
or they will be unequal. 1st. When we find D=:(a?— ?^)', the equa- 
tion has three roots equal to h, and has but one species of equal roots, 
from which it can be freed by dividing X by (a?— A)' ; 2d, wh«a P 
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is of the form (r— A) (x^hf), the proposed equation has two roots 
equal to hy and two equal to h\ from which it may be freed by divi- 
ding X by {x-hy^x-hy, or by D^ 

Suppose now that D is of any degree whatever ; it is necessary, 
in order to know the species of equal roots, and the number of roots 
of each species, to resolve completely the equation D=0 ; and every 
simple root ofD mil he twice a root of the proposed equation ; every 
double root ofD will he three times a root of the proposed equation ; 
atid so on. 

EXAMPLBS. 

1. Determine whether the equation 

2a?*-12a:»+19ar»— 6a?+9=0 

(XHitains equal roots. 

We have (Art. 296), for the derived polynomial 

Saj'— 36ic*+38aj— 6. 

Now, seekmg for the greatest common divisor of these polyno- 
mials, we find D=a;— 3=0, whence a?=3 ; hence the proposed 
equation has two roots equal to 3. 

Dividing its first member by (a?— 3)', we obtain 

1 J 

2a;*+l=0 ; whence a?=db— V — 2. 

Thus the equation is completely resolved, and its roots are 

1 J 1 / 

3, 3, + — V--2 and -y V - 2. 

2, For a second example take a:*— 2a;*-|-3a;^— 7a:*+8a?— 8=0; 
the first derived polynomial is 5a?*— 8aj^+9a:*— 14aj+8, 
and the common divisor a:*— 2a:+l, or (a?— 1)*, 
hence the proposed equation has three roots equal to 1. 

Dividing its first member by (»— 1)' or by a*— 3«?+8aj— 1, the 
quotient is 

2o 
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ar+a?+8=0 ; whence »= r ; 

thus the equation is completely resolved. 
3. For a third example, take the equation 

x'+Sa^+Gaj*— 6«*— 15af»— 3«'+8«+4=0 ; 
the derived polynomial is 

7a;"+30a:5^30a;4_24r»-45a!«-6«+8 ; 
and the common divisor is 

a^+Sar^+^a— 3a?— 2. 

The equation a:*+3ar'+a"— So?— 2=0 cannot be resolved directly, 
but by applying the method of equal roots to it, that is, by seeking 
for a common divisoif between its first member and its derived poly- 
nomial, 4tx^+9x^+2x—Sf we find a common divisor, x+1; which 
proves that the square of a?+l is a factor of s^+*Sx^+aP—Sx—2y 
and the cube of a;+l» a factor of the first member of the proposed 
equation. 

Dividing a^+Ss^+a^^Sx—^ by (x+iy or «'+2«+l, we have 
aj^+a;— 2, which placed equal to zero, gives the two roots j?=l, 
a:=— 2, or the two factors x—l and a;+2. Hence we have 

jc*+3ar»+a^— 3a?— 2=(a?+l)*(a;—l) (a;+2). 

Therefore the first member of the proposed equation is equal to 

(x+iy{x^iy{x+2y ; 

or the proposed equation has three roots equal to— 1, two equal 
to 4-1, and two equal to »2. 
Take the examples, 

Isk. aiC— 7a!"+10aj»+22a^— 43aP— 35a;^4.48a?+86=:0, 

(x-2)"(a?-3)2(a?+ 1)^=0. 

2d. a;''-3a!»+9a*-19a:*+27aJ'-33a;«+27a?-9=0, 

308. When, in the application of the above method, we obtain 
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an equation 0=0, of a degree superior to the second, since this 
equation may itself be subjected to the method, we are often able 
to decompose D into its factors, and in this way to find the dififerent 
species of equal roots contained in the equation X=0, and the num- 
ber of roots of each species. As to the simple roots of X=0, we 
begin by freeing this equation fro<n the equal factors contained ii\ 
it, and the resulting equation, X'=0^ will make known the simple 
roots. 



CHAPTER VIIL 



Resolution of Numerical Equations^ involving one or 

more Unknown Quantities. 

^09. The principles established in t1ie preceding chapter, are ap- 
plicable to all equations, whether their co-efficients are numerical 
or algebraic, and these principles should be regarded as the ele- 
ments which have been employed in the resolution of equations of 
the higher degrees. 

It has been said already, that analysts have hitherto been able lo 
resolve only the general equations of the third and fourth degree. 
The f<H'mulas they have obtained for the. values of Ihe unknown 
quantities Ane so con^licated and inconvenient, when they can be 
applied, (which is not always possible), that the problem of the re- 
solution of algebraic aquations, of any degree whatever, may be 
regarded as more curious than useful. Therefore, analysts have 
principally directed their researches to the resolution of numerical 
equations, that is, to those which Jirisp fpom the algebraic translation 
of a problem in which the given quantities are particular numbers ; 
and methods have been found, by means of which we can always 
determine the roots of a numerical equation of any given degree. 

It is proposed to develop these metliods in this chapter. 



328 ALGEBRA. 

To render the reasoning general, we will represent the proposed 
equation by 

ar+Far'^+Qar'^+ ... =0. 

in which P, Q ... denote particular numbers, real, positive, or 
negative. 

First Principle. 

310. When two numbers p and q, substituted in the place of "Ltn 
a numerical equation, give two results, affected with contrary signs, 
the proposed equation contains a real root, comprehended between these 
two numbers.. 

Let the proposed equation be 

ar+Far'^+Qaf9''^+ . . . Ta;+TJ=0. 

The first number will, in general, contain both positive and 
negative terms ; denote the sum of the positive terms by A, and 
the sum of the negative terms by B, the equation will then take 
the form 

A-B=C. 

Suppose j)^^, and that p substituted for x gives a negative re- 
sult, and q a positive result. 

Since the first member becomes negative by the substitution of />, 
and positive by the substitution of q, it f6llows that we have in the 
first case A<B, and in the second A>B. Now it results from the 
nature of the quantities A and B, that they both increase as a; in- 
creases, since they contain only positive numbers, and positive and 
entire powers of x ; therefore, by making x augment by insensible 
degrees, from je> to ^, the quantities A and B will also increase by in- 
sensible degrees. Now since A, by hypothesis, from being less than 
B, afterwards becomes greater than it, A must necessarily have a 
more rapid increment than B, which insensibly destroys the excess 
that B had over A, and finally produces an excess of A over B. 
From this, we conceive that in the passage from A<B to A>B, 
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there must be an mtcrmediate value for which A becomes equal to 
Br and the value which produces this result is a root o( the equa- 
tion, since it verifies A— B=0, or the proposed equation* H^ce, 
the proposition is proved. 

In the preceding demonstration, p and q have been supposed to 
be positive numbers ; but the proposition is not less true, whatever 
may be the signs with which p and q are affected. For we will re- 
mark, in the first place, that the above reasoning applies equally to 
the case in which one of the numbers p and g, p for example, is (^; 
^ that is, it oould be proved, in this case, that there was at least one 
real root between and q» 

Let hoih p and q be negatwe, and represent them by — p' and 
-5'. 

If^ in the equation 

a?"+Pa?"*-*+Qa?"^*+ • • • Tx+U=0, 
we chlinge x into — jr, which gives the transformation 

iit is evident that substituting ^p' and —q''m the proposed equation, 
amounts to the same thing as substituting p' and ^ in the transfor- 
mation, for the results of these substitutions are in both cases 

(-p')-+P(-y)""^+Q(-p')-«+ . . . T(-i/)4.U, 
and (-^)-+P(-g')'»-*+Q(-g'r"'+ • • • T(-g')+U ; 

Now, since p and q^ or — p' and — g', substituted in the proposed equa. 
tion, give results with contrary signs, it follows that the numbers p^ 
and ^9 substituted in the transformation, also give results with con- 
trary signs ; therefore, by the first part of the proposition, there is 
at least one real root of the transformation contained between p' 
' and q^ ; and in consequence of the relation a;= — jf, there is at least 
one value of x comprehended between —p' and — ^, or p and f • 
This demonstration applies to cases in which p=0 or ^=0. 
Lastly, suppose p positive and q negative or equal to — / : by 

making x=:0 in the equation, the first member will reduce to Hb 

28* 
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last term, which is necessarily affected with a sign contrary to that 
of p, or to that of — ^ ; whence we may conclude that there is a 
root «omprehended hetween and p, or between and — ^^ and 
consequently hetween p and 



Second Principle. 

311. When two numbers, substituted in place of a;, in an equa- 
tion, give results affected with contrary signs, we may conclude that 
there is at least one real root comprehended between them, but we 
are not certain that there are no more, and there may be any odd 
number of roots comprised between them. We therefore enunciate 
the second principle thus. 

When an uneven number (2ii+l) of the real roots of an equation^ 
are comprehended between two nunibers^ the results obtained by sub- 
stituting these numbers for x, are affected with contrary signs, and if 
they comprehend an even number 2n, the results obtained by their sub- 
stitution are necessarily affected with the same sign. 

To make this proposilion as clear as possible, denote those roots 
of the proposed equation, X=0, which are supposed to be compre. 
bended between p and q, by a, b, c, . . ., and by Y, the product 
of the factors of the first degree, with reference to a?, correspond, 
ing both to those real roots which are not comprised between them 
and to the imaginary roots ; the signs of p and q being arbitrary. 

The first member, X, can be put under the form 

{x—a) {x-^b) {x—c) . , . X Y. 

Now substitute in X, or the preceding product, p and q in place of 
X ; we shall obtain the two results 

{p-a) (p^b) (p-c) . . . XY', 

(q^a)(q^b){q-c)... XY", 

Y' and Y" representing what Y becomes, when we replace a? by p 
and q ; these two quantities are necessarily affected with the same 
ngn, for if they were not, by the first principle Y=0 would give at 
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' least one real root comprised between p and y, which is contrary to 
the h3rpothesis. 

To determine the signs of the above results more easily, divide 
the first by the second, we obtain 

(p-a) {y-V) iP-c) . . . XY' 
{q-a){q-b)(q-c)...XY"^ 

which can be written thus , 

p—a p—b p—c Y' 

^ X^— tX^^ X 



q—a q—o q—c l" 

Now, since the roots a, 6, c, . . . are comprised between p and 9» 
we have 

p Of bf C9 d . . .f 

but ^ a, bf Cf d . . • ; 

whence we deduce 

p— a, p—b, p—Cj . . . 0, 

and q—Ufq-^b, q—c, . . . 0. 

hence, since p—a and q—a are affected with contrary signs, as well 
Bsp—b and q—b^p—c and q-^c . . ., the partial quotients 

p—a p—b p—c 



q—a! q—b^ q-^c 



> &c. 



Y' 

are all negative ; moreover ^„ is essentially positive, since Y' 

and Y" are affected with the same sign ; therefore the product 

p—a p—b p—c Y' 

q—a q—b q—c Y" 

will be negative, when the number of roots, a,b,c.,,, compre- 
hended between p and q, is uneven, and positive when the number is 
even. 
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Consequently, the two results-(p— a) (p—h) {p—c) . . . X Y' 
and (q—o) (?— ^) il"^^) • • • XY", will have contrary or the same 
signs, according as the number of roots comprised between jp and 9 
is uneven or even. 

Limits of the real Roots of Equations. 

312. The different methods for resolving numerical equations, 
consist generally in substituting particular numbers in the propose() 
equation, in order to discover if these numbers verify it, or whether 
there are roots comprised between these numbers. But by reflect 
ing a little upon the composition of the first member, the first tens 
being positive, and affected with the highest power of x, which is 
greater with respect to that of the inferior degree in proportion to 
the value of x, we are sensible that there are certain numbers, 
above which it would be useless to substitute, because all of these 
numbers would give positive results. 

313. Every number which exceeds the greatest of the positive 
roots of an equation, is called a superior limit of the positive roots. 

From this definition, it follows that the limit is susceptible of an 
infinite number of values ; for when a number is found to exceed 
the greatest positive root, every number greater than this, is, for a 
still stronger reason, a superior limit. But it may be proposed to 
determine the simplest possible limit. Now we are sure of having 
one of the limits, when we obtain a number, whicJi^ substituted in 
place ofx renders the first member positive, and which, at the same 
time, is such, that every greater 7iumber toUl also give a positive 
result. 

We will determine such a number. 

314. Before resolving this question, we will propose a more sim- 
ple one. viz. « 

To determine a number, wliwh, substituted in place of x in an 
equation, wUl render the first term x"* greater than the ariihmeticd 
eum ofaU the others. 
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Suppose that all the terms of the equation are ncgative,except the 
first, so that 

3^_Pa«-i_Qa^-2_ , , , -Ta;-U=:0. 

It is required to find a number for x which will render 

Let k denote the greatest co-efficient, and substitute it in place of 
the co-efficients ; the inequality will become 

It is evident that every number substituted for x which will satisfy 
this condition, will for a stronger reason, satisfy the preceding. Now, 
dividing this inequality by a;^, it becomes 

K K K K K 

«w w> »U tb *i> 

k 

Makmg a?=A:, the second member becomes-r-, or 1 plus a series 

of positive fractions ; then the number k will not satisfy the ine- 
quality ; but by supposing x=zh+l, we obtain for the second mem- 
ber the series of fractions 

k k k k k 

i+l+ (A;+l)^ ■•■ {k+iy ■•■'•• +()k+l)»-^+ (A;+lf ' 

which, considered in an inverse order, is an increasing geometrical 

progression, the first term of which is . , the ratio Ar+l, and 

k 
the last term , ; hence the expression for the sum of all the 

terms is, (Art. 192), 
k 



j,+l'(^+^)- ^k+ir ^ ^^ ^ 



A;+l-l (k+1) 

which is evidently less than unity. 
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Any number >ik+l, put in place of «, will render the sum of the 

k k 
fractions — ^^4— r-*- . . . still less. Therefore, 
X ar • 

The greatest co-efficient of the equation plus unity, or any greater 

number J being substituted for x, toiU render the first term x"* greater 

than the arithmetical sum ofaUthe others* 

Ordinary limit of the Positive Roots. 

315. The number obtained above may be considered a prime 
limit, since this number, or any greater number, rendering the first 
term superior to the sum of all the others, the results of the sub- 
stitution of these numbers for x must be constantly positive ; but 
this limit is commonly much too great, because, in general, the 
equation contains several positive terms. We will, therefore, seek 
for a limit suitable for all equations. 

Let jf*~~** denote the power of Xj corresponding to the first nega- 
live term which follows a^, and we will consider the most unfavour- 
able case, viz. that in which all of the succeeding terms are nega- 
tive, and affected with the greatest of the negative co-efficients in 
the equation. 

Let S be this co-efficient, and try to satisfy the condition 

or, dividing both members of this inequality by af^. 

Now by supposing aj*'s;=S or x= *VS, the second member be- 

S 
comes — , or 1, plus a series of positive fractions ; but by making 

jc= Vs+1, or (supposing, for simplicity, VS^S', whence S=S'"), 
a;=S'+l> the second member becomes 
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which is a progression by quotients, being the first term, 

(o +1) 

S'+l the ratio, and .^^^ the last term. Hence the expres- 

aion for the sum of all these fractions is 



S' + 1 - 1 (S' + 1)'-' (S' + 1)"* ' 

which is evidently less than 1. 

Moreover, every number >S'+1 or VS+1, will, when substi. 

S S 
tuted for x, render the sum of the fractions --H — Tr+ .... still 

smaller, since the numerators remaining the same, the denominator 

will increase. Hence "Vs+l, and any greater number, will ren- 
der the first term af* greater than the arithmetical sum of all the 
negative terms of the equation, and will consequently give a posi- 
tive result for the first member. 

Therefore i/S+l, or unity increased by that root of the greatest 
negative co-efficient whose index is tJie number of terms which precede 
the first negative term, is a superior limit of the positive roots of the 
equation. If the co-efficient of a term is 0, the term must still he 
counted. 

Make n=l, in which case the first negative term is the second 

term of the equation ; the limit becomes \/S+ 1, or S+ 1 ; that is, 
the greatest negative co-efficient plus unity. 

Let n=2, then either the two first terms are positive, or the 

term af^^ is wanting m the equation ; the limit is then i/S+ 1. 
When n=3 the limit is V^+l . . . 

Find the superior limits for the positive roots in the foUowing ex* 
amples : 

a^_5r»+37aj»-3«+89=0; VS+1=VT+1=6; 
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«*+lla:»--25x-67=U; VS+1=V67+1 or 6; 

3a?-2a;'-lla:+4=0; VS+1=— +1 or 5. 

NewtorCs method for determining the smallest limit in entire 

nttmbers, 

316. Let X=0, be the proposed equation ; if in this equation we 
make x^x'+u, x' being indeterminate, we shall obtain (Art. 296)) 

Z' 

X'+Y'tt+— 1*^+ . . . +t<^=0. (1) 

Conceive, that after successive trials we have determined a number 
for Xy which, substituted in X', Y', -^ • • •» renders all these co-effi- 

cients positive at the same time ; this number will be greater than 
the greatest positive root of the equation X=0. 

For, the co-efficients of the equation (1) being all positive, no 
positive number can verify it ; therefore all of the real values of u 
must be negative; but from the equation a?=:a?'+M, we have u=zx—sf ; 
and in order that the values of u corresponding to each of the values 
of X and x^ (already determined) may be negative, it is absolutely 
necessary that the greatest positive value of x should be less than 
the value of x^. 

' EXABIPLE. 

As x' is indeterminate, the letter x may be retained in the forma- 
tioQ of the derived polynomials, and we have 

X =a^-5ar»-6aj»-19a?+7, 

Y =4ar^-15r»-.12a?-19, 

Z 

Y =6r»-15a;-.6, 

V 

=4a?— 5. 



2.3 
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The question is, as stated above, reduced to finding the smalkst 
number which, substituted in place of Xy will render all of these po- 
lynomials positive. 

It is plain that 2 and every number >2, will render the polyiXK' 
mial of the first degree positive. 

But 2, substituted in the polynomial of the second degree^ gives a 
negative result; and 3, or any inimber >3, gives a positive result. 

Now 3 and 4, substituted in the polynomial of the third degree, 
give a negative result ; but 5 and any greater number, give a posi- 
tive result. 

* 

Lastly, 5 substituted in X, gives a negative result, and so does 6 ; 
lor the three first terms a^—Qv^-^da^ are equivalent to the expres- 
sion a:^(a?— 5)— 6ic^, which is reduced to when a;=6 ; but a?=7 evi- 
dently gives a positive result. Hence 7 is a superior limit of the 
positive roots of the proposed equation ; and since it has been shown 
that 6 gives a negative result, it follows that there is at least one 
real root between 6 and 7. 

Applying this method to the equation 

a;5— 3a^— 8ar»-.25x^+4a;— 39=0, 

the superior limit will be found to be 6. 

We should find 7, for the superior limi^ of the positive foots of 
the equation 

a?»-5«*-13«3+17aj"-69=0. 

This method is scarcely ever used, except in finding incommen- 
surable roots. 

317. It remains to determine the superior Umit of the negative 
roots, and the inferior limits of the positive and negative roots. 

Hereafter we shall designate the superior limit of the positive roots 
of an equation by the letter L. 

1st. If in the equation X=0, we make «=— y, which gives the 

transformed equation ¥=0, it is clear that the positive roots of this 

new equation, taken with the sign — , will give the negative roots of 

29 
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the prc^posed equation ; therefore, determiniDg, by the known me- 
thods, the superior limit L' of the positive roots of the equation Y=0, 
we shall have — L' for the superior limit (numerically) ofihenega' 
tim roots of the proposed equation. 

2d. If in the equation X=0, we make x= — , which gives the 

equation Y=0, it follows from the relation a?= — that the greatest 

pomtive values of y correspond to the smallest of x ; hence, desig- 
nating the superior limit of the positive roots of the equation Y=0 

by L", we shall have -^77- for the inferior limit of the positive roots 
rf the proposed equation, 

3d. Finally, if we replace a:, m the proposed equation, by y 

and find the superior limit h'" of the transformed equation Y=0, 

— jTT" will be the inferior limit (numerically) of the negative roots 
of the proposed equation. 

318. Every equation in which there are no variations in the signs, 
that is, m which all the terms are positive, must have all of its real 
roots negative ; for every positive number substituted for x will ren- 
der the first member essentially positive. 

Every complete equation, having its terms alternately positive and 
negative, must have its real roots all positive ; for every negative 
number substituted for x in the proposed equation, would render all 
the terms positive, if the equation was of an even degree, and all of 
them negative if it was of- an odd degree. Hence the sum would 
net be equal to zero in either case* 

This is also true for every incomplete equation, in which there 
results, by substituting — y for x, an equation having aU of its terms 
effected «nt/i the same sign. 
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Consequences deduced from the preceding Principles. 

First. 

310. Every equation of an odd degree, the co-efficients of which 
are real, has at least ^ne real root ejected with a sign contrary to 
that of its last term. 

For, let a;"*4-PaJ"^*+ . . . T«d=U=0, be the proposed equation ; 
and first consider the case in which the last term is negative. 

By making a7=:0, the first member becomes — U. But by giving 
a value to x equal to the greatest co-efficient plus unity, or (K+1), 
the first term a;*" will become greater than the arithmetical sum of 
all the others (Art. 314), the result of this substitution will there- 
fore be 'positive; hence, there is at least one real root comprehended 
between and K-fl, which root is positive, and consequently af- 
fected with a sign contrary to that of the last term. 

Suppose now that the last term is positive* 

Making aj=0, we obtain -fU for the result; but by putting 
— (K+1) in place of x, we shall obtain a negative result; since the 
first term becomes negative by this substitution ; hence the equa- 
tion has at least one real root comprehended between and 
— (K-fl,) which is negative, or affected with a sign contrary to that 
of the last term. 

Second. 

320. Every equation of an even degree , involving only real co- 
<}fficients of which the last term is negative, has at least two real roots, 
one positive and the other negative. For, let — U be the last term ; 
making a;=0, there results —U. *Now substitute either K+1, 
or —(K+1), K being the greatest co-efficient of the equation: 
as m is an even number, the first term af" wttl remain positive ; 
besides, by these substitutions, it becomes greater than the sum df 
all the others ; therefore the results obtained by these substitutions 
are both positive, or affected with a sign contrary to that given by 
the hypothesis x^aO ; hence the equation has at least two r$al roots. 
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one comprehended between and E+ly or positive, and the othei 
between and — (K+1), or negative. 

Third. 

321. If an equationy involving only real co-eficients, contains 
imaginary roots, the number of these roots must he even. 
. For, conceive that the first member has been divided by all the 
aimple fiictors corresponding to the real roots ; the co-efficients of the 
fooHeni will be real (278) ; and the equation must also be of an even 
degree ; iot if it was uneven, by placing it equal to zero, we should 
obtain an equation that would contain at least one real root, which, 
finomthe nature of the equation, it cannot have. ^ 



822, There is a property of the above pol3momial quo- 
tient which belongs exclusively to equations containing only imagi- 
nary roots ; viz. every such equation always remains positive for^ny 
real vdbie substituted for x. 

For, if it could become negative, since we could also obtain a posi- 
tive result, by substituting E+1 or the greatest negative co-efficient 
plus unity for x, it would follow that this polynomial placed equal 
to zero, would have at least one real root comprehended between 
K-j-l and the number which would give a negative result. 

It also follows, that the last term of this polynomial must heposi-' 
live, otherwise a?=0 would give a negative result. 

Fourth. 

923. When the last term of an equation is positive, the number of 
its real positive roots is even ; *and when it is negative this number is 
uneven. 

For, first suppose that the last term is +U, or positive. Since 
by making x=0, there will result +U, and by making a;=K-f-l, 
the result will also be positive, it folk)ws that and K+1 give two 
results affected with the same sign, and consequently (311), the 
number of real roots, (if amy), comprehended between them, is even. 
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When the last term is — U, then and K+1 give two results 
affected with contrary signs, and consequently comprehend either a 
single reed root, or an odd number of thenu 

The reciprocal of this proposition is evident. 

Descartes* Rule. 

324. An eqtuttion of any degree whatever cannot haee a greater 
number of positive roots than there are variations in the signs of Us 
terms, nor a greater fiumber of negative roots than there are perma- 
nences of these signs. 

In the equation a;— a=0, there is one variation, that is a change 
of sign in passing along the terms, and one positive root, x=a. And 
in the equation x-i-b=0, there is one permanence, and one negative 
root, a;=— 3. 

If these equations he multiplied together^ there will result an equa- 
tion of the second degree, 

ic'—a j x—ah 
+b 

If a is less than 3, the equation will he of the first form (Art. 144) ; 
and if a>5 the equation will he of the second form : that is 



\- 



a<!jb gives x^-\-px—q=^^ and 
a>J a^—px—q=zO 

In either case, there is one variation, and one permanence, and 
since in either form, one root is positive and one negative, it follows 
that there are as many positive roots as there are variations, and 
as many negative roots as there are permanences. 

The proposition would evidently be demonstrated in a general 

manner, if it were shown that the multiplication of the fkst memb^ 

by a factor a;— a,corresponding to a positive root, would introduce at 

least one variation, and that the multiplication by a factor «-f-a^ 

would introduce at leas^ one permanence. 

29* 
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Let there be the equation 

« 
in which the signs succeed each other in any manner whatever ; by 

multiplying it by x—a^ we have 



—a I qpAa 






X 

zpVa 



zpBa 

The co-efficients which form the first horizontal line of this pro- 
ducty are those of the proposed equation, taken with the same sign ; 
and the co-efiicients of the second line are formed from those of the 
first, multiplied by a, taken with contrary signs, and advanced one 
nmk towards the right. 

Now, so long as each co-efiicient of the upper line is greater than 
the corresponding one in the lower, it will determine the sign of the 
total co-efficient ; henc^, in this case there will be, from the first 
term to that preceding the last, inclusively, the same variations and 
the same permanences as in the proposed equation ; but the last 
term =pUa having a sign contrary to that which immediately pre. 
cedes it, there must be one or more variations than in the proposed 
equation. 

When a co-efficient in the lower line is affected with a sign con- 
trary to the one corresponding to it in the upper, and is also greater 
than this last, there is a change from a permanence of sign to a 
variation ; for the sign of the term in which this happens, being the 
same as that of the inferior co-efficient, must be contrary to that of 
the preceding term, which has been supposed to be the same as that 
of its superior co-efficient. Hence, each time we descend from the 
upper to the lower line, in order to determine the sign, there is a 
variation which is not found in the proposed equation ; and i^ after 
passing into the lower line, we continue in it throughout, we shall find 
^r the remaming terms the same variations and the same perma- 
nences as in the proposed equation, since the co-efficients of this line 
are all afiected with signs contrary to those of the primitive co-effi- 
cients. This supposition would therefore give us one variation for 
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each positive root. But if we ascend from the lower to the upper 
line, there may be either a variation or a permanence. But even 
by supposing that this passage produces permanences in all cases,, 
since the last term zpUa forms a part of the lower line, it will be 
necessary to go once more from the upper line to the lower, than 
from the lower to the upper. Hence the new equation must have at 
least one more variation than the proposed ; aiid it will be the same 
for each positive root introduced into it. 

It may be demonstrated, in an analogous manner, that the muM' 
plication by a factor x+a, corresponding to a negative root, toauld 
introduce one permanence more. Hence, in any equation the num* 
ber of positive roots cannot be greater than the number of varia- 
TioNs of sign, nor the number of negative roots greater than the 
number of permanences. 

325. Consequence. When the roots of an equation are all real, 
the number of positive roots is equal to the number of variations^ and 
the number of negative roots is equal to the number of permanences. 

For, let m denote the degree of the equation, n the number of 
variations of the signs, p the number of permanences ; we shall have 
9n=n-|-l'* Moreover, let n* denote the number of positive roots, 
and p' the number of negative roots, we shall have »i=n'+|>'; 
whence ^ 

or, n—n'^p'--p. 

Now, we have just seen that n' cannot be >n, and p' cannot be >ji , 
therefore we must have n'=^n, and p'=p. 

Remark. 826. When an equation wants some of its terms, we 
can oflen discover the presence of imaginary roots, by means of the 
above rule. 

For example, take the equation 

a^+px+q=Of 
p and q being essentially positive ; introducing the term which is 
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wanting, by affecting it with the co-efficient d:0, it becomes 

By considering only the superior signs we should only obtain per- 
manencesy whereas the inferior sign would give .two variatiooa. 
This proves that the equation has some imaginary roots ; for if they 
were all three real, it would be necessary by virtue of the superior 
sign, that they should be all negative, and, by virtue of the infericwr 
sign, that two of them should be positive and one negative, which 
are contradictory results. 

We can conclude nothing from an equation of the form 

for introducing the term iO.a^, it becomes 

ar*±0 . a^— |?x+5'=0, 

which contains one permanence and two variations, whether wo take 
the superior or inferior sign. Therefore this equation may have its 
three roots real, viz. two positive and one negative ; or, two of its 
roots may be imaginary and one negative, since its last term is po- 
sitive (Art. 301). 

Of the Commensurable Roots of Numerical 

Equations^ 

327. Every equation in which the co-efficients are whole num- 
bers, that of the first term being unity, can only have whole num. 
bers for its commensurable roots. 

For, let there be the equation 

af»+Paf»-*+Qaf^^+ . . . +Ta;+U=0; 

in which P, Q . . . T, U, are whole numbers, and suppose that it 

a 

could have a commensurable fraction -r for a root. Substitutmg 

this fraction for a?, the equation becomes 

=-+Pj=rr+Q^pr+ • • • +Ty+u=o; 
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whence, multiplying the whole equation by ^~*, and transposing, 

o 

but the second member of this equation is composed of a series ol 
entire numbers, whilst the first is essentially fractional, for a anc b 
being prime with each other, a"" and h will also be prime with each 
other (Art. 118), hence this equality cannot exist ; for, an irreduci- 
ble fraction cannot be equal to a whole number. 

Therefore it is impossible for any commensurable fraction to sa- 
tisfy the equation. Now it has been shown (Art. 299), that an 
equation containing rational, but fractional co-efGcients, can be 
, transformed into another im which the co-efHcients are whole num- 
bers, that of the first term being unity. Hence the research of the 
commensurable roots, entire or fractional, can always be reduced to 
that of the entire roots, 

828. This being the case, take the general equation 

and let a denote any entire number, positive or negative, which will 
verify it. 

Since a is a root, we shall have the equation 

a»+Pa'»-»+ . . . +Ra3+Sa2+Ta+U=0 ... (1); 

replacing a by all the entire positive and negative numbers between 
1 and the limit +L, and between —1 and — L', those which verify 
the above equality will be the roots of the equation. But theso 
trials being long and troublesome, we will deduce from equation (1), 
other conditions equivalent to this, and easier verified. 

Transposing all the terms except the last, and dividing by a, the 
equation (1) becomes 

U 

— =-a'»-*-Pa'»-«- . . . — Ra*-Sa-T . . . (2) ; 

now, the second member of this equation is an entire number, hence 
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D 

— must be an entire number ; therefore the entire roots of the equa- 
tion are comprised among the divisors of the last term. 

Transposing —T in the equation (2) and dividing by a, and raa- 

U 

king |-T=T' ; it becomes 

a 

T 

~=-a'*-»-Pa«^ . . . -Ra-S . • . (3) ; 

T 
the second member of this equation being an entire number, — 

n 

or, the quotient of the division of — \-H hy n^is an entire number* 

a 

Transposing the term ~S and dividing by a, it becomes, by «ip- 

T' 
posing — +S=S', 

S' 

— =~a'»-»-Pa"^- . . . -R . . . (4), 

S' 
the second member of this equation being an entire number, — 

T' 
or, the quotient of the division of — |-S 5y a, is an entire nwnber- 

u 

By continuing to transpose the term? of the second member into 
the first, we shall, after tw— 1 transformations, obtain an equation of 

Q' 

the form — =— a— P, 

a 

Then, transposing the term — P, dividing by a, and making 

Q' P' P' 

—+P=P', we shall find —=-1, or —+1=0. 
a a a 

This equation, which is only a transformation of the equation (1), 
is the last condition which it is requisite and necessary that the en- 
tire number a should satisfy, in order that it may be known to be a 
root. 

From the preceding conditions we may conclude that, in order 
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that an entire number a, positive or negative, may be a root of the 
proposed equation, it is necessary 

That the quotient of the last term, divided by a, should be an en- 
tire number ; 

^ Adding to this quotient the cotefficient of re', taken with its sign, 
the quotient of this sum divided by a, must be entire ; 

Adding the co-efficient of x^ to this quotient, the quotient of this 
new sum by a, must be entire; and so on. 

Finally, adding the co-efficient of the second term, or of «"*"*, to 
the preceding quotient, the quotient of this sum divided by a, must be 
entire and equal io — 1 ; or, the result of the addition of unity, or the 
co-efficient of x™, to the preceding quotient, must be equal to 0. 

Every number which will satisfy these conditions will be a root, 
and those which do not satisfy them should be rejected. 

All the entire roots may be determined at the same time, as fol- 
lows. 

After having determined all the divisors of the last term, write 
those which are comprehended between the limits +L and — L' upon 
the same horizontal line ; then underneath these divisors write the quo- 
tients of the last term by each of them. 

Add the co-efficient of y} to each of these quotients, and write the 
sums underneath the quotients which correspond to them ; then divide 
these sums by each of the divisors, and vyrite the quotients underneath 
the corresponding sums ; taking care to reject the fractional quo- 
tients and the divisors which produce them ; and so on. 

When there are terms wanting in the proposed equation, theii 
co-efficients, which are to be regarded as equal to 0, must be taken 
into consideration. 

EXAMPLE. 

aJ*-a^-13ar'+16a?-48=:0. 

The superior limit of the positive roots of this equation is 18+1 
or 14 (Art. 315). The co-efficient 48 is not considered, since the 
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two last terms can be put under the form 16(a;— 3) ; hence when 
a;>3 this part is essentially positive. 

The superior limit of the negative roots is —(1+ V^)f or —8 
(Art. 317). 

Therefore, the divisors are 1, 2, 3, 4, 6, 8, 12 ; moreover, neither 
+1, nor —1, will satisfy the equation, because the co-efficient —48 
is itself greater than the sum of all the others ; we should therefore 
try only the positive divisors from 2 to 12, and the negative divisors 
fix)m —2 to —6 inclusively. 

By observing the rule given above, we have 

12, 8, 6, 4, 3, 2, — 2, — 3, — 4, — 6 

— 4, _ 6, —8, —12, —16, —24, +24, +16, +12, + 8 

+12, +10, +8, + 4, 0, - 8, +40, +32, +28, +24 

+ 1, .., .., + 1, 0, - 4, -20, .., -7,-4 

•"-13, .., .., -"12, •^lo, —IT, —33, 

■^ X, .., .., "~* O, .., ^ .., .., 

^~ Mf .., •., ^"" Tt, •*, .., .., 

.., .., .., "*- 1-, .., .., .., 



, _20, -17 

, + o, .. 

, + 4, .. 

, — 1, .. 



The^r^ line contains the divisors, the second contains the quo. 
tients of the division of the last term —48, by each of the divisors. 
The third line contains these quotients augmented by the co-efficient 
+16, and the fourth the quotients of these sums by each of the di. 
visors ; this second condition excludes the divisors +8, +6, and —3. 

The fifth is the preceding line of quotients, augmented by the co- 
efficient —13, and the sixth is the quotients of these sums by each 
of the divisors ; this third condition excludes the divisors 3, 2, —2 
and —6, 

Finally, the seventh is the third line of quotients, augmented by 
the co-efficient — 1, and the eighth is the quotients of these sums by 
each of the divisors. The divisors +4 arfd —4 are the only ones 
which give —1 ; hence +4 and —4 are the only entire roots of 
the equation. 

In fact, if we divide «•— a:^— 13«"+-16a:— 48, by the product 
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{jB— 4) («+4), or a"— 16, the quotient wiU be ae^— «+3, which 
placed equal to zcro» gives 



therefore, the four roots are 

4, ~4, -+-v'Z:il and ---VZ^T. 



EXAMPLES. 

1st, or*— 5ar»+25a:— 21=0. 

2d. 15ic^^ld!X^+eaP+l^'^ldx+Q=0. 

3d. 9««+30««+22a?*+10a:3+17ar»— 20a?+4=0. 

Of Real and Incommensurable Roots. 

329. When an equation has been freed from all the divisors of 
the first degree which correspond to its commensurable roots, the 
resulting equation contains the incommensurahle roots of the pro* 
posed equation, either real or imaginary. 

The true form of the r^l incommensurable roots of an equation 
will remain unknown, so long as there is not a general method for 
resolving equations of the higher degrees. Although this problem 
has not been resolved, yet there are methods for approximating as 
near as we please to the numerical values of these roots. 

We shall here consider only the case in which the difference be. 
tween any two roots of the proposed equation is greater than unity, 
omitting as too difficult for an elementary treatise, the cases in which 
this difference is less than unity. 

We will also suppose, in what follows, that we have obtained the 
narrowest limits +L and — L', by Newton's method (Art. 316). 

330. Each of the incommensurable roots being necessarily com* 
posed of an entire part and a part less than unity ^ we shall first deter- 
mine the entire part of each root. 

30 
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For this purpose, it is necessary to sabstttiitey in the eqoatioDy for 
4^ the series of natural numbers Oy 1, % 8... and — 1, — % — 8«,., 
comprised between +h and — L'. Since there must be a real root 
between two numbers, which, bj thmr substitution produce results 
aflfected with different signs (Art. 310), it follows tiuU each pair of 
eatueemtioe mMmhen gwmg resukt i^ected with contrary signs^ toiU 
eomprehemd a realrooty and hU one, since bj hypothesis the difference 
between any two of the roots is greater than unity. The entire 
part of the root will be the smallest of the two numbers substituted. 

There are two cases which may occur ; viz. by these different 
substitutions there may be as many changes of sign as there are 
units in the degree of the equation ; in which case we may con- 
clude that aU the roots are real. Or^ the number of changes of the 
sign will be less than the degree of the equati<m, and, in this case, 
it will have as many real roots as there are changes of sign ; the 
other roots will be imaginary. In both cases, this method makes 
known the entire part of each of the real roots. 

It now remains to determine the part which is less than tmity. 



NewtofCs Method of Approximation. 

881. In order that this method may be more easily comprehend* 
ed, we shall take the equation 

a:3_5a._3-,o . . . (1). 

The superior limits of the positive and negative roots being +3 
and —2, we make 

»=-2, -1,0,1,2,8; 

whence a;=— -2 the result is —1, 

«=-I ... +1, 



«= . . 


• • """S, 


«= 1 . , 


, . -7, 


»&s 2 . . 


. —5, 


«= 3 . , 


. . +9. 
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As there are three changes of sign, it follows that the three roots 
of the equation are real ; viz. one positive contained between 2 and 
3, two negative^ one of which is contained between and —1, the 
other between ^1 and —2. 

We shall first consider the positive value between 2 and 3. 

The required root being between 2 and 3, we will try to contract 
these limits, by taking the mean 2^, or 2,5, and substituting it in 
the equation ar^—Sa?— 3=0 ; the result of which is +0yl25. Now 
2 has already given --5 for a result, therefore the root is between 
2 and 2,5. 

We will now consider another number, between 2 and 2,5 ; but 
as, from the results given from 2 and 2,5, it is to be presumed that 
the root is nearer 2,5 than 2, suppose «=2,4; we shall obtain 
— 1,176; whereas 2,5 has given +0,125. Therefore the root is 
between 2,4 and 2,5. 

By continuing to take the means, we should be able to contract 
the two limits of the roots more and more. But when we hx^^' 
once obtained, as in the above case, the value of x to at least 0,1, 
we may approximate nearer in another way, and it Is in this that 
Newton's method principally consists. 

In the equaticiL. 2^—50;— 3=0, make «=2,4-f v* 

There will result (Art. 296), the transformation 

X'+Y'i*+-jr^+if»=0 ; 

in which X' =(2,4)='-5(2,4)-3=-.l,176, . 

Y' =3(2,4)^-5=12,28, 

— =3(2,4)=7,2. 

The equation involving u, being of the third degree, cannot be 
resolved directly, but by transposing all the terms except Y'u, and 
dividing both members by Y', it can be put under the form 

X' Z' 1 

" Y' 27Y^ Y' 



This bemg Uie case, mce one of the three loote of this equatkn 
must be leas than r^ from the relation «=2y4+iiy the corre^Kud- 

bg vdue. of «» and u» are ie« than ^ and jji^. Moreover. 

the inflection of the numerical values of Y' and Z', proves tiiat 

Z' 

rpr= is <1 ; therefore the value of v onij differing numerically 

X' Z' 1 

from — y; by the quantity o-y;1«^+ y^> (which roost frequently 

1 \ X' 

is less than , 1, is expressed by — ;^ to within ,01. 



As, in this example, 

X' +1,176 1176 



12,28 12280 



=0,09. . ., 



there will result «=:0,09, to within rr^y and consequently 

«=2,4+0,09=2,49, to within -rrg-. 

In fact, 2,49 substituted in tfte fii'st member of the proposed equa- 
tion, gives —0,011751 ; 
whilst 2,5 gives +0,125. 

To obtain a new approximation, make a;=2,49+tf' in the pro- 
posed equation, and we have 

Z" 
X"+Y'V+-^'»+tt'3=0 ; 

in which X"= (2,49)3-5(2,49)-3= -0,011751, 
Y"=8(2y49)«-5= 13,6003, 

|^=3(2,49)=7,47. 
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But tho equation involving u* may be written thus : 

X" Z" 1 

•• — Y'' 2 Y" Y" 

And since one of the values of it' must be less than , the 

corresponding values of tt'^ u'^ are less than ^^^^^ > 1000000 ' 

X" 1 

hence — ^T/ ^^^^ represent the value of «' to within ^^^^^ . 
X lOOUO 



Since we have 

X" 0,011751 11751 



Y" 13,6003 13600300 



=0,0008 . . ., 



it follows that tt'= 0,0008, to within , and consequently 

aj=:2,49+0,0008=2,4908, to withm . 

Again, by supposing a?=2,4908+tt", we could obtain a value of 

1 
xtowithm 10000000^,. 

Each operation commonly gives the root to twice as many places 
of decimals as the previous operation. 

332. Generally, letjp andjp+1 be two numbera between which 
one of the roots of the equation X=0 is comprised. 

First determine the value of this root to vnthin — > by substituting 

a series of numbers comprised between p and |j+1, until two 
numbers are obtained which do not differ from each other by more 

I 

than — • 

30* 



S54 AldSURA. 

TheD, calling 9! the value of x obtained to toithin — wfipox 

«=«^-f tt tft ihe equauon X=:0 ; 
takiek gives 

Z' 

»^ 

which can he jptU under the form 

X' Z' 1 

ff — ff* , jf*" 

•• — Y' 2 Y' * • • Y^ ' 

X', Y' Z' . . • being easily calculated. (Art. 330). 

X' 

Since the sum of the terms, which follow -«^ in the second mem- 
ber of this equation is, commonly, less than , , they can be 

X' 1 

neglected, and calculating — ^7 to within ■ , we add the result to 

a/, which gives a new value a?" approximating to wUMn of the 

exact value. 

To obtain a 3d approximation, we suppose x^x"+ti^ in the pro- 
posed equation^ which gives 

X" Z" „ 1 

whence „'=_____„'» _.y», 

Z" 1 

Neglecting the terms — r-Y;7M'*— , . . —=7,tt''" which are suppo. 

X" 
fed to be less than 0,0001, we calculate the value of — yT/^ continuing 
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the operation to the place of decimals, and add the result to 

d/' ; this gives a third approximation a/'', exact to within 



10000 

Repeat this series of operations for each of the positive roots. 
As for the negative roots, they are found in the same way as the 
positive roots, by changing x into — x in the proposed equation, 
which then becomes, 

— a?+5a;— 3=0, or af»— 5a?+3=0 

in which the positive roots taken with a negative sign, are the nega« 
live roots of the proposed equation. These roots are ^ 

x= — 1,8342 and a; = -0,6566 

to within 0,0001. 



THE 1BICII. 
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DAVIES' ANALYTICAL GEOMETRY — Embracing the 
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of the General Equation of the second degree, and of surfaces 
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